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t. Following Blumberg & Mellor, 1987, Ble
k & Smith, 1990, and Killworth et al., 1991, split-expli
it free-surfa
eversions have been developed for the three major types of o
eani
 models: sigma, isopy
ni
, and Z�
oordinates. Besides theimplied time-s
ale separation, splitting into barotropi
 and baro
lini
 modes typi
ally relies on the smallness of the free-surfa
eelevation relative to the total water depth and the smallness of density variations in a Boussinesq sense. On
e separate time-stepping algorithms are used for the barotropi
 mode and the three-dimensional part, the 
ontinuity equation holds only withinthe order of dis
retization a

ura
y, but not exa
tly for the baro
lini
 time step. The dis
repan
y is asso
iated with details ofthe time evolution of barotropi
 mass 
uxes and free surfa
e within the baro
lini
 step that are typi
ally averaged out to avoidnumeri
al instability. At the same time, 
onservative, 
ux-divergent dis
retizations for the tra
er equations (i.e., heat 
ontent,salinity, et
. ) require that the implied three-dimensional 
ontinuity equation holds exa
tly on the time-dis
rete level in order tosimultaneously maintain volume 
onservation and 
onstan
y preservation properties for tra
ers. The in
onsisten
y in the dis
rete
ontinuity equation 
auses biases in tra
er values proportional to the tra
er value itself, the ratio of free-surfa
e elevation 
hange tothe water depth, and a fa
tor depending on the di�eren
e in temporal dis
retization errors of the barotropi
 and baro
lini
 modes.Although this error is typi
ally small for basin-s
ale 
on�gurations, it 
an be
ome signi�
ant and 
ause non-physi
al behavior andeven numeri
al instability in 
oastal regions, estuaries, and fjords where the free-surfa
e 
hange is not very small relative to thetotal depth.In the present study we propose a split-expli
it hydrodynami
 kernel of the model whi
h utilizes 
onsistent temporal averaging ofbarotropi
 mode to allow both exa
t 
onservation and 
onstan
y preservation properties for tra
ers. Due to mathemati
al feedba
kbetween the momentum and density equations (via temperature and salinity) for the baro
lini
 mode and, similarly, between thefree surfa
e and barotropi
 momentum equations, it is advantageous to treat both modes in su
h a way that after a time step forthe momentum equation is 
omplete, the 
omputed velo
ities parti
ipate immediately in the 
omputation of tra
ers and vi
e versa(rather than advan
ing all equations for one time step simultaneously). This leads to a new family of time-stepping algorithmsthat introdu
e forward-ba
kward feedba
k into the best known syn
hronous s
hemes. This allows an in
reased time step due to theenhan
ed internal stability of the algorithm without sa
ri�
ing its a

ura
y. An additional gain in stability is a
hieved by a morea

urate mode-splitting of pressure-gradient terms in whi
h the barotropi
 sub-model retains information about the lo
al densitystrati�
ation via a spe
ially designed verti
al averaging of density and pressure.
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1. Introdu
tionThe motivation to build a free-surfa
e o
eani
 modelis twofold. From a physi
al point of view, it is desirableto re
apture pro
esses lost or altered by the rigid-lid as-sumption. These in
lude tidal motions, altered dispersionrelations for the Rossby waves, et
. The other motiva-tion 
omes from 
omputational e
onomi
s: as pointed outby Killworth et al., 1991, there is a natural physi
al ra-tio of phase speeds for the external and internal gravity-wave modes. On
e the model time step is 
hosen fromthe CFL 
riterion based on the fastest baro
lini
 wavespeed, the external mode has to be treated by either (i)a streamfun
tion method using rigid-lid approximation; or(ii) a two-dimensional pressure Poisson equation for pres-sure on the rigid-lid or due to free-surfa
e elevation; or(iii) a spe
ial two-dimensional barotropi
 submodel thatuses a smaller time step 
hosen from a CFL 
riterion basedon the barotropi
 speed. Approa
hes (i)-(ii) require solu-tion of a two-dimensional ellipti
 problem (Dukowitz, 1994;Dukowitz & Smith, 1994) at every time step that, with a
onventional Su

essive Over-Relaxation (SOR) or similarmethod, requires a number of iterations of the order ofthe number of grid points in the longest dire
tion of the
omputational domain. Sin
e on this path the number ofoperations needed to be performed at every grid point atevery time step tends to in
rease with the in
rease of res-olution, on �ner grids the approa
h (iii) tends to be moreeÆ
ient than the others with threshold set by the ratio ofphase speeds of the external and the fastest internal grav-ity waves 
ompared to the number of grid points in thelongest dimension1, jVextjjVintj �max (Nx; Ny) : (1.1)Despite the long-time existen
e of split-expli
it versionsfor all three major 
lasses of o
eani
 models | z-, sigma-, and density-
oordinate | there are only few publishedstudies about the mathemati
al aspe
ts: 
onsisten
y, a
-
ura
y and stability asso
iated with mode splitting (e.g.,Higdon & Bennett, 1996; Higdon & de Szoeke, 1997; Hall-berg, 1997; as well as an earlier theoreti
al work Yanenko,1This 
riterion may be shifted in favor of the rigid-lid model if amore eÆ
ient (e.g., 
onjugate gradient, dire
t, or multigrid, Multi-grid Methods, 1981) ellipti
 solver is used instead of SOR. Thesekinds of solvers are available for relatively simple geometries but notfor general 
omplex geometry and topography. This justi�es theutility of all three types of models: rigid-lid streamfun
tion; impli
itfree-surfa
e pressure; and split-expli
it. Similarly, if the rigid-lid isabandoned in favor an impli
it free-surfa
e approa
h, the asso
iatedellipti
 operator be
omes diagonally-dominant, whi
h alleviates therequirements for the solver and ultimately helps to redu
e the 
om-putational 
ost, Dvinsky & Dukowi
z, 1993; Dukowitz et al., 1993;Dukowitz & Smith, 1994.

1971; and Skamaro
k & Klemp, 1992 more related to at-mospheri
 modeling). It has been shown that even withinthe limits of numeri
al stability based on the usual CFL
ondition, mode splitting may introdu
e additional sour
esof numeri
al instability that are not present in models withuniform time steps nor in rigid-lid models.The purpose of the present study is to re
onsider the
omputational kernel of an o
eani
 model, in
luding theoptimal 
hoi
e of time-stepping algorithms for the barotropi
and baro
lini
 momentum equations, tra
er equations, andtheir mutual intera
tion. Here we advo
ate an integral ap-proa
h whose main fo
us is on time-step limitations 
om-ing from the system as a whole that, as we will show, aretypi
ally more restri
tive than the CFL limitations 
om-ing from ea
h equation taken individually. We design a�nite-volume, �nite-time-step dis
retization for the tra
erequations in order to eliminate the 
on
i
t between in-tegral 
onservation and 
onstan
y preservation propertiesasso
iated with the variable free surfa
e. We alternativelyde�ne the barotropi
 mode splitting to take into a

ountthe variable density. Colle
tively, these steps redu
e themode-splitting error and improve the stability and robust-ness of the model.1.1. A Generalized Topography-Following Coordi-nateThe topography-following verti
al 
oordinate systemimplies that there is a transformation,z = z(x; y; �) ; (1.2)where z is the Cartesian height, � is the verti
al distan
efrom surfa
e to the point an depth z measured as the fra
-tion of the lo
al water 
olumn thi
kness (i.e., �1 � � � 0,where � = 0 
orresponds to the free surfa
e, z = �, and� = �1 
orresponds to the o
eani
 bottom, z = �h(x; y)).The resulting system of 
oordinates is nonorthogonal; how-ever, it is usually assumed that the verti
al to horizontalaspe
t ratio is very small so one 
an negle
t some of theasso
iated 
urvilinear 
oordinate metri
 terms and the 
o-ordinate transformation redu
es to the set of 
hain rulesfor derivatives,��x ����z = ��x ����� � �z�x ����� � ��z : (1.3)In the simplest 
ase (1.2) redu
es toz = � � h(x; y) ; (1.4)whi
h is the 
lassi
al �-
oordinate. A more general systemof 
oordinate uses nonlinear mapping fun
tion, S(�),z(x; y; �) = S(�) � h(x; y) : (1.5)2
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Figure 1. Verti
al 
oordinate systems: a: s-
oordinateof Song & Haidvogel, 1994 with �s = 3, �b = 0:01; b,
:Hybrid z � � 
oordinate systems obtained by relaxing thez-
oordinate system d toward the s-
oordinate.

whi
h 
an be viewed as a spe
ial 
ase of (1.2), 
lassi�edas a separable 
oordinate transformation in the sense thatS(�) that does not depend on the horizontal 
oordinates.Song & Haidvogel, 1994 introdu
ed a quasi-separableverti
al S-
oordinate,z(x; y; �) = � � hmin + C(�) � �h(x; y)� hmin� ; (1.6)whereC(�) = (1� �b) sinh(��)sinh(�) + 12�b � tanh [�(� + 1=2)℄tanh(�=2) � 1� ;and �, �b are non-dimensional parameters 
ontrolling theverti
al 
oordinate stret
hing. This system has an advan-tage over both (1.4) and (1.5) by allowing stret
hed 
oordi-nates sele
tively in the deep fra
tion of the water 
olumn(giving the possibility of 
on
entrating mu
h of the ver-ti
al resolution within the thermo
line) while produ
inguniform verti
al grid spa
ing in the shallowest fra
tion toavoid making the topmost grid-
ells too small and makinga severe CFL restri
tion. An example of su
h 
oordinatetransformation is shown in Fig. 1a.Past experien
e with �-
oordinate models and inter
om-parisons with z-
oordinate and isopy
ni
 models (Be
k-mann, 1998; Willebrand, et al., 2001) reveals that the solu-tions from �-models exhibit stronger topographi
 sensitiv-ity than the other two 
lasses of models. This is attributedto the fa
t that the isosurfa
es of verti
al 
oordinate inter-se
t the isopy
nals at some angle, even in the 
ase of hori-zontally uniform strati�
ation and 
ause pressure-gradienterror. One way to address this problem is to redesign themodel algorithms to make them less sensitive to su
h er-rors (Sh
hepetkin &M
Williams, 2003). It is also desirableto allow the possibility of smooth transition from � to z-
oordinates, su
h that the top-most isosurfa
es are nearly
at while the bottom-most are still aligned with topog-raphy. Su
h a general system of 
oordinates is no longerseparable in the sense that it 
annot be generated by thesimple relationships (1.5) or (1.6) but involves a full three-dimensional transformation (1.2).For example, one 
an 
hose a set of z-levels, �z�k+ 12 j k =0; 1; :::; N	, where z�12 = �hmax is 
hosen to be the maxi-mum depth and z�N+ 12 = 0 is the unperturbed free surfa
e2. Then, starting from the bottom, for k = 0 setz 12 (x; y) = �h(x; y) ; (1.7)2For notational 
onsisten
y throughout the paper, z�k+ 12 have half-integer indi
es to re
e
t the fa
t that these z-levels are pla
ed be-tween the tra
er point levels on a verti
ally staggered grid. Spe
if-i
ally, these z-levels 
orrespond to interfa
es between two adja
entgrid boxes in the �nite-volume dis
retization des
ribed below.3



