1 Vertical viscosity and diffusion operatorsin ROM S

The purpose of this document is to provide sufficient teciinietail for the implicit solvers in
ROMS code. Although the mathematical concepts are faidpddrd — typically a Gaussian elim-
ination procedure for tri-diagonal matrix problem — thegi@l implementation in ROMS always
use high-computational-density “on fly” approach chanaoéel by computing coefficients within the
loops associated with elimination sweeps (hence it is ns$ipte to apply a generic tri-diagonal solver
without introducing additional temporal arrays), compiata “in place” and reuse of provisional ar-
rays (so the same FORTRAN object may be associated with eliffenathematical terms). This in its
turn, makes it somewhat difficult to identify all mathematisteps in the actual code.

1.1 Implicit solution for vertical viscosity and diffusie&rms using finite differences

Consider time-implicit, finite-difference discretizatifor advection-diffusion equation,
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whereg is a generic field, which may be either a tracer fiéldS5, or horizontal momentum component,
u, v. Ais vertical diffusion coefficient, anths, represents all other terms (advection, Coriolis, pressure
gradient, lateral diffusion and viscosity, etc).

Assuming a set of vertical grid-boxes of heighif, £ = 1, ..., NV, backward-Euler time stepping
for viscous/diffusive terms, finite-difference approxiia for vertical gradients, and overall finite-
volume framework, the discretized form of the above becomes
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whereSRFRC' is surface forcing term: kinematic winds stress compon@entsir-sea interaction fluxes.
The indexing rules are standard for ROMS: whole-intefgémdexed objects are placed inside grid
boxesH}, and typically should be interpreted as grid-box averadgekseoassociate field, while half-
integer(k + 1/2)-indexed objects are defined at grid-box interfaces anddve tinderstood as instan-
taneous values at that locations. Vertical indéx- 1/2 indicates location exactly at the free surface,



while 1/2 exactly at the bottorh.

The above can be rewritten as a tri-diagonal problem,
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where all unknownsg;**, are collected in I.h.s., and all terms in r.h.s. are comsii¢o be known.
The above system has the propertydaigonal dominancethe central coefficient, that is coefficient
in front of ¢ in kth equation is greater in its absolute value that the sum sélake values of the
other two coefficients, foq’”rl andq;‘j}, as long as alAt A;. /> > 0. This ensures well-posedness
and stability of the problem, which can be solved by Gaussianination.

The procedure begins with converting tiie=€ 1)th equation into
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and, subsequently, transforming all other equations:fer 2, ..., N — 1 one-by-one using the previ-
ously transformed ones to eliminate terms containjig. Thus, the pair ofransformed% — 1)th and
old kth equations
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yields thetransformedkth,
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! Because indices inRORTRAN code are always whole-integer, one must adogt/2sshift convention to map
half-integerk + 1/2. The standard convention in ROMS is start indexindiofpoint-type variables from 0, so
the mathematical range éf+ 1/2 € {1/2, 3/2, ..., N 4+ 1/2} corresponds t6ORTRANrange ofk € (0 : N).



and the common multipligr = 1/ Hy +
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When the above procedure — call@giward elimination— reaches thé = N, it yields a2 x 2
linear system for,y_; andqy,
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which is solved directly
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and, subsequently
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which is back-substitutiorsweep. Note that by coefficients, , , are all non-dimensional, arftl <
Cry1p < 1forallk =1,.,N —1, as the consequence of diagonal dominance property meudtion
above. Also note that, once surface forcing is imposed asfggflux, the surface viscosity/diffusion
coefficient A/, does not participate in any computation: in fact, the updiatdues ofg;*' do
not depend on it. As a consequence, for example, there isngularity whenAy,,,» = 0 (as it
happens in several turbulent closure schemes, wiere( asz approaches free surface), even thought
the underlying physical problem is singular and requireses&ind of regularization (typically via a
roughness length) to ensure a finite limittf

