
AOS 103 
Week 8 Discussion



Data from a regional ocean model of Santa Monica Bay

Data Interpretation Exercise

What type of phenomenon do you think is apparent 
from the plot on the right (which is data taken from 
the location indicated by the red dot on the right)?



Waves
1) Characterize (i.e., fully describe) a generic wave with a 

sketch and variables/equations relating different aspects 
of the wave!

2) What are the phase and group speeds for shallow water 
and deep water waves (both are surface waves)!

3) Are shallow water or deep water waves dispersive (why or 
why not)?!

4) How do long or short waves behave for shallow water and 
deep water waves!

5) The following is the dispersion relation for a Rossby wave:!
!
!
!
Say something about Rossby waves based on this dispersion 
relation

3.1 Barotropic Equations 73

only rearrange the spatial distribution of q(x) without changing any of
its aggregate (or integral) properties; e.g.,

d

dt

∫ ∫
dx dy qn = 0 (3.29)

for any value of n as long as there is no potential-vorticity flux at the
boundary, qu · n̂ = 0.

A Univariate Dynamical System: Equations (3.24) or (3.27), with
(3.5) and/or (3.28), comprise a partial differential equation system with
ψ as the only dependent variable (assuming that f is known and F can
be expressed in terms of the flow) because φ does not appear in the
potential vorticity equation, in contrast to the momentum-continuity
formulation (3.1). For example, with f = f0 and F = 0, (3.24) can be
written entirely in terms of ψ as

∇2 ∂ψ

∂t
+ J [ψ,∇2ψ] = 0 . (3.30)

Equation (3.30) is often called the barotropic vorticity equation since it
has no contributions from vertical shear or any other vertical gradients.

Rossby Waves: As an alternative to (3.30) when f = f(y) = f0 +
β0(y − y0) (i.e., the β-plane approximation (2.88)) and advection is
neglected (i.e., the flow is linearized about a resting state), (3.24) or
(3.28) becomes

∇2 ∂ψ

∂t
+ β0

∂ψ

∂x
= 0 . (3.31)

In an unbounded domain this equation has normal-mode solutions with
eigenmodes,

ψ = Real
(
ψ0e

i(kx+ℓy−ωt)
)

, (3.32)

for an arbitrary amplitude constant, ψ0 (with the understanding that
only the real part of ψ is physically meaningful) and eigenvalues (eigen-
frequencies),

ω = − β0k

k2 + ℓ2
. (3.33)

This can be verified as a solution by substitution into (3.31). The type
of relation (3.33), between the eigenfrequency and the wavenumbers
and environmental parameters (here β0), is called a dispersion relation,
and it is a usual element for wave and instability solutions (Chap. 4).



Variables'used'

t: Time [s]      x, y, z: Space Coordinates [m]  

λ: Wave length [m]    a: Amplitude [m] 

T: Wave period [s]    k: Wave number [1/m]  

ω: Frequency [1/s]    η: Sea Surface Height [m] 

Cp: Phase Speed of Wave [m/s]   Cg: Group Speed of Wave [m/s] 

H: Water Depth [m] 
'
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1) Characterize (i.e., fully describe) a generic wave with a 
sketch and variables/equations relating different aspects 
of the wave



!
2) What are the phase and group speeds for shallow water 

and deep water waves (both are surface waves)

Shallow Water Waves Deep Water Waves
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Surface Wave: General Phase Speed

*We can simplify (and categorize surface waves) via assumptions!
about the ratio of wavelength to depth
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Google/wikipedia “wave dispersion” to see more movie examples

A wave is dispersive if the phase velocity DOES NOT 
equal the group velocity
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3) Are shallow water or deep water waves dispersive (why or why 

not)?

Non-dispersive wave packet (movie) Dispersive wave packet (movie)



!
3) Are shallow water or deep water waves dispersive (why or why 

not)?

Shallow Water Waves Deep Water Waves
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F1 = �p1A

The phase and group speed are 
equal to each other so shallow 
water waves are non-dispersive
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The phase and group speed are 
not equal to each other so deep 
water waves are dispersive



!
4) How do long or short waves behave for shallow water and deep 

water waves

Shallow Water Waves Deep Water Waves
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V1A1 = V2A2

F1 = �p1A

Long waves: long wavelength, small wavenumber !
Short waves: short wavelength, large wavenumber
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Phase and group speed are 
independent of wavenumber(length) 
so long and short waves for shallow-
water travel at the same speed at 
constant depth

Phase and group speeds are both 
inversely proportional to wavenumber.!
!
Long waves (small k) travel faster than 
short waves (large k) in both phase 
and group speed (energy)



!
5) The following is the dispersion relation for a Rossby wave:!
!
!
!
Say something about Rossby waves based on this dispersion 
relation

3.1 Barotropic Equations 73

only rearrange the spatial distribution of q(x) without changing any of
its aggregate (or integral) properties; e.g.,

d

dt

∫ ∫
dx dy qn = 0 (3.29)

for any value of n as long as there is no potential-vorticity flux at the
boundary, qu · n̂ = 0.