and for ea
h k = 1; :::; N � 1 setzk+ 12 (x; y) = max�z�k+ 12 ; zk� 12 (x; y) +�zmin� ; (1.8)where �zmin is the 
hosen minimal verti
al grid spa
ing(n.b., to avoid surfa
ing of 
oordinate isolines, �zmin �hmin=N , where hmin is the minimal depth). In prin
iple,�zmin may be 
hosen to be in�nitely small, so the resultantsystem is equivalent to a z-
oordinate with the ne
essity ofhandling the layers near the bottom as "massless" layers.Its disadvantage is the non-smooth transition from z-levelto topography-following regions. This non-smoothness 
anbe repaired by applying two-dimensional di�usion to zk+ 12 ,with variable di�usivity 
oeÆ
ient | zero for the bottomand in
reasing toward the surfa
e. The resultant 
oordi-nate systems are shown in Fig. 1b-d for the 
ases of twodi�erent degrees of smoothing: 
ase (b) is 
loser to thestret
hed �-
oordinate, while (
) retains more features ofthe original z-
oordinate (d). Unlike the �-
oordinate, inboth 
ases the 
oordinate surfa
es near the top are almosthorizontal and have less resemblan
e to the topography.As an alternative to using a smooth 
oordinate sys-tem, one 
an design verti
al dis
retizations tolerant ofnon-smoothness. For example, later we des
ribe an op-tion of re
onstru
ting verti
al density pro�les by 
onserva-tive paraboli
 splines that do not require a smooth grid.Another potentially attra
tive possibility is to 
onstru
t adynami
ally adaptive verti
al grid depending on the evolv-ing density �eld that 
on
entrates resolution in the vi
in-ity of py
no
line while also avoiding diÆ
ulties asso
iatedwith isopy
ni
 
oordinates (e.g., Dieta
hmayer & Droege-meier, 1992). In this study we assume that the verti
altransformation (1.2) is generally non-separable; hen
e, theappli
ability of the methods developed here is not limitedto just a �- or S-
oordinate 
lass of models.1.2. Perturbed Verti
al Coordinate SystemDis
retization of verti
al 
oordinate z(x; y; �) intro-du
es a set of �-isosurfa
es,nzk+ 12 (x; y) = z(x; y; �k+ 12 ) ; k = 0; 1; :::; N o : (1.9)If the o
ean is at rest, the free-surfa
e elevation is � = 0,hen
e zN+ 12 = 0, and the whole set 
orresponding to zerofree-surfa
e nz(0)k+ 12o is referred as an unperturbed 
oordi-nate system. In the 
ase of a non-zero �, all zk+ 12 aredispla
ed by a distan
e proportional to � and the dis-tan
e from the bottom as the fra
tion of unperturbed lo
aldepth, zk+ 12 = z(0)k+ 12 + � � z(0)k+ 12 + hh (1.10)

(re
all that z 12 � z(0)12 � �h and zN+ 12 � �). As a result theperturbed grid-box height, �zk � zk+ 12 � zk� 12 , is relatedto the unperturbed height, �z(0)k � z(0)k+ 12 �z(0)k� 12 a

ordingto �zk = �z(0)k �1 + �h� ; (1.11)where the multiplier (1 + �=h) is independent of the verti-
al 
oordinate. This 
hoi
e is similar to Higdon & Bennett,1996, Higdon & de Szoeke, 1997, with the ex
eption thatthey applied it for an isopy
ni
 
oordinate model. But isdi�erent from Killworth et al., 1991, Dukowitz & Smith,1994, where free-surfa
e elevation a�e
ts only the top-mostgrid box, as well as from Song & Haidvogel, 1994, wherethe displa
ement by � is distributed linearly in �-spa
e,rather than in z-spa
e. Later we show that (1.11) hasseveral 
onsequen
es, in
luding the fa
t that verti
al mass
uxes generated by a purely barotropi
 motion vanish iden-ti
ally at every interfa
e, zk+ 12 .1.3. Con
i
t Between Integral and Constan
yPreservation for Tra
ersCombining the tra
er equation in adve
tive form,�q�t + �u � r�q = 0 (1.12)with the nondivergen
e equation,�r � u� = 0 ; (1.13)we derive the tra
er equation in 
onservation form,�q�t +r � �uq� = 0 : (1.14)As a 
onsequen
e of (1.12), if the tra
er is spe
i�ed as a
onstant �led at the initial time, it remains so regardlessof the velo
ity �eld. On the other hand, as a 
onsequen
eof (1.14), the volume integral of the tra
er 
on
entration is
onserved in the absen
e of in
oming and outgoing 
uxesa
ross the boundary of the domain. The 
ontinuity equa-tion (1.13) provides the 
ompatibility 
ondition betweenthese two properties. Both properties are valuable andshould be 
onsidered in 
onstru
ting numeri
al o
eani
models.The dis
retization of (1.14) is usually done using a �nite-volume approa
h,�Vn+1i;j;kqn+1i;j;k = �Vni;j;kqni;j;k ��t heqi+ 12 ;j;kUi+ 12 ;j;k�eqi� 12 ;j;kUi� 12 ;j;k (1.15)+eqi;j+ 12 ;kVi;j+ 12 ;k � eqi;j� 12 ;kVi;j� 12 ;k+eqi;j;k+ 12Wi;j;k+ 12 � eqi;j;k� 12Wi;j;k� 12 i ;4



where qi;j;k is understood as a volume-averaged 
on
entra-tion over the grid-box �Vi;j;k,qi;j;k = 1�Vni;j;k Z�Vni;j;k q dV : (1.16)The eqi+ 12 ;j;k (q with one index half-integer) are the inter-fa
ial values of tra
er 
on
entration. Upper
ase3 Ui+ 12 ;j;k,Vi;j+ 12 ;k, and Wi;j;k+ 12 are volumetri
 
uxes4 in the twohorizontal and verti
al dire
tions. These are de�ned as ve-lo
ity 
omponents multiplied by the 
onta
t area betweentwo adja
ent grid boxes,Ui+ 12 ;j;k = ui+ 12 ;j;k�zi+ 12 ;j;k��i+ 12 ;jVi;j+ 12 ;k = vi;j+ 12 ;k�zi;j+ 12 ;k��i;j+ 12 ; (1.17)where �zi+ 12 ;j;k; ��i;j+ 12 , and �zi;j+ 12 ;k; ��i;j+ 12 are ver-ti
al and horizontal measures of the 
orresponding grid-box interfa
es (��;�� are assumed to be nonuniform be-
ause of 
urvilinear horizontal 
oordinates). The super-s
ripts n + 1 and n denote new and old time steps. Thetime step for the 
ux variables in (1.16) is not spe
i�edyet, but the 
ux form of (1.16){(1.16) guarantees exa
t
onservation of the global volume integral of the adve
tedquantity as long as there is no net 
ux a
ross the boundary.The dis
retized 
ontinuity equation 
an be formally ob-tained from (1.16) by setting qi;j;k � 1,�Vn+1i;j;k = �Vni;j;k ��t � hUi+ 12 ;j;k � Ui� 12 ;j;k (1.18)+Vi;j+ 12 ;k � Vi;j� 12 ;k +Wi;j;k+ 12 �Wi;j;k� 12 i :On
e it holds, the 
onservative form of the dis
rete tra
erequation (1.16) has the property of 
onstan
y preservationin addition to the property of global 
ontent 
onservation,mentioned above.Verti
al summation of (1.18) for di�erent k leads to theequation for the free surfa
e,�n+1i;j = �ni;j � �t�Ai;j hU i+ 12 ;j � U i� 12 ;j (1.19)+V i;j+ 12 � V i;j� 12 i :�Ai;j is the horizontal area of the grid box i; j;U i+ 12 ;j = NXk=1Ui+ 12 ;j;k ; V i;j+ 12 = NXk=1 Vi;j+ 12 ;j ; (1.20)3We use upper
ase letters to denote �nite-volume 
uxes, whilethe 
orresponding lower
ase letters are reserved for the velo
ity
omponents.4We assume that a Boussinesq approximation is made that im-plies that density is 
onstant and equal to the ba
kground density �0everywhere ex
ept in the gravitational for
e. This implies that mass
onservation is equivalent to volume 
onservation and in the presentpaper these two terms mass are used inter
hangeably.

are verti
ally integrated (barotropi
) volume 
uxes; andwe have used the identity(�i;j + hi;j) ��Ai;j � NXk=1�Vi;j;k ; (1.21)where the bottom topography hi;j is independent of time.In a hydrostati
 model the dis
rete 
ontinuity equation(1.18) is used to 
ompute verti
al velo
ity rather than grid-box volume �Vn+1i;j;k. (The latter is entirely 
ontrolled by
hange of � via (1.11).) Hen
e,Wi;j; 12 = 0 ; at the sea 
oor, and (1.22)Wi;j;k+ 12 = � kXk0=1(�Vn+1i;j;k0 ��Vni;j;k0�t + Ui+ 12 ;j;k0 (1.23)�Ui� 12 ;j;k0 + Vi;j+ 12 ;k0 � Vi;j� 12 ;k0)for all k = 1; 2; :::; N ;whi
h, in fa
t, de�nes the meaning of Wi;j;k+ 12 as a �nite-volume 
ux a
ross the moving grid-box interfa
e zi;j;k+ 12 .(Re
all that setting k = N in (1.23) and using (1.19){(1.21) results in Wi;j;N+ 12 = 0 ; (1.24)as required by the kinemati
 boundary 
ondition at thefree surfa
e.)Thus far we have assumed that the time step and time-stepping algorithm for the tra
er (1.16) and for � (1.19)are the same. This would be possible if the barotropi
 andbaro
lini
 
omponents of the system were advan
ed usingthe same small time step di
tated by the stability 
rite-rion for the barotropi
 mode; or if the barotropi
 modewere treated impli
itly and if spe
ial 
are were taken to
onstru
t volume 
uxes Ui+ 12 ;j;k, Vi;j+ 12 ;k, and Wi;j;k+ 12 sothat the (1.18) holds exa
tly, Dukowitz & Smith, 1994.In a split-expli
it, free-surfa
e model, the free-surfa
eequation and the verti
ally integrated (two-dimensional)momentum equations are stepped forward with a mu
hsmaller time step than the tra
er equations. Moreover| in order to avoid the errors asso
iated with aliasingof the frequen
ies resolved by the barotropi
 time step butnot resolved by the baro
lini
 one | the barotropi
 �eldsusually are averaged within the one baro
lini
 time step,so that its fast signals are suppressed. Usually (
f., Kill-worth et al., 1991), at every baro
lini
 time step beforethe barotropi
 time stepping is started, the verti
ally in-tegrated right sides of the momentum equations are 
om-puted and used as a for
ing fun
tion for the barotropi
mode. During the barotropi
 time stepping, the free sur-fa
e and the barotropi
 velo
ity 
omponents are averaged5



over the sequen
e of the barotropi
 steps, and these aver-aged values are used to feed ba
k in the three-dimensionalmomentum equations. At �rst the latter are stepped for-ward in time for one baro
lini
 step (thus, with violationof CFL 
riterion for the external mode) to 
ompute thenew �elds at time step n+ 1. Immediately after that, theverti
al integrals of the newly 
omputed �elds are 
om-puted and subtra
ted from similar �elds obtained from thebarotropi
 submodel. The resultant di�eren
e (i.e., 
orre
-tion) is then uniformly distributed throughout the water
olumn to make sure that the 
orre
ted three-dimensionalvelo
ity 
omponents have the same verti
ally averaged val-ues as those from the barotropi
 submodel. At the sametime, � at the new baro
lini
 time step n + 1 is assignedto be the same as the fast-time-step-averaged free surfa
efrom the two-dimensional submodel.Thus, the time-stepping algorithms for the tra
er andfree-surfa
e equations are very di�erent. In parti
ular, the
ontinuity equation holds exa
tly only in the sense of itsverti
al integral and only within the fast-time-steppingpro
edure. There will be only approximate agreementbetween left and right sides of (1.19) if the fast-time-averaged free surfa
e and fast-time-averaged barotropi
 ve-lo
ity 
omponents are substituted for �n, �n+1, U and V .Consequently, the integral 
onservation and/or 
onstan
ypreservation properties for the tra
er equation (1.16) holdonly within the order of a