Alternatively one can start Gaussian elimination from scef
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andb* = 1/ [HN + Nm] . Then proceed for alt = N — 1, ..., 2, descending, as
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along withb* = 1/ lH : (1 — a,’;H/Q)] . When the bottom-most grid box



is reached,
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combined with the bottom boundary condition yielis< 2-matrix problem forg} ™' and¢3*!, for
example no-flux (no-stress) bottom boundary condition
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after which all otheg;** are computed recursively (backsubstituted) via

G = dy+a_y gttt ¥ k=2, N, ascending (1.18)

In the case of Dirichlet (e.g., no-slip) boundary conditairbottom (1.16) is replaced with
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whererp is bottom drag coefficient. In the simplest case of resolvedous boundary layer it can be
approximated asp = 2A1/2/H1, which comes from the classical Poiseuille flow theory. Hosven
most practical contexts, comes from a separate bottom boundary layer model, typitaithin to
be adequately resolved in the discretized mode}; ;s not necessarily expressed in terms4gfs.
The outcome is similar to (1.17), except tifat in denominator is replaced with, +-2At A,/ H;. It
should be noted that the additional te2mt A, ,/ H, may dominatdd,, which results in constraining
¢! toward a small value. However, becauée’ is defined as grid-box average withify, it would
be not physical to sef’ ™ — 0 in the case of Dirichlet boundary.

1.2 Implicit viscosity and diffusion using parabolic-sps

The system (1.2)-(1.4) interprejg, k = 1, ..., N, as a set grid-box averaged values,
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while simultaneously using finite-differences to approaievertical derivatives

0.q = (ka+1 - Qk:) /AZ k+1/2 - (1.21)

k+1/2



Therefore, (1.3) can be viewed as a special case of a moreajelsrrete equation,
Hkqg+l — Hqu + At . I'hSk + At . |:Ak+1/2d2jr_%/2 — Ak—l/QdZi_%/Q} (122)

whered,/» are the values of vertical derivativélsq at grid-box interfaces;.; /2. Both ¢} " ! and
dzﬂﬂ are considered as unknowns at this moment.

A more thorough approach would be to reconstruct vertiaafilerof ¢ as a continuous function of
z, and use analytical differentiation to estimate deriveiV, ., > at grid-box interfaces. The simplest
reconstruction is to assume a parabolic distribution otceatrationg within each grid box, and find
its coefficients from some sort matching conditions at fam¥s. The parabolic distribution can be
expressed in terms of either interfacial valugs.; /-,
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or interfacial derivativesy;. ., o,
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wherez’ in a local coordinate defined within each grid bé which has the same meaning as in
(2.20). In both cases one can immediately verify that (1t288ls regardless of the values of other
coefficients, and(z') — qx+1/2 if 2/ — £H;/2, inthe first case, while in the secofldy(2') — dj41/2

if 2/ — +H/2.

The interfacial values;., /» in (1.23) can be obtained from the condition that derivatiedistri-
butions in adjacent grid boxes match each other at the aues{
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along with two appropriate boundary conditions to conattae bottom and surface valye,, and

dN+1/2-

Conversely, the interfacial derivativés, , , in (1.24) are obtained from the continuity condition



for ¢ at grid box interfaces,
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resulting in
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which in combination with two side boundary conditions &y, andd ;> comprises a well-posed
problem ford,, .., », assuming that all, are known. In both cases, whether solving for interfaciales
qr+1/2, OF derivativesi,. . /5, the resultant reconstructed vertical profiles are egeitab each other.