A Univariate Dynamical System: Equations (3.24) or (3.27), with
(3.5) and/or (3.28), comprise a partial differential equation system with
ψ as the only dependent variable (assuming that f is known and F can
be expressed in terms of the flow) because φ does not appear in the
potential vorticity equation, in contrast to the momentum-continuity
formulation (3.1). For example, with f = f0 and F = 0, (3.24) can be
written entirely in terms of ψ as

∇2 ∂ψ

∂t
+ J [ψ,∇2ψ] = 0 . (3.30)

Equation (3.30) is often called the barotropic vorticity equation since it
has no contributions from vertical shear or any other vertical gradients.

Rossby Waves: As an alternative to (3.30) when f = f(y) = f0 +
β0(y − y0) (i.e., the β-plane approximation (2.88)) and advection is
neglected (i.e., the flow is linearized about a resting state), (3.24) or
(3.28) becomes

∇2 ∂ψ

∂t
+ β0

∂ψ

∂x
= 0 . (3.31)

In an unbounded domain this equation has normal-mode solutions with
eigenmodes,

ψ = Real
(
ψ0e

i(kx+ℓy−ωt)
)

, (3.32)

for an arbitrary amplitude constant, ψ0 (with the understanding that
only the real part of ψ is physically meaningful) and eigenvalues (eigen-
frequencies),

ω = − β0k

k2 + ℓ2
. (3.33)

This can be verified as a solution by substitution into (3.31). The type
of relation (3.33), between the eigenfrequency and the wavenumbers
and environmental parameters (here β0), is called a dispersion relation,
and it is a usual element for wave and instability solutions (Chap. 4).

We can determine the phase speed 
from the dispersion relation and see 
that long Rossby waves (small k,l) 
travel faster than short (large k,l) 
Rossby waves
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From this phase speed, we can 
determine that Rossby waves will 
always travel in the negative x-
direction (i.e., to the west) unless they 
are doppler shifted by a strong 
enough opposing current

http://www.noc.soton.ac.uk/JRD/SAT/Rossby/Rossbyintro.html 

Rossby wave 
c ~ a few cm/s or km/day 

 
• most of the wave is  

“out of sight” 
• months to years to move 

across Pacific 
We can also determine the group 
speed, and see that Rossby waves are 
dispersive because the group speed 
and phase speed are not equal 
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Rossby and Kelvin 
Waves and El Nino



Tides
1) Explain why there is a net force on the earth from the 

moon (or sun) that causes the earth’s “tidal bulge” and 
lead to oceanic tides (**equate the centrifugal and 
gravitational forces)!

!
!
!
!
2) Explain the propagation of Kelvin waves via its interaction 

and manifestation in tides, sea surface, coastal boundary 
and geostrophic dynamics



Tides due to gravitational forces: moon and sun 
pulling on the Earth

Gravita@onal'Forces'
•  The'gravita@onal' forces' are' 'Fg' ='G$MMoonMEarth/R2,'where'MMoon'

and'MEarth'are'the'masses'of'Earth'and'Moon'and'R'is'the'distance'
between'their'centers.'G'is'the'universal'gravita@onal'constant.'

•  At'the'Earth’s'center'of'mass,'the'gravita@onal'forces'are'balanced'
by' the' centrifugal' force,' but' this$ is$ not$ necessarily$ true$ at$ the$
Earth’s$surface.'

'

•  In'which'direc@on'is'the'net'force'at'the'side'of'the'Earth'closest'
to'the'moon?'

A.  Toward'the'moon'
B.  Away'from'the'moon'
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How does the gravitational 
force behave with distance to 
the moon?

At center of mass of Earth:
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Net force that is non-zero 
causes the earth to bulge 
towards the moon (or sun)…
this causes tides

At surface of Earth (closest to 
Moon):
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Coastal Kelvin Wave: a tidal signature that 
propagates along the coast
Ingredients for a coastal Kelvin wave: Coriolis 
force, pressure gradient, topographic 
boundary (i.e. a coast, that we call a ‘coastal 
waveguide’)!
!
**A ‘wave’ here can be considered a sea 
surface elevation that propagates (like waves 
you see at the beach, but here they are of 
much bigger scale and for our purposes, we 
will say that there is no wave breaking)

Kelvin'Wave'
•  The'signature'of'the'@des' is'visible'

at' the' ocean' surface' as' a' Kelvin$
wave.$

•  Due' to' the' Coriolis' force,' the'
amplitude' of' the' Kelvin' wave'
increases' exponen@ally' towards'
the'coast.''

•  The'Kelvin'
wave'speed'c'
is'given'by'
c2$='gH.'

Rule of thumb: Kelvin waves propagate with the coast to the 
right in the NH (so to the left in the SH)
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c2 = gH

c =
p
gH = wave speed

North Hemi example!
-a Kelvin wave propagates northward 
along the coast,!
-the Coriolis force wants to deflect this 
wave to the RIGHT!
-BUT, there is a coastal boundary, so 
water piles up at the coast!
-This pile of up of water is manifested in a 
sea surface elevation, which we know 
causes pressure gradients!
-The pressure gradient force leads to a 
geostrophic current (PGF = CF)!

g = gravity!
H = depth (water column thickness)