ura
y of time stepping, but notexa
tly.2. A

ura
y and Stability of Time-SteppingAlgorithms2.1. Simple Time SteppingConsider the one-dimensional linear hyperboli
 equa-tion, �q�t = �
 �q�x ; (2.1)and one-dimensional hyperboli
 system of equations,���t = �
�u�x �u�t = �
���x ; (2.2)where 
 is phase speed. This is a simple analog for thebarotropi
 mode in the absen
e of Coriolis for
e and to-pography. In the free-surfa
e equation the barotropi
mass 
uxes are the produ
t of verti
ally averaged velo
itiesand total depth (whi
h itself depends on �; the nonlinearbarotropi
 system (3.48)-(3.49) has a similarity with both(2.1) and (2.2) in the sense that � may be adve
ted by the
ow, as well as be 
hanged by its divergen
e 5. Therefore,5A similar duality exists in the baro
lini
 
ase, where temperature

our goal is to design an a

urate and stable algorithm toadvan
e both (2.1) and (2.2). We fo
us mostly on a
hiev-ing the greatest stability for the system (sin
e the wavesusually propagate faster than the adve
tion speed), whileat the same time minimizing dissipation for the adve
tionequation.A Fourier transform of (2.1)-(2.2) respe
tively yields�q̂k�t = �i! � q̂k ; (2.3)and ��̂k�t = �i! � ûk �ûk�t = �i! � �̂k ; (2.4)where ! � 
k and, in the 
ontinuous 
ase, k is spatialwavenumber. In the 
ase of spatial se
ond-order �nite dif-feren
es on a staggered grid (2.2) be
omes��j�t = �
 � uj+ 12 � uj� 12�x (2.5)�uj+ 12�t = �
 � �j+1 � �j�x ;Fourier transform of whi
h has the same form as (2.4),ex
ept that k is repla
ed withek = sin �k�x2 ��x2 = 8<: k ; k�x� 12=�x ; k = �=�x ; (2.6)whi
h has its maximum value ekmax = 2=�x. This meansthat if a time stepping algorithm for (2.4) has stabilitylimit !�tmax, it translates into maximum allowed Courantnumber 
�t�x ����max = 12!�tmax ; (2.7)if the same algorithm is applied to (2.5).Expli
it time-stepping algorithms for single os
illatoryequation (2.3) are well studied (see Canuto et al., 1988;Durran, 1991 and Appendix A for a review). The samealgorithms 
an be applied to the system when the right-side terms for both equations of (2.4) are 
omputed at thesame time and then added to their respe
tive prognosti
variables. This results in the same order of a

ura
y andstability limit as for the single equation. Letqn+1 = F(qn; qn�1; :::)� i� � G(qn; qn�1; :::) ; (2.8)and salinity �elds are adve
ted dire
tly by the 
ow as well as 
oupledwith the momentum equations via the ba
kground strati�
ationl thisresults in internal-wave propagation.6



where � = !�t, andF(qn; qn�1; :::) = rXm=0�mqn�mG(qn; qn�1; :::) = rXm=0 
mqn�mbe an expli
it time-stepping algorithm for (2.3). Its am-pli�
ation fa
tors are the roots of the 
hara
teristi
 poly-nomial,P(�) = �r+1 � rXm=0(�m � i� � 
m)�r�m : (2.9)Similarly, the same algorithm applied to the system, (2.4),��u�n+1 = F "��u�n;��u�n�1; :::# (2.10)+� 0 �i��i� 0 � � G "��u�n;��u�n�1; :::# ;gives������ F(1; ��1; :::)� � �i� � G(1; ��1; :::)�i� � G(1; ��1; :::) F(1; ��1; :::)� � ������ = 0 (2.11)or �F(1; ��1; :::)���2+ �2G2 �1; ��1; :::�=  �� rXm=0(�m�i��
m)��m! (2.12)� �� rXm=0(�m+i��
m)��m! = 0 :This obviously has the same set of roots as (2.9) as wellas their 
omplex 
onjugates, sin
e the 
oeÆ
ients �m and
m are real numbers. (2.8) is the most general formthat 
overs both single-step (e.g., Leap-Frog (LF) andAdams-Bashforth (AB2,AB3)) and multistage algorithms(e.g., Runge-Kutta (RK2,RK3, et
) and various predi
tor-
orre
tors). In the last 
ase �m and 
m also depend on �,but they are still real-valued.Eqs. (2.8)-(2.10) are not the most eÆ
ient way to ad-van
e the system (2.2), sin
e none of them has an eÆ
ien
yfa
tor ex
eeding unity (Appendix A)6. In 
ontrast, a sim-ple Forward-Ba
kward (FB) step,�n+1 = �n � i� � unun+1 = un � i� � �n+1 (2.13)6The eÆ
ien
y fa
tor is de�ned as maximum allowed Courantnumber � divided by the number of 
omputations of the right sideper time step.

retains its stability for up to � = 2. The FB algorithmmay be rewritten in matrix form as��u�n+1 = � 1 �i��i� 1� �2���u�n ; (2.14)leading to 
hara
teristi
 equation�2 � (2� �2)�+ 1 = 0 : (2.15)This has roots�� = 1� �22 � i�r1� �24 : (2.16)Obviously j��j � 1 as long as the expression under thesquare root remains positive (i.e., � � 2). Substitution ofthe \ideal" value of � = e�i� into (2.15) and subsequentexpansion in Taylor series for small � results in a mismat
hbetween the left and right sides. To 
an
el the leading-order term of this mismat
h, �324 , we set � = e�i��1+ 124�2�;this indi
ates that the phase approximation has se
ond-order a

ura
y. The positions of the roots �� on a 
omplexplane are shown in Fig. 2. As predi
ted, they show apositive dispersion.The FB algorithm has been su

essfully used in manymodels for the barotropi
 mode (Ble
k & Smith, 1990;Killworth et al., 1991; Hallberg, 1997). Its eÆ
ien
y isexplained by the fa
t that �n+1 is immediately used in the
omputation of un+1, while in (2.10) it is used only dur-ing the next time step (or sub-step if a predi
tor-
orre
tors
heme is used). Compared with LF, FB is twi
e as ef-�
ient, and it does not have 
omputational modes sin
eboth roots 
orrespond to physi
al waves traveling to theleft and right. Furthermore, be
ause one needs to suppressthe 
omputational modes of LF, the eÆ
ien
y 
ontrast iseven larger.The major drawba
k of FB lies in the fa
t that theforward step is un
onditionally unstable for (2.1). In the
ontext of a free-surfa
e model, this implies that unless thea
tual free-surfa
e equation is linearized,V = (h+ �)v ! V = hv; (2.17)the algorithm is unstable due to the adve
tive features ofin the free-surfa
e equation. The linearization is unde-sirable be
ause it destroys the 
onsisten
y of the three-dimensional 
ontinuity equation and eventually results inloss of 
onservation or 
onstan
y preservation for the tra
-ers. In (2.17) V is the verti
ally integrated (barotropi
)mass 
ux; v is the verti
ally averaged velo
ity; h is topog-raphy, and (h + �) is total thi
kness of water 
olumn. Asimilar diÆ
ulty o

urs for the Coriolis for
e, so a spe
ialtreatment is required (e.g., , an AB3 or impli
it time step).Additionally, FB and LF are quite ina

urate in terms of7



Figure 2. Roots of the 
hara
teristi
 equation for theforward-ba
kward time-stepping s
heme. The unit 
ir
leis shown for referen
e. Ti
kmarks on the outer side ofthe unit 
ir
le show the lo
ation of "ideal" ampli�
ationfa
tors e�i�, where � = ���i16 ; ;��i8 ;� 3�i16 ; ::: et
	. Ti
k-marks on the inner side of the unit 
ir
le show the lo
a-tion of the a
tual roots of the 
hara
teristi
 equation. Themismat
h between inner and outer ti
kmarks indi
ates thephase error.phase error at the se
ond half of their range of stability,and neither provides any damping for motions it 
annota

urately represent. Therefore, we seek to generalize theFB algorithm su
h that the �rst sub-step | the update of� | is stable if applied to single os
illation equation (2.3).A se
ondary goal is to improve on the phase error of FB.2.2. Generalized Predi
tor-Corre
tor AlgorithmThe simplest predi
tor-
orre
tor algorithm is the se
ond-order Runge-Kutta (RK2) step modi�ed by introdu
ingterms with 
oeÆ
ients � and � to make the predi
tor sub-step, �n+1;� = �n � i� � un (2.18)un+1;� = un � i� � ���n+1;� + (1� �)�n�; (2.19)and the 
orre
tor sub-step,�n+1 = �n � i�2 � �un+1;� + un� (2.20)un+1 = un � i�2 � ���n+1 + (1� �)�n+1;� + �n� : (2.21)

Figure 3. Roots of the 
hara
teristi
 equation for themodi�ed RK2 algorithm with � = 1=3, � = 2=3, resultingin a stability limit �max = 2:14143:The 
ase � = � = 0 
orresponds to the original RK2 thatis se
ond-order a

urate and is known to have a weak in-stability for a hyperboli
 problem. The presen
e of thenew terms with � and � makes it similar to FB in thesense that, as soon as ea
h prognosti
 variable is updated,the new values parti
ipate immediately in the update ofthe partner variable (
f., the syn
hronous time step (2.10)where it happens only during the next step).The algorithm (2.18)-(2.21) 
an be rewritten in matrixform as a single step,0��u1An+1 = 0� 1� �22 �i��1� �2�2 ��i��1� �2�4 � 1� �22 + �4��4 1A0��u1An ;with the 
hara
teristi
 equation,�2 ��2� �2 + �4��4 ��+ 1 (2.22)+�44 (1� 2� � �+ ��) = 0 :After substituting � = ei� and expanding (2.22) in Taylorseries for small �, it be
omes,�4 �13 � �2 � �4�� i�54 (1�2������) = O ��6� ; (2.23)where setting � = 43�2� eliminates the O(�4) term, trans-8



forming it into� i�536 "1� 2�� � 13�2# = O(�6) : (2.24)No 
hoi
e of real-valued � 
an eliminate the O(�5); how-ever, (� = 1=3, � = 2=3) minimizes it. This 
hoi
ealso 
orresponds to the largest possible stability limit,�max = 2:14143. The resultant algorithm is third-ordera

urate for �(�) with a dissipative, leading-order trun
a-tion term. The positions of the roots of the 
hara
teris-ti
 equation relative to the unit 
ir
le are shown in Fig.3; note the mu
h smaller phase error in 
omparison withthe 
lassi
al FB. Sin
e this algorithm does not require anyknowledge of past time steps, it is a good 
hoi
e for thestarting time step sin
e it 
ures the usual problem of lossof a

ura
y asso
iated with a forward Euler step.Another 
ommonly used algorithm is the Leap-Frog{Trapezoidal Rule (LF-TR) predi
tor-
orre
tor step. Fol-lowing the same methodology, we introdu
e FB-feedba
k(�- and �-terms) between the equations during both thepredi
tor stage,�n+1;� = �n�1 � 2i� � un (2.25)un+1;� = un�1 � 2i� � [(1� 2�) �n (2.26)+� ��n+1;� + �n�1�� ;and the 
orre
tor stage,�n+1 = �n � i� ���12 � 
�un+1;� (2.27)+�12 + 2
�un � 
un�1�un+1 = un � i� ���12 � 
�h��n+1 (2.28)+(1� �)�n+1;�i+�12 + 2
� �n � 
�n�1� :When � = � = 
 = 0, this is equivalent to the familiarLF-TR algorithm with the stability limit �max = p2. � =� = 0 and 
 = 1=12 result in LF-AM3 that is third-ordera

urate and has the slightly larger stability limit of 1.587(Appendix A).The algorithm (2.25)-(2.28) may be rewritten in matrixform, ��u�n+1 = � A �iB�iC D���u�n (2.29)+� E �iF�iG H ���u�n�1with A = 1� 2�2�12 � 
� (1� 2�)