In the context of (1.22) both; "' and dzﬂ Jo are unknown, however (1.27) makes it possible to
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fork = 1,...,N — 1. As before, two boundary conditions are needed'dlj’g;ﬁfl/2 at the surface, and
d’f/gl at the bottom. However, it should be noted that, unlike in phevious case, these boundary
conditions are now playing dual role: for physical reasa@nagdply forcing at surface and bottom, and,
in addition to that, they are needed by the continuous pnadenstruction algorithm. These two goals
can be matched in a well resolved situation, i.e., if theeefisite limit of Ay, at free surface, and
it is not very small in comparison with, say, it valuky_,/,, one grid box below, then it is natural
to estimate the vertical derivativg ., , as the ratio of the forcing flux and the mixing coefficient at
surface. However this cannot be donélif ., /, is zero or is too small, because the resultant derivative
becomes too large which may causes oscillations of the stiwarted profile. In this casg. ;> must

be limited, which effectively decouples it from the physicaundary condition. Same rationale should
be applied to bottom, where a special treatment of the bettast grid box may be required in the
case of unresolved bottom boundary layer. Od@;ﬁ Jo are computed from (1.28), aj). are updated
via (1.22) to compute; ™.

A practical Gaussian elimination algorithm begins withiset
dith o = SRFRC [An 172 (1.29)
which formally can be cast into

FCOY 303y sy + Ay jy = divyrye (1.30)



where FCY,_; , = 0. This starts recursive procedure of elimination coeffitienfrom of dits /o N
(1.28) starting fronk = N — 1, and proceeding downward ko= 3/2 to convert it into

FC/:—lﬂdZE/Q + dzj:%/z = di11/0 (1.32)

where the coefficient$Cy_, , andd;_, , are obtained as follows: suppose the procedure already
reached: + 3/2, so we have

Z+1/2d7iﬂ/2 + dZIé/z = dyy3/ (1.32)

whereFCy , , anddy, ; », are known. Multiplying (1.32) b){[—[k+1/6 — At Ak+3/2/Hk+1) and sub-
tracting it from (1.28) yields (1.31), where
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forallk = N —1,...,1 successively.

Once this procedure reachgs= 1, hencefC7,, andd; , are known, combined with bottom
boundary condition, this leads2ax 2 matrix problem ford, , andds,,. Suppose we are solving for
velocity component, and no-slip boundary conditions are needed at bottom., Hidine bottom-most
grid box the parabolic distribution (1.24) should yield Oemlx’ — — H,/2, i.e.,

n Hy Hy
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at the same time
uptt =l + At [Agpdyf — Avpdy ] (1.35)
and, from the Gaussian elimination above, also
Ladi )+ dift = i, (1.36)

There are three unknowns; ', d}'/;', anddy ', Excludingu;™*! first, and solving x 2 problem for

d}‘/gl anddg/*zl, we find the bottom-most derivative,
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after which all others are obtain recursively from (1.31),

dzj:i/z = dlt+1/2 - FUZ_l/defi/z (1.38)

fork = 1,.., N — 1, ascending. Once derivativég', , become knowng"*! is updated via (1.22),

Hkql';ﬁ‘l = Hkqg + At - rhs;, + At - [FL)(k_,_l/g — FLXk_l/g} (139)

whereFLX y 11/, = SRFRC andFLX}, 1/, = Akﬂ/zdzﬂﬂ fork =2,..., N — 1. For simplicity, above

we also assume that the bottom-most derivative and viscoeffi@ent remain finite (and resolved),
so this applies t&c = 0 as well. In a more general case computation of bottom-mostréguires

a special consideration. We should also note that the sudiadvative condition (1.29) is applicable
only for non-vanishingd 11 ». If Ay,1/2 is too small (as in the case of unresolved viscous boundary
layer), the derivative may be too large in comparison withdRrivative one grid-box below, resulting

in oscillation of the reconstructed profile. To prevent1t29) should be modified into
dytly ;o = SRFRC [ max { Ay .1/2, 0+ Ax_1p2} (1.40)

wherea is a non-dimensional constant chosen to be not too smallysayl /3. This essentially de-
couples physical surface boundary condition from recatitn (i.e,FLX y,/» = SRFRC still holds,

but d?vfm is no longer proportional t&RFRC) as it should be in the case of unresolved boundary
layer.