B = ��12 + 2
 � 4�2�12 � 
���C = �(12 + 2
 + ��12 � 
��1� 2�2�12 � 
�� (1� 2�)�)D = 1� 2�2�12 � 
�(1� ��34 � 
 + 2�2�12 � 
���)E = �4�2�12 � 
�� F = ��12 � 2
�H = ��2�12 � 
��12 � 2
� �G = �(12 � 2
 � ��12 � 
��1 + 4�2�12 � 
���) :This leads to the 
hara
teristi
 equation,�2 � (A+D)�+AD +BC �H �E+(AH +ED +BG+ FC)��1 (2.30)+(EH + FG)��2 = 0 :Substitution of all 
oeÆ
ients A;B; :::; H into (2.30) alongwith � = ei�, and subsequent Taylor series expansion forpowers of � yields,��4�16 � 2
�+ i�5 �13 � 2
 + 4
2 � (1� 2
)���14 � 32
 + 2
2� ��+ �6 �133720 � 32
 + 73
2 (2.31)� �24 �5� 26
 + 32
2�� �(1� 2
)� �23 � �(1� 2
)��+O ��7� = 0 :This indi
ates that setting 
 = 1=12 ensures third-ordera

ura
y, regardless of the settings of � and �.On
e the 
hoi
e of 
 = 1=12 is made, � and � mustsatisfy � = 730 � �6 (2.32)in order to eliminate O(�5) term in (2.31), and4115 � 5512�� 5�(4� 5�) = 0 (2.33)to eliminate O(�6). Substitution of � from (2.32) into(2.33) leads to a quadrati
 equation for � whi
h does nothave a real-valued solution. One 
an only minimize theerror in (2.33) by 
hoosing � = 11=20 and 
orrespond-ingly � = 17=120 to satisfy (2.32). This results in fourth-order a

ura
y with the minimum possible trun
ation error9



Figure 4. Roots of the 
hara
teristi
 equation for themodi�ed LF-AM3 algorithm with 
 = 1=12, � = 17=120,� = 11=20. This 
hoi
e 
orresponds to the minimum trun-
ation error in terms of a Taylor-series analysis amongall possible settings of 
, �, �. It has a stability limit�max = 1:853.(among all possible �, 
, and �) and in the stability limit,�max = 1:853 (Fig. 4).We next seek an algorithm with minimum phase errorwhile trying to a
hieve the best possible stability limit. Todo so, we keep 
 = 1=12, but instead of determining � and� from (2.32)-(2.33), we arbitrarily pi
k � within the rangeof values from 0.0 - 0.15, and then for ea
h � we 
hoose �to eliminate the phase error at � = �=2 and determine thestability limit, �max:� � �max0.00 0.97 1.60760.01 0.96 1.63520.02 0.94 1.66590.03 0.92 1.69650.04 0.90 1.72410.05 0.86 1.75480.06 0.82 1.78550.07 0.77 1.8100
� � �max0.08 0.72 1.83150.09 0.66 1.84380.10 0.60 1.84690.11 0.53 1.82850.12 0.45 1.79160.13 0.35 1.73030.14 0.23 1.64740.15 0.00 1.4971The 
hoi
e (� = 0:1, � = 0:60) 
orresponds to a two-dimensional optimum for �max, subje
t to zero phase errorat � = �=2. Roots of its 
hara
teristi
 equation are shownin the top-left panel of Fig. 5. In addition to its small phase

error, it also has remarkably small dissipation within therange of 0 < � < �=4, although it is slightly more dissipa-tive than in Fig. 4. This is 
learly a desirable algorithmif an a

urate representation of wave-like pro
esses is de-sired. In 
omparison with the original LF-AM3 (AppendixA), it has a greater stability limit by approx. 16%, and itdoes not show the phase-lead error of LF-AM3. Sin
e theright-side terms have to be 
omputed twi
e per time step,this algorithm is approximately twi
e less eÆ
ient in 
om-parison with FB.Thus far we have explored the possibility to a
hieve thebest possible a

ura
y. For the barotropi
 mode steppingin a split-expli
it model, the design goals are di�erent: thephase error is of lesser priority, but it is desirable that thealgorithm have a large stability limit and be dissipative forhigh frequen
ies. Giving up third-order a

ura
y allows 
to be a free parameter and makes it possible to a
hievemu
h greater stability limit. In the table following, forea
h 
 we 
hoose � and � su
h that they produ
e the largest�max: 
 � � �max0:04 0.155 0.93 2.10460:03 0.156 0.90 2.12300:02 0.161 0.88 2.18740:01 0.161 0.87 2.25180 0.166 0.83 2.4420�0:01 0.152 0.84 2.5065�0:02 0.137 0.84 2.5678�0:025 0.130 0.84 2.6077�0:03 0.124 0.84 2.6445�0:04 0.113 0.84 2.7304�0:05 0.105 0.84 2.8010�0:055 0.106 0.84 2.7765�The three remaining panels in Fig. 5 show examples ofalgorithms from this sequen
e. When 
 de
reases and thenbe
omes negative, the arms 
orresponding to the physi
almode 
ontra
t, allowing a larger stability limit; at the sametime, the roots 
orresponding to the 
omputational modebe
ame 
loser to the unit 
ir
le, and �nally tou
h it at 
 =�0:055. Although this shows the possibility of a dramati
in
rease of �max up to 2.8, algorithms with negative 
 donot behave well in pra
ti
e be
ause of poor damping of the
omputational mode. This leads to a 
ompromise 
hoi
eof 
 = 0, resulting in �max = 2:44 that is still 70% moreeÆ
ient than the standard LF-TR.As the �nal remark we note that predi
tor-
orre
tor al-gorithm (2.25){(2.28) may be reformulated as�n+ 12 = �12 � 2
� �n�1 +�12 + 2
� �n (2.34)10




 = 1=12, � = 0:1, � = 0:6, �max = 1:846 
 = 0, � = 0:166, � = 0:84, �max = 2:4114


 = �0:025, � = 0:130, � = 0:84, �max = 2:6078 
 = �0:05, � = 0:105, � = 0:84, �max = 2:8010Figure 5. Complex roots and stability limits �max for the generalized predi
tor-
orre
tor algorithm with four di�erentparameter sets for 
, �, and �. Top-left: Algorithm optimized for the maximum stability, under the 
onstraint of retainingthird-order a

ura
y (thus 
=1/12) and minimal phase error. Sin
e right sides for both equations have to be 
omputedtwi
e, it is more than twi
e less eÆ
ient than FB. This algorithm is remarkably a

urate within the whole its range ofstability. In the remaining three panels, the two remaining 
oeÆ
ients, � and �, are optimized to a
hieve the largestpossible stability range (for given values of 
=0; �0:025 and �0:05).11



Figure 6. Geometri
al interpleration of reformulated LF-AM3 predi
tor-
orre
tor step (2.34){(2.37) with � = � =0: initial data at n � 1 and n is linearly interpolated ton � 12 + 2
 (bold dashed arrows) and advan
ed to n + 12using r.h.s. at n (light gray 
urved arrow, predi
tor). Theresultant values parti
ipate only in 
omputation of r.h.s. atn+ 12 to advan
e prognosti
 variables from n to n+1 (darkgray arrow, 
orre
tor), and does not need to be storedbetween time steps. �i� (1� 2
)unun+ 12 = �12 � 2
�un�1 +�12 + 2
�un (2.35)�i� (1� 2
)"�n + � 2�n+ 12 � 3�n + �n�11� 2
 # ;followed by �n+1 = �n � i�un+ 12 (2.36)un+1 = un � i��(1� �) �n+ 12 + � ��12 � 
� �n+1 (2.37)+�12 + 2
� �n � 
�n�1�� ;after whi
h the provisional values �n+ 12 and un+ 12 are dis-
arded. Despite its rather sophisti
ated appearan
e, thisalgorithm 
an be interpreted and a 
ombination of linearinterpolation and two LF-like steps, Fig. 6, whi
h resultsin a very eÆ
ient 
ode: in 
omparison with its prototype,the new algorithm eliminates the need to store time ten-den
ies for the prognosti
 variables from one time step tothe next. Later it will also be shown that (2.34)|(2.37)is a more suitable prototype for a nonlinear system, thanthe original (2.25){(2.28).2.3. Generalized Forward-Ba
kward AlgorithmWe �rst 
onsider the AB2 algorithm for the �rst sub-step. Although it is known to be asymptoti
ally unsta-ble for the adve
tion equation, the instability is relativelyweak, and it is instru
tive to begin the sear
h with thisalgorithm. The modi�ed FB algorithm now be
omes�n+1 = �n � i��32un � 12un�1� (2.38)

un+1 = un � i� �Æ�n+1 + (1� Æ � 
) �n + 
�n�1� ;where Æ and 
 are to be determined. The 
orresponding
hara
teristi
 equation is�2 ��2� 32Æ�2��+ 1 +�32 � 2Æ � 32
��2 (2.39)��12 � 12Æ � 2
��2��1 � 12�2��2 = 0 :We must 
hoose Æ and 
 is su
h a way that the algorithmis 
onsistent with the 
ontinuous equations. To do so, wesubstitute � = ei� into (2.39) and Taylor expand for small�, 
olle
ting 
oeÆ
ients with the same powers of �:�Æ � 
 � 12� i�3 +�13 � 12Æ + 2
��4 +O ��5� = 0:(2.40)The 
hoi
e of (
 = �1=30, Æ = 7=15) eliminates bothleading-order terms in (2.40), resulting in a third-order a
-
urate s
heme that is asymptoti
ally unstable. To makea stable algorithm, one needs to give up one order of a
-
ura
y and treat 
 as an adjustable parameter, while Æ is
hosen from Æ = 12 + 
. The 
hoi
e of 
 = +0:279 
or-responds to the maximum possible stability range for analgorithm of this kind, �max = 1:343, limited by the in-stability of one of 
omputational modes (Fig. 7; the roots
orresponding to the 
omputational modes are real valued.Note the horizontal thin line 
rossing the unit 
ir
le in thenegative dire
tion on the real axis). Unlike the 
lassi
alFB, the new algorithm produ
es a remarkably small phaseerror that is pra
ti
ally invisible for � < �=4, despite thefa
t that it is only se
ond-order a

urate (the same as FB).However, this algorithm has a weak instability of the physi-
al modes: the 
orresponding roots are slightly outside theunit 
ir
le, whi
h is too small to be visible in Fig. 7 sin
e1 < j�physj < 1:01 in the vi
inity of �16 < � < �4 . Thisinstability disappears if � � 1=2, but at the expense of re-du
ing the stability limit to �max = 16=17 and in
reasingthe phase error.The next possibility is to use an AB3-like time step forthe � equation,�n+1 = �n � i�h�32 + ��un ��12 + 2��un�1+�un�2i (2.41)un+1 = un � i�hÆ�n+1 + (1� Æ � 
 � �)�n+
�n�1 + ��n�2i :Setting � = 5=12 
orresponds to an AB3 time step. Wewill show that this 
hoi
e is not optimal for the wideststability range; so for now, � is viewed as an adjustableparameter.12



Figure 7. Complex roots of the algorithm 
onsisting ofan AB2 step for � and a ( 
 = +0:279, Æ = 12 + 
) step foru, resulting in a stability range �max = 1:343 limited bythe 
omputational mode leaving the unit 
ir
le in negativedire
tion along the real axis. This algorithm is asymptoti-
ally unstable, as manifested by the physi
al modes goingslightly outside the unit 
ir
le in the vi
inity of � = ��=4.Algorithm (2.41) has the 
hara
teristi
 equation,�2 � �2� �2�32 + �� Æ��+ 1� �2 ��32 + 2Æ+32
 + 32�� ��1� 3Æ � 
 � ��� (2.42)��2 �12 � 12Æ � 2
 + ��2� 3Æ � 3
 � 2�����1+�2 �12
 + 32�+ ��1� Æ � 3
����2+�2 ���
 � 2��� 12����3 + �2����4 = 0 :Similarly to (2.40), we set � = ei� and expand (2.42) in aTaylor series,�i�3 �12 � Æ + 
 + 2��+ �4 �56 � � � Æ � ��+16 i�5 �1� Æ � 2
 � �+ 6��1� Æ + 
 + 2��� (2.43)+ 1720�6h�77 + 60Æ � 180
 � 480�+60��7� 6Æ + 18
 + 48��i+O ��7� = 0 :All terms of orders O(1), O(i�) and O(�2) 
an
el out for

Figure 8. Roots of generalized FB algorithm optimizedto a
hieve the largest possible order of a

ura
y. It hasasymptoti
 instability of physi
al modes, (rea
hing j�j =1:014 at � � 1), and �max = 1:01 limited by the 
omputa-tional mode leaving the unit 
ir
le at � = �1.any 
hoi
e of the 
oeÆ
ients �, 
, Æ, and �. To guaranteeat least se
ond-order a

ura
y, we must eliminate O(�3)terms in (2.43) by 
hosingÆ = 12 + 
 + 2� : (2.44)This e�e
tively 
enters the right-side terms in the se
ondequation of (2.41) at n+1=2. It also simpli�es (2.43) thatnow be
omes�4 �13 � � � 
 � 3��+ 12 i�5 �16 + � � 
 � ��+�6 �� 47720 � 16
 � 12�+ � �13 + 
 + 3��� (2.45)+O(�7) = 0 :First we investigate an algorithm with the largest possi-ble order of a

ura
y. To eliminate both O(�4) and O ��5�terms in (2.45), we need to satisfy
 = 14 � 2� and � = 112 � � (2.46)whi
h automati
ally sets Æ = 3=4 for any �. In prin
i-ple � 
an be 
hosen from the 
ondition of 
an
ellation ofO(�6) terms in (2.45), whi
h, after substitution of (2.46),13



Figure 9. � = 0:083, �max = 1:727. This is the largestpossible stability range formally maintaining fourth-ordera

ura
y. The 
omputational modes "tou
h" the unit 
ir-
le at the pla
e where they meet at � = �1.be
omes��6 � 7120 + 23�+ �2�+O ��7� = 0 : (2.47)Its roots are � = �13 � p19060 : (2.48)As expe
ted, the resultant algorithm has extremely smallphase and amplitude errors (Fig. 8, where we have 
ho-sen the \+" sign in (2.48) sin
e the \-" sign results in amu
h smaller stability limit). But it is not attra
tive over-all be
ause of its modest stability limit of �max � 1 andits asymptoti
 instability for the physi
al modes. Here itshould be noted that unlike for the quarti
 equation (2.39),there is no general analyti
al method of �nding roots ofa �fth- or sixth-order polynomial. However, the roots of(2.42) 
orresponding to physi
al modes are always isolatedand 
an be found using an iterative Newton method. On
etwo physi
al roots are known, the power of the polynomialis redu
ed by two, and the remaining roots are found using
onventional Cardano or Ferrari solutions.Abandoning the 
an
ellation of O ��6� terms while re-taining both 
onditions in (2.46) yields asymptoti
ally sta-ble algorithms, as long as � > �0:03655 (
orresponding to�max = 1:187). A further in
rease of � results in an in-
rease of the stability range until it rea
hes its maximum

at �max = 1:727 when � = 0:083; at this point the 
om-putational mode tou
hes the unit 
ir
le (Fig. 9). Thisalgorithm formally maintains fourth-order a

ura
y sin
eit eliminates both O ��4� and O ��5� terms in (2.45).Further relaxing the order of a

ura
y by abandoningthe 
an
ellation of O ��5� terms makes two parametersavailable for tuning while formally maintaining third-ordera

ura
y. Thus we 
hoose
 = 13 � � � 3� ; (2.49)and treat � and � as adjustable parameters.An obvious 
hoi
e of (� = 0, � = 5=12) results in
 = �1=12 and Æ = 5=12 that 
an be identi�ed as theAB3 
oeÆ
ients for � and AM3 
oeÆ
ients for u. Thishas third-order a

ura
y for ea
h equation in (2.41) takenseparately. Its stability limit is �max = 1:0039, with theinstability of the physi
al mode o

urring �rst (Fig. 10,top left).In this pro
edure we sele
t � �rst, then for ea
h beta we
hoose an � to provide desirable properties of the resultantalgorithm. The meaningful range for � is16 � � � 512 ; (2.50)with � = 0 
orrespond to AB2 and � = 5=12 to AB3 timesteps for the � equation. Be
ause of the adve
tive prop-erties of the nonlinear free-surfa
e and tra
er equations, itis also undesirable to 
hoose � < 1=6 be
ause of the weakinstability of AB2 (Appendix A). Setting � = 0:281105
orresponds to the best stability range for the whole AB2{AB3 family.A two-parameter optimization for the maximum sta-bility range on the �-� plane results in (� = 0:232, � =0:00525) and �max = 1:939 (Fig. 10, top right). This isonly insigni�
antly smaller than for the 
lassi
al FB algo-rithm (2.13), but the order of a

ura
y is now raised to thethird and phase lead of FB is eliminated for small valuesof �. Still, the new algorithm has the same drawba
k asthe 
lassi
al FB: the se
ond half of its stability range (ap-prox. � > �=3) is too ina

urate (phase error) and doesnot provide suÆ
ient damping (roots for physi
al modestou
h the unit 
ir
le at � � �2�=3). A slightly modi�ed
hoi
e of (� = 0:21, � = 0:0115) 
orre
ts the problem atthe expense of a minor redu
tion of the stability range,�max = 1:875 while maintaining third order a

ura
y (Fig.10, bottom left).It may be advantageous to 
hoose � = 0:281105 (thelargest posiible stability limit among all AB2-AB3 familyalgorithms for single equation, Appendix A) whi
h leads toa simpli�
ation of the algorithm, be
ause separate 
oeÆ-
ients for the adve
tion terms in the nonlinear free-surfa
e14



AB3{AM3: � = 512 , 
 = � 112 , � = 0, �max = 1:0038. � = 0:232, � = 0:00525, 
 = 13 � �� 3�, �max = 1:939.

� = 0:21, � = 0:0115 , 
 = 13 � � � 3�, �max = 1:875 � = 0:281105, � = 0:013, 
 = 0:0880, �max = 1:7802.Figure 10. Complex roots for generalized AB3-AM3 time-stepping algorithms 
orresponding to di�erent 
hoi
es ofparameters. Although this 
hoi
e no longer has formal third-order a

ura
y of the AM3 time step for �, it is e�e
tivelymore a

urate than the one on the left, and it still has third-order asymptoti
 a

ura
y for the wave phase speed.
15



and tra
er equations and for the pressure gradient in themomentum equations 
an be avoided. However, it is thenno longer possible to maintain (2.49) and a
hieve a stabil-ity range 
omparable to 1.8, as in the two previous algo-rithms. A 
ompromise 
hoi
e of (� = 0:281105, 
 = 0:088,� = 0:013) results in a slightly more dissipative algorithm(Fig. 10, bottom right). Sin
e in a split-expli
it model thefastest gravity waves are �ltered out anyway, this is thealgorithm of 
hoi
e for the barotropi
 mode.3. Barotropi
 Mode Time SteppingIn this se
tion we address spe
i�
 aspe
ts of the barotropi
mode as part of a 
oupled barotropi
-baro
lini
 system.3.1. Barotropi
 Mode for a Strati�ed O
eanIn a split-expli
it method �a la Blumberg & Mellor, 1987and Killworth et al., 1991, after the verti
al integration of3D momentum equations is performed, the Shallow WaterEquation (SWE) pressure gradient (
omputed using thesame free surfa
e � and a 
onstant referen
e density �0) isadded and subtra
ted to it, resulting in�U�t + ::: = �gDrx� + ngDrx� + Fo : (3.1)g is a

eleration of gravity; D = h + � is total depth;U � Du is depth-integrated velo
ity (barotropi
 mass
ux); rx� is a shorthand for ��=�x; andF = � 1�0 �Z�h �P�x dz (3.2)is the verti
ally integrated pressure gradient. The latter isa fun
tional of the topography, free-surfa
e gradient, andfree surfa
e itself, as well as the verti
al distribution ofdensity and its gradient,F = F [rx�; �; rx�(z); �(z)℄ : (3.3)The term in 
urly bra
kets in (3.1) is interpreted asbarotropi
-baro
lini
 mode 
oupling. It is kept "frozen"during the barotropi
 time stepping while the �rst termon the right side | the SWE-like term | is evolving inbarotropi
 time.The disadvantage of this approa
h is that after thebarotropi
 time stepping is 
omplete and the new free-surfa
e �eld is substituted into the full baro
lini
 pressuregradient, its verti
al integral will no longer be equal tothe sum of the SWE-like pressure gradient (
omputed us-ing new free surfa
e) and the original 
oupling term (still

based on the old free surfa
e),�gDrx� 0 + ngDrx� + F [rx�; �; rx�(z); �(z)℄o (3.4)6= F [rx� 0; � 0; rx�(z); �(z)℄ :� 0 is the free-surfa
e elevation after the sequen
e of barotropi
time steps 
orresponding to one baro
lini
 time step. Thistype of dis
repan
y is usually known as a mode-splittingerror.The 
ommon argument for the use of (3.1) is based onthe fa
t that the di�eren
e is usually very small (sin
emodel density �(x; y; z) = �0+ �0(x; y; z) is always 
lose to�0). However, the primary 
on
ern here is that it a�e
tsthe stability of the split-expli
it model. The error (3.4)is dis
overed during the next baro
lini
 time step, and itplays the role of a disturban
e 
ausing the verti
ally in-tegrated pressure gradient to be not in equilibrium withthe barotropi
 mass 
ux. The barotropi
 time steppingdrives the barotropi
 part toward an equilibrium, but itis disturbed again due to the rede�nition of the verti
allyintegrated baro
lini
 pressure gradient.Higdon & Bennett, 1996; and later Higdon & de Szoeke,1997 analyze the stability of a 
oupled linearized sys-tem in an isopy
ni
 verti
al 
oordinate and show that, ifnon-dissipative time stepping algorithms (LF or FB) areused for both modes, the resultant model is unavoidablyunstable7. As a remedy they proposed an alternative def-inition of the barotropi
 mode in an isopy
ni
 model thateliminates the mode splitting error, resulting in an e�e
-tively un
oupled barotropi
 mode.One may repla
e the SWE-like term, �gDrx�, in (3.1)with �F� (rx�)rx� + �F�� � ; (3.5)where, for the purpose of partial di�erentiation, � and rx�are treated as independent variables. After this repla
e-ment, (3.4) be
omesF [rx�; �; :::℄ + �F� (rx�)rx (� 0 � �) + �F�� (� 0 � �) (3.6)� F [rx� 0; � 0; :::℄ :This removes the dominant portion of the splitting error,and it also implies linearization with respe
t to �.7This is evident from Fig. 3.1 from Higdon & de Szoeke, 1997 andthe asso
iated dis
ussion. In the 
ase where the roots 
orrespondingto the barotropi
 mode re
eive a phase in
rement during one baro-
lini
 time step equal to the baro
lini
 roots + an integer times 2�,the barotropi
 mode is aliased to be in phase with baro
lini
 mode.So any 2-way 
oupling between the modes (i.e., a perturbation dueto the mode-splitting error) 
auses at least one root from ea
h pairto go outside the unit 
ir
le.16



We now show that without signi�
ant in
rease of the
omputational 
ost, one 
an take into a

ount the non-uniform density �eld in the barotropi
 mode, resulting ina more a

urate mode splitting method that is free of theshort
oming pointed above and is suitable for the use in aterrain-following model. Consider a 
uid element boundedhorizontally by two verti
al lines 
orresponding to the lo-
ations of �i and �i+1 and verti
ally by the free surfa
eand bottom. The horizontal 
omponent of the pressure-gradient for
e a
ting on this element is 
al
ulated by theintegration of the pressure along the 
ontour surroundingthe 
uid element (
f., Lin, 1997):Fi+ 12 = �iZ�hi P (xi; z) dz � �i+1Z�hi+1P (xi+1; z) dz�xi+1Zxi P (x;�h(x)) ���h(x)�x � dx (3.7)= Ii � Ii+1 � Ii+ 12 ;where we have negle
ted the e�e
t of atmospheri
 pres-sure applied to the slopping surfa
e of the o
ean. In (3.7),P (x; z) is the hydrostati
 pressure,P (x; z) = g �iZz0 �(x; z0) dz0 : (3.8)Assuming a �nite-volume approa
h to approximate (3.8)and eventually (3.7) at the dis
rete level, the barotropi
pressure-gradient for
e at the velo
ity point i+ 12 is a fun
-tion of the density in the verti
al 
olumns i and i + 1, aswell as the free-surfa
e elevations �i+1. Thus, �i,Fi+ 12 = F ��i+1; �i+1;1; :::; �i+1;N ; �i; �i;1; :::; �i;N� ;(3.9)where the stru
ture of the fun
tional F depends upon thedis
retization details of the baro
lini
 pressure gradient.Usually there is a nonlinear dependen
y of F on �i0 and�i0;k, �2F��i0 ��i00;k 6= 0 (3.10)where i0 ; i00 = i; i + 1 in arbitrary 
ombination and k =1; :::; N . Consequently, one 
annot split F intoF 6= F1 (�i+1; �i) + F2 ��i+1;1; :::; �i+1;N ; �i;1; :::; �i;N� ;(3.11)where F2 does not depend on �.In the mode splitting te
hnique proposed here, weassume that free-surfa
e �eld � is 
hanging during thebarotropi
 time stepping while the density values �i;k re-main frozen and 
hange only during the baro
lini
 time

step. However, the nonlinear relation (3.9) holds in barotropi
time. Of 
ourse, it would be prohibitively uneÆ
ient to re-
ompute F in (3.9) at every barotropi
 step by verti
al in-tegration of the whole three-dimensional pressure gradient.Instead, in ea
h verti
al 
olumn, on
e at every baro
lini
time step before the barotropi
 mode 
al
ulation begins,we 
ompute a verti
ally averaged density,�(x) = 1D �(x)Z�h(x) �(x; z0)dz0 (3.12)and verti
ally averaged dynami
al density,��(x) = 112D2 �(x)Z�h(x) 8><>: �(x)Zz �(x; z0)dz09>=>; dz ; (3.13)where D � D(x) = �(x) + h(x) is the total thi
kness ofthe water 
olumn. After this, (3.7) be
omesFi+ 12 = g8<:��iD2i2 � ��i+1D2i+12 +xi+1Zxi �D �h�xdx9=; : (3.14)This is a �nite-volume dis
retization of the pressure-gradientterm in the right side of the verti
ally integrated momen-tum equation,��t �DU�+ ::: = � 1�0 g� ��x ���D22 �� �D�h�x� (3.15)= � 1�0 gD��� ���x + D2 ����x + (�� � �) �h�x� :In the 
ase of �� � � � �0, the right side of (3.15) re-du
es to the familiar free-surfa
e pressure-gradient term ofthe shallow-water equations, but in general it 
ontains twoextra terms that are baro
lini
 in nature.Sin
e � and �� are just two-dimensional �elds and nei-ther of them a
tually depends on � (despite the fa
t that� appears in (3.12) and (3.13)), the right-side terms of(3.15) 
an be eÆ
iently 
omputed at a 
ost 
omparableto that of the shallow-water pressure gradient. The prob-lem therefore redu
es to the sear
h for a suitable methodof 
al
ulation of � amd �� from the set of dis
rete val-ues �i;k; k = 1; :::; N and an appropriate dis
retization of(3.15).To address the �rst issue, 
onsider, e.g., a pie
ewise-paraboli
 re
onstru
tion of the verti
al density pro�le froma set of dis
rete values ��k j k = 1; :::; N	 that is inter-preted as a set of grid-box averages within ea
h verti
alverti
al grid box Hk8, (Fig. 11),�(z0) = �k + �k+ 12 + �k� 12Hk z0 (3.16)8For simpli
ity of notation, we dropped the horizontal index i in17



�(z)
Hk+1 �k+1Hk �kHk�1 �k�1
Figure 11. Re
onstru
tion of the verti
al density pro-�le using paraboli
 segments. The gridded data �k, k =1; 2; :::; N is interpreted as a set of grid-box averages withingrid boxes Hk of the verti
ally non-uniform grid. Theshaded area is the same as the area of the diagonallyhat
hed re
tangle.+6��k+ 12 + �k� 122 � �k� z02H2k � 112! :Here the lo
al verti
al 
oordinate z0 spans within the gridbox Hk, so that �Hk2 � z0 � +Hk2 , and �k� 12 � � ��Hk2 �are the density values at at the upper and lower grid boxinterfa
es, z = �Hk2 
omputed via an appropriate re
on-stru
tion algorithm (Appendix B). (3.16) guarantees that1Hk +Hk=2Z�Hk=2 �(z0) dz0 � �k ; (3.17)regardless of the parti
ular method of 
omputation of�k� 12 .The hydrostati
 pressure in (3.7) 
an be 
omputed an-(3.16) and throughout the following part of this se
tion. We useindex k ex
lusively for the verti
al 
oordinate while i and j referto the horizontal 
oordinates. We will allow indi
es to disappearand reappear. In the parti
ular 
ontext where k is the only present,all related operations are being performed within the verti
al 
olumnatomi
ally (i.e., independently in one verti
al 
olumn from another).

alyti
ally within ea
h grid box Hk,P (z0) = Pk+ 12 + g Hk=2Zz0 �(z00) dz00 ; (3.18)or P (z0) = Pk+ 12 + gHk ��k �12 � z0Hk �+12 ��k+ 12 � �k� 12 �"14 � z02H2k # (3.19)+2��k+ 12 + �k� 122 � �k�" z04Hk � z03H3k #) :Pk+ 12 is the value of pressure at depth 
orresponding tothe interfa
e between Hk and Hk+1,PN+ 12 = 0 and Pk� 12 = g NXk0=k �k0Hk0 ; (3.20)k = 1; :::; N :One 
an easily verify from (3.19) that P (�Hk=2) � Pk� 12 ,as well as the fa
t that the pressure distribution is 
ontin-uous a
ross the grid box interfa
es along with its �rst andse
ond derivatives. In the �nite-volume approa
h, (3.20)is to be understood as exa
t rather than as a dis
rete ap-proximation to the hydrostati
 equation.The quantity,Ii = �Z�h P (z) dz = NXk=1 +Hk=2Z�Hk=2P (z0) dz0 = NXk=1HkP k ; (3.21)whereP k = Pk+ 12 + 12gHk ��k + �k+ 12 � �k� 126 � (3.22)= Pk+ 12 + Pk� 122 + gHk �k+ 12 � �k� 1212 ;has the meaning of pressure averaged over Hk. Consistentwith (3.16), the verti
ally averaged density �i is given by�i = NPk=1 �i;kHi;kNPk=1Hi;k : (3.23)From (3.22), the verti
ally averaged dynami
al density ��iis��i = 112 � NPk=1Hi;k�2 � NXk=1Hi;k" NXk0=k+1 �i;k0Hi;k0! (3.24)+12Hi;k ��i;k + �i;k+ 12 � �i;k� 126 �# :18



Sin
eNXk=1Hi;k" NXk0=k+1Hi;k0!+ 12Hi;k# � 12  NXk=1Hi;k!2 ;the pro
edure (3.24) is a weighted averaging. Sin
eNXk=1Hi;k � hi + �i � Di; (3.25)(3.21) may be expressed asIi = 12g��iD2i : (3.26)To approximate Ii+ 12 , we assume that D, �, and hare linear fun
tions of the horizontal 
oordinate betweenpoints xi and xi+1:Ii+ 12 = xi+1Zxi ��ixi+1 � x0�x + �i+1 x0 � xi�x � (3.27)��Dixi+1 � x0�x +Di+1x0 � xi�x � hi+1 � hi�x dx0= ��i + �i+1� (Di +Di+1) + �iDi + �i+1Di+16 � (hi+1 � hi) :From (3.26) and (3.27) after some algebra | essentiallyrepeating the transition from the �rst to the se
ond line of(3.15) for the dis
rete formulation | yieldsFi+ 12 = gDi +Di+12 ��i + ��i+12 (�i � �i+1)+gD2i +D2i+14 ���i � ��i+1� (3.28)+gDi +Di+12 (��i � �i) + ���i+1 � �i+1�2 (hi � hi+1)+��i+1 � �i� (Di+1 �Di) (hi+1 � hi)12 :The terms on the �rst, se
ond, and third lines are obviouslysimilar to the �rst, se
ond, and third terms on the se
ondline in (3.15), respe
tively. The term on the fourth linein (3.28) is of on the order of O �(�x)3� while all threepre
eding terms are O (�x), so the former is negligiblerelative to the others as �x! 0.In the 
ase of �i = �i+1 = 0, hen
e Di = hi and Di+1 =hi+1, (3.28) after some manipulation be
omesF (0)i+ 12 = g (��i � �i) h2i2 � g ���i+1 � �i+1� h2i+12 (3.29)+g ��i � �i+1� h2i + hihi+1 + h2i+16 :

Unlike the SWE pressure gradient, this does not vanishunless there is a spe
ial balan
e between the densities ��i ,��i+1, �i, �i+1, and the unperturbed thi
knesses, hi andhi+1. For example, if density is a linear fun
tion of depth,� = �(z) = ��z resulting in�i = 1hi 0Z�hi (��z) dz = �hi2 (3.30)��i = 2h2i 0Z�hi 0Zz (��z0) dz0 = �hi3 : (3.31)Then F (0)i+ 12 vanishes, as veri�ed by dire
t substitution ofthese expressions into (3.29).We therefore split (3.28) intoFi+ 12 = F (0)i+ 12 + F 0i+ 12 ; (3.32)whereF 0i+ 12 = �12gn(hi + hi+1) ���i+1�i+1 � ��i �i�+��i+1�2i+1 � ��i �2i (3.33)+ (hi+1 � hi) h���i+1 � �i+1� �i+1 + (��i � �i) �i+13 ��i+1 � �i� (�i+1 � �i)io
olle
ts all the terms of (3.28) that 
ontain �. The tran-sition from (3.28) to (3.29){(3.33) has been made withoutany approximations.We summarize several important properties of (3.29){(3.33):(i) (3.33) is 
omprised of two parts. The �rst two lines
onstitute a generalized SWE pressure-gradient term that,in the 
ase of uniform density, ��i = �i = ��i+1 = �i+1 = �0,be
omes equivalent to the familiar barotropi
 SWE pres-sure gradient,Fi+ 12 = �g�0Di +Di+12 (�i+1 � �i) : (3.34)The remaining two lines in (3.33) 
orrespond to the baro-
lini
 response in pressure-gradient for
e to a perturbationof � in the presense of strati�
ation and topography (n.b.,these terms vanish if the density �eld is uniform).(ii) For any given set of grid-box-averaged densities, �i;k,in a verti
al 
olumn i, the values of �i and ��i do not de-pend on the free-surfa
e elevation �i. (1.10)|(1.11) implythat the disturban
e of the free-surfa
e �eld 
auses a linearstret
hing of all Hk,Hi;k = H(0)i;k � �1 + �ihi� ; (3.35)19



where H(0)i;k are the grid box heights 
orresponding to anunperturbed free surfa
e. Consequently, repla
ement ofH(0)i;k with Hi;k in (3.23) and (3.24) 
auses both the nu-merator and denominator to be multiplied by (1 + �i=hi)and (1 + �i=hi)2 respe
tively.(iii) On
e the in siti density in
reases with depth so thatall dk+ 12 � 0 9, then ��i � �i: (3.36)This implies that the e�e
tive barotropi
 pressure gradient(i.e., the 
ontribution due to the perturbation of �) of astrati�ed 
uid is systemati
ally less than that for uniformdensity with the same �.(iv) If the density �eld is a fun
tion of depth only (i.e.,horizontally uniform strati�
ation), the baro
lini
 pres-sure gradient should vanish. However, in order to makeF (0)i+ 12 = 0 in (3.29), there must be 
an
ellation between itsterms that 
an be a
hieved only by having a spe
ial rela-tion between ��i and �i. Ex
ept for a few spe
ial 
hoi
es ofthe density pro�le (
onstant, linear, or quadrati
 in z), this
an
ellation is not exa
t, but rather relies on the numeri
ala

ura
y of the integration method. This is often referredas hydrostati
 in
onsisten
y. The use of a high-order in-tegration method does not o�er an es
ape from in
onsis-ten
y; it just redu
es the error. For example, dropping theterm, gHk �k+ 12 � �k� 1212 ; (3.37)in (3.22) is equivalent to swit
hing from a paraboli
 to atrapezoidal rule in integration of the hydrostati
 equation.Sin
e in stable strati�
ation we expe
t all these terms tobe negative, there is a systemati
 bias in ��i 
aused by thisredu
tion of the order of a

ura
y.(v) The use of paraboli
 spline re
onstru
tion formally re-moves the ne
essity to have the �-
oordinate mapping (1.5)be a 
ontinuous and di�erentiable fun
tion of � in orderto make the dis
rete approximation be 
onsistent with the
ontinuous equations (
f., Mesinger, 1982, Haney, 1991,Treguier, et al., 1996). Even if the set of grid box thi
k-nesses fHk ; k = 1; :::; Ng is allowed to 
hange suddenlyfrom large to small values, the spline re
onstru
tion alwaysgives a 
ontinuous, smooth density pro�le that is then in-tegrated analyti
ally without any further approximation.(vi) The methodology we have adopted for the 
ompu-tation of verti
ally integrated pressure-gradient for
e 
an9In the 
ase of an in
ompressible 
uid, this 
ondition is equiv-alent to stable strati�
ation. However, on
e 
ompressibility e�e
tsare taken into a

ount, it be
omes less restri
tive than stable strati-�
ation, sin
e the later requires an in
rease of potential density withdepth, rather than just in situ density.

be viewed as high-order generalization of the �nite vol-ume method of Lin, 1997, where the trapezoidal integra-tion rules for pressure �eld (
orresponding to a pie
ewise-
onstant density distribution within ea
h grid box) is re-pla
ed with paraboli
 splines for density integration and
ubi
 polynomials for pressure integrals, thus gaining twoorders of a

ura
y of verti
al dis
retization.3.2. Temporal Averaging of the Barotropi
 ModeThe 
uxes Ui+ 12 ;j;k, Vi;j+ 12 ;k, and Wi;j;k+ 12 in (1.16){(1.18) are de�ned in the �nite-volume and �nite-time-stepsenses; i.e., during a time interval �t, the sum of 
uxesa
ross the moving fa
ets of the grid element �V i;j;k pro-du
e a 
hange in the volume of 
uid inside that is equiva-lent to the di�eren
e of �Vn+1i;j;k ��Vni;j;k, whi
h in turn isdetermined by the free-surfa
e equation advan
ed in timewith a di�erent time step and time-stepping algorithm.Hen
e, the goal of two-dimensional barotropi
 sub-modelis formulated as follows:Given the initial 
onditions for the free surfa
e elevation�n and the verti
ally integrated velo
ity Un at the time
orresponding to the baro
lini
 time step n, as well as thebaro
lini
 for
ing fun
tions (i.e., verti
ally integrated rightside of the three-dimensional momentum equations), 
om-pute the following:(i) h�in+1 and hUin+1 
orresponding to the new baro
lini
time step n+ 1, properly averaged to �lter out barotropi
time s
ales not resolved by the baro
lini
 time step (toavoid temporal aliasing); and(ii) barotropi
 mass 
ux, hhUiin+ 12 , integrated over thebarotropi
 time stepping, satisfying the slow-time free-surfa
e equation (1.19).Assume that there are M barotropi
 time steps withinone baro
lini
 step, so that the fast time index m = 0
orresponds to the baro
lini
 step n, while m = M 
orre-sponds to the step n+ 1. We must 
hoose an appropriateweighting shape fun
tion am; e.g.,am = A�� mM��p �1�� mM��q� m �M� ; (3.38)where A� and M� are 
hosen to satisfy dis
rete normaliza-tion and 
entroid 
onditions,M�Xm=1am � 1 ; M�Xm=1 am mM � 1 ; (3.39)and parameters p and q 
ontrol the �lter shape. (Theoptimal 
hoi
es of these are dis
ussed below.) In pra
ti
e20



Figure 12. Stru
ture of the fast-time-averaging �lter.upper panel: primary weights de�ned by (3.38) withp = 4 and q = 8; lower panel: 
orresponding se
-ondary weights (3.46). Small ti
kmarks 
orrespond to fast(barotropi
 time steps), and large ti
kmarks labeled by nand n + 1 
orrespond to the old and new baro
lini
 timesteps.we initially set10A� = 1 and M� =M (p+ 2) (p+ q + 2)(p+ 1) (p+ q + 1) ;
ompute famg via (3.38), normalize them, and iterativelyadjust by moving famg to the left or right until the se
onddis
rete 
ondition (3.39) is satis�ed. The a
tual number offast time steps performed within ea
h baro
lini
 step M�is always greater than the splitting ratio M , depending onthe �lter width, but it never ex
eeds 3M=2.On
e the set of weights famg is spe
i�ed, we de�neh�in+1i;j = M�Xm=1am�mi;jhUin+1i+ 12 ;j = M�Xm=1 amUmi+ 12 ;j (3.40)hV in+1i;j+ 12 = M�Xm=1 amV mi;j+ 12 ;where �m, Um, and V m are \instantaneous" barotropi
variables. To satisfy the slow-time 
ontinuity equation(1.18), we 
onstru
t another set of fast-time-averagedbarotropi
 
uxes, hhU ii j and hhV ii j,h�in+1i;j = h�ini;j ��t � divhhUiin+ 12i;j (3.41)wheredivhhUiin+ 12i;j = 1�Ai;j hhhUiin+ 12i+ 12 ;j � hhUiin+ 12i� 12 ;j (3.42)10This setting results in a 
enter of gravity for famg at m=M = 1in the limitM !1 where m=M in (3.38) is treated as a 
ontinuousvariable, allowing repla
ement of the dis
rete sum with an integralthat is 
al
ulated analyti
ally.

+hhV iin+ 12i;j+ 12 � hhV iin+ 12i;j� 12 i :This is a

omplished by de�ning another set of weighting
oeÆ
ients, fbmg, derived from famg. Assuming for sim-pli
ity that a forward-ba
kward step is applied to advan
ethe barotropi
 mode (hen
e just a forward step for the �equation),�m = �m�1 + �tM � divUm ; 8m = 1; :::;M� ; (3.43)where operation divUm is similar to (3.42) ex
ept that itis applied to instantaneous barotropi
 
uxes Umi+ 12 ;j andV mi;j+ 12 . Su

essive summation of (3.43) with 
onse
utivem yields11 �m = �0 + �tM mXm0=1 divUm0 ; (3.44)whi
h, after applying the time-averaging pro
edure (3.40)to both sides, be
omesh�in+1 � M�Xm=1 am�m = �0 + �tM M�Xm=1"am mXm0=1 divUm0# :After rearranging the order of summation, it ish�in+1 = �0 +�t M�Xm0=1 bm0divUm0 ; (3.45)where the new set of weights fbm0g is 
omputed from theoriginal set famg viabm0 = 1M m0Xm=1am ; 8m = 1; :::;M� : (3.46)The relationship between the two sets of weights is illus-trated in Fig. 2. We de�nehhU iin+ 12i+ 12 ;j = M�Xm=1 bmUmi+ 12 ;j (3.47)hhV iin+ 12i;j+ 12 = M�Xm=1 bmV mi;j+ 12 ;11In this se
tion we use the following 
onvention for temporal in-di
es: n-indi
es | n, n + 1 and n + 12 { are the slow time indi
es
orresponding to the time steps of baro
lini
 mode; m-indi
es runfrom 0 to M jaM > 0, so that M � N (Fig. 2), fast-time indi
es
orresponding to time steps of the barotropi
 mode. In (3.44) �0means � 
orresponding to m = 0, the initial state for the sequen
e ofbarotropi
 time steps starting from the time 
orresponding to baro-
lini
 time step n, so that �0 � �m=0 = �n. The �m are the instan-taneous barotropi
 �elds, while �n and �n+1 are fast-time averaged.Consequently, even though �n+1 and �m=N 
orrespond to the sameabsolute time, �n+1 6= �m=N ; however, this would be the 
ase if theset of �ltering weights famg is repla
ed by a delta fun
tion, am � 0for m 6= M and aM = 1. The same index 
onvention holds for thebarotropi
 mass 
uxes.21



that satisfy (3.41) when the integration of (3.43) startswith �0 � h�in. This implies that on
e the barotropi
time stepping is 
omplete, the instantaneous values of free-surfa
e elevation � and barotropi
 mass 
uxes U are re-pla
ed with their fast-time averages in the sense of (3.40).These averaged values are used as initial 
onditions for thebarotropi
 mode during the next baro
lini
 time step.After the 
ompletion of time stepping for the barotropi
mode, the verti
al 
oordinate system is updated via (1.11)using h�in+1. The new set of Hn+1i;j;k be
omes available to
omplete the three-dimensional time step. This is followedby 
omputation of un+1i+ 12 ;j;k, vn+1i;j+ 12 ;k and their subsequentverti
al integration. The integrals are subtra
ted fromhUin+1i+ 12 ;j and hV in+1i;j+ 12 , and the di�eren
e is divided bythe depth 
orresponding to h�in+1 and the lo
al topogra-phy h. The resultant 
orre
tion term is then distributeduniformly throughout the verti
al 
olumn to ensure thatverti
al integrals of updated un+1i+ 12 ;j;k and vn+1i;j+ 12 ;k are ex-a
tly the same as hUin+1i+ 12 ;j and hV in+1i;j+ 12 . The update ofthe three-dimensional velo
ity �eld is now 
omplete.The update of the tra
er �elds follows next. It beginswith interpolation of three-dimensional velo
ities betweentime steps n and n+ 1 to 
ompute the mass 
uxes Un+ 12and V n+ 12 that are then 
orre
ted in the way just de-s
ribed to ensure that their verti
al integrals are exa
tlyequal to hhU iin+ 12 and hhV iin+ 12 . This guarantees that af-ter 
omputation of the verti
al velo
ity Wn+ 12 via (1.23)and substitution of Hn, Hn+1, Un+ 12 , V n+ 12 , and Wn+ 12into (1.18), the later 
ondition holds exa
tly. Tra
er 
uxesare then 
omputed by an interpolation of the tra
er 
on-
entration in spa
e and in time toward the pla
ement ofthe 
orresponding velo
ity 
omponent (Se
tion 4), with asubsequent multipli
ation by that 
omponent. The resul-tant time step for the tra
er �eld is both 
onservative and
onstan
y preserving.3.3. Algorithmi
 DetailsFor simpli
ity in the time averaging pro
edure above, wehave assumed that forward time step is applied to advan
ethe free-surfa
e equation. Sin
e the a
tual time-steppingalgorithm in ROMS is di�erent, we need to show in moredetail how to 
ombine it with the averaging pro
edure.The equations for the barotropi
 mode are���t + divU = 0 (3.48)�U�t + fk�U = F (�) + ::: : (3.49)The barotropi
 pressure gradient F (�) is de�ned in the

simplest 
ase asF (�) = �g(h+ �)r� ; (3.50)but more generally it is 
omputed with (3.33). The dotsin (3.49) denote slowly varying terms (e.g., the in
uen
eof baro
lini
-mode, nonlinear, and vis
ous terms), most ofwhi
h are kept 
onstant during the barotropi
 time step-ping within one baro
lini
 step.On
e a value of barotropi
 time step size, �t� = dt=Mis 
hosen, two non-dimensional numbers arise, viz.,�t�sgh� 1�x2 + 1�y2� and f�t� : (3.51)These are the Courant number for external gravity waves12(on the left) and the ratio of the time step to an inertialperiod (on the right). For any reasonable 
hoi
e of param-eters, the former is more restri
tive than that the later:e.g., for horizontal grid spa
ings �x = �y = 45 km andthe 
hara
teristi
 depth h = 5000 m, it rea
hes unity at�t� = 150 s, while f�t� does not ex
eed 0.01. This 
on-trast is even larger for a �ner spatial resolution. Conse-quently, the design of the time-stepping algorithm for thebarotropi
 mode is optimized for temporal stability of thedis
rete pressure gradient.Taking this into a

ount, we introdu
e a predi
tor-
orre
tor algorithm optimized for the largest possible timestep per 
omputation of the r.h.s. using (2.34){(2.37) asthe prototype:Predi
tor sub-step,�m+ 12 = �12 � 2
� �m�1 +�12 + 2
� �m (3.52)��t� (1� 2
) divUmUm+ 12 = �12 � 2
�Um�1 +�12 + 2
�Um (3.53)+�t� (1� 2
) [F (� 0)�Dmfk� um + :::℄ ;where � 0 = �m + � 2�m+ 12 � 3�m + �m�11� 2
 : (3.54)Corre
tor sub-step,�m+1 = �m ��t�divUm+ 12 (3.55)Um+1 = Um +�t� hF (� 00)�D00fk� um+ 12 + :::i ;(3.56)12The exa
t expression on the left of (3.51) is derived assuminga non-rotational (f = 0), 
onstant-depth shallow-water model dis-
retized on a C-grid and using Forward-Ba
kward time step.22



where � 00 = (1� �) �m+ 12 + � ��12 � 
� �m+1 (3.57)+�12 + 2
� �m � 
�m�1� :Here Dfk� um+ 12 and D � h+ � symbolize an Arakawaspatial dis
retization of the Coriolis term on a C-grid toensure no 
ontribution to the kineti
 energy integral. (Itimplies that velo
ity 
omponents (u, v) are interpolated�rst to the lo
ation of �-points on the C-grid, where theymultiplied by Coriolis parameter f and depth D; the prod-u
ts are then interpolated further to the lo
ations of thepartner 
omponent.) Despite its relatively sophisti
atedappearan
e, the 
omputational 
ost of this algorithm isapproximately the same as for the widely used Leap-Frog{Trapezoidal Rule (LF{TR) predi
tor-
orre
tor algorithm.During both sub-steps, the 
omputation begins with ob-taining the new � �eld that then immediately parti
ipatesin the 
omputation of pressure-gradient terms for U up-dates via the provisional �elds, � 0 and � 00 (time 
entered atm and m+ 12 ). Computation of h�in+1 and hUin+1 is doneby applying the averaging pro
edure (3.40) to �m+1 andUm+1 at the end of 
orre
tor sub-step. Similarly, hhUiin+ 12is obtained via (3.47) applied to Um+ 12 during the updateof (3.55).A more eÆ
ient, generalized forward-ba
kward step(
f., (2.41)) starts with AB3-extrapolation of free-surfa
eelevation and barotropi
 velo
ities,�m+ 12 = �32 + �� �m ��12 + 2�� �m�1 + ��m�2um+ 12 = �32 + ��um ��12 + 2��um�1 + �um�2;with a subsequent 
omputation of 
uxes,Um+ 12 = Dm+ 12um+ 12�� V m+ 12 = Dm+ 12 vm+ 12�� :Dm+ 12 = h+ �m+ 12 . The free surfa
e update,�m+1 = �m ��t�divUm+ 12 ; (3.58)is followed by an update of the momentum equations,Um+1 = Um +�t� hF (� 0)�D0fk� um+ 12 + :::i ; :(3.59)� 0 = Æ�m+1 + (1� Æ � 
 � �)�m + 
�n�1 + ��n�2utilizes the newly 
omputed values of �m+1. In all 
om-putations performed here we use settings � = 0:281105,
 = 0:088, Æ = 0:614, and � = 0:013. The 
omputa-tion of fast-time averaged barotropi
 variables, h�in+1 and

hUin+1, is done by (3.40) applied to (3.58)|(3.59), whilethe hhUiin+ 12 are 
omputed by (3.47) just after the Um+ 12be
ome available.Sin
e the barotropi
 time step is limited by the phasespeed of non-rotational surfa
e gravity waves, the eÆ
ien
yof these algorithms 
an be predi
ted from a linear theory:�max � 2:4 for the predi
tor-
orre
tor algorithm (2.34){(2.37), and �max � 1:8 for generalized forward-ba
kwardstep (2.41). In pra
ti
e this translates into permissibleCourant numbers (
f., (2.7) and (3.51), left) of 1.2 and0.9 respe
tively. Sin
e the forward-ba
kward step requiresonly one 
omputation of the r.h.s. of ea
h equation pertime step, it is 1.5 times more eÆ
ient than the predi
tor-
orre
tor algorithm in the 
omputational 
ost per unit sim-ulation time.3.4. Choi
e of Filter ShapeThe analyti
al study in Higdon & de Szoeke, 1997 re-veals a probable s
enario for 
omputational instability ina split-expli
it model in whi
h the eigenvalues13 of un
ou-pled baro
lini
 and barotropi
 modes 
oin
ide on the 
om-plex plane, and the perturbation due to ina

urate split-ting and subsequent 
oupling moves some of the eigenval-ues outside the unit 
ir
le. This 
oin
iden
e is possiblewhen the baro
lini
 mode gets a phase in
rement !k�twhile the barotropi
 mode gets 2�n + !k�t (i.e., alias-ing). Temporal �ltering of the barotropi
 variables ex-
ludes this possibility, but, as 
riti
ized by Hallberg, 1997,it also results in additional numeri
al ina

ura
y and re-quires an integration of the barotropi
 mode signi�
antlybeyond n+1 in order to pla
e the averaged values at n+1.Although split-expli
it models without temporal averagingof fast mode are known to exist, their numeri
al stability ismost likely attributed to some kind of built-in dissipation.For example, our time-splitting algorithm be
omes equiv-alent to the method of averages of Nadiga, et al., 1997,if we set famg to delta fun
tion am = Æ(M �m) insteadof (3.38). That method relies on Smolarkiewi
z adve
-tion s
heme whi
h is suÆ
iently dissipative and stable ifused in 
ombination with a forward-in-time step. Pra
-ti
al experien
e with ROMS shows that model be
omesweakly unstable in the 
ase of delta fun
tion setting. In
ontrast, Hallberg, 1997 uses 
entered spatial di�eren
ing,no time-averaging, but time-stepping algorithm designedthere provide a 
ontrollable amount of dissipation throughits trun
ation term within the se
ond-order of a

ura
y. Inthis part we 
onstru
t �lters whi
h address this 
riti
ism.13Eigenvalues are roots of the 
hara
teristi
 polynomial that arealso Fourier 
omponent phase multipliers 
orresponding to one timestep of the slower (baro
lini
) mode.23



a:

b:


:

d:

Figure 13. Comparison of di�erent �lters for the barotropi
 mode. Left side: a,b| re
tangular-shape �lters of di�erentwidth; Right side: 
| 
os2 shape; d| with positive-de�nite weights (3.38); Left portion of ea
h plot shows the primaryand se
ondary weights in the format similar to Fig 12. The 
ir
le on the right side of ea
h plot shows the 
omplexroots for the physi
al mode of the �ltered barotropi
 mode, assuming that barotropi
 time stepping is exa
t. The solidportion of the 
urve 
orresponds to the physi
al range where !�t is resolved by the baro
lini
 time step, ideally theseroots should stay on the unit 
ir
le. The 
urve turns to dashed when entering the aliasing range | these roots must bewell within the unit 
ir
le (depending on the a

ura
y of mode splitting for the pressure gradient) in order to preventnumeri
al instability.Assuming M � 1, hen
e the barotropi
 time step ismu
h smaller that the baro
lini
, we negle
t the trun
a-tion error in the barotropi
 time-stepping algorithm for thepresent analysis. Then an un�ltered Fourier 
omponent !kof the barotropi
 mode gets a phase in
rement � = !k�tin one baro
lini
 time step �t. If the same 
omponent issubje
t to weighted averaging (3.40), its step multiplier is�(�) = ��Z0 e�i���f(�) d� ; (3.60)where f(�) is analogous of am, � plays the role of m=M ,and for simpli
ity we have repla
ed dis
rete summationwith integral.Ideally �(�) = e�i� for small �, and �(�) ! 0 for large

�. A Taylor expansion for small �,e�i�� = 1� i�� � �2�22 + i�3�36 + :::leads to�(�) = 1� i�� �22 I2 + i�36 I3 + �424 I4 + ::: (3.61)where In = ��Z0 �nf(�) d�; n = 2; 3; ::: : (3.62)This takes into a

ount that I0 � I1 � 1 due to the nor-malization and 
onsisten
y 
onditions (3.39).An analysis of (3.61) shows that any 
hoi
e of a positive-de�nite shape fun
tion, f(�), results in at most �rst-order24



Figure 14. Shape fun
tions and 
orresponding step multipliers �(�) for �lters (3.73) with di�erent settings p, q. Leftside | se
ond-order a

urate �lters; right side | �lters optimized for minimal numeri
al dispersion ((3.69)).25



a

ura
y for the overall time stepping of the barotropi
mode (i.e., �(�) agrees with e�i� only up to O ��2�). Us-ing the identity,�2 � (� � 1)2 + 2� � 1 ;we �nd thatI2 = ��Z0 (� � 1)2f(�) d� + 2I1 � I0 = 1 + � ; (3.63)after using 2I1 � I0 = 1. Unless f(�) is a delta-fun
tion,Æ(��1), the expression inside the right-side integral is pos-itive de�nite, hen
e � > 0. Substitution of I2 = 1 + � into(3.61) leads to the appearan
e of � as a 
oeÆ
ient in theleading-order trun
ation term that is at the se
ond order.The positivity of � 
orresponds to numeri
al dissipation.If (3.60) is represented as�(�) = R(�)e�i� ; (3.64)where R(�) is a real-valued fun
tion, then the resultant�lter is non-dispersive (i.e., it has zero phase error). Thesimplest way to a
hieve this property is to 
hose a shapefun
tion that is symmetri
 about � = 1,� = 1 + � ; hen
e f(�) = f(1 + �) = f(1� �) : (3.65)This leads to�(�) = +��Z��� e�i�(1+�) f(1 + �) + f(1� �)2 d� (3.66)= e�i� +��Z��� 
os(��)f(1 + �)d� = R(�)e�i�;when we assume that f(�) is distin
t from 0 within theinterval 1��� � � � 1 +�� , and �� � 1.Sin
e for 
omputational eÆ
ien
y it is advantageous touse a non-symmetri
 shape fun
tion (be
ause it shortensthe extent of integral portion beyond n + 1), we are alsointerested in eliminating or minimizing the leading-orderdispersive term. To do so, note that any real-valued fun
-tion may be represented asR(�) = 1� ��22 + Æ�424 � :::; (3.67)where � and Æ are real-valued 
oeÆ
ients. ThenR(�)e�i� = 1� i�� (1 + �)�22 (3.68)+i(1 + 3�)�36 + (1 + Æ + 6�)�424 + ::: :

In 
omparison with (3.61), this leads to the 
on
lusion thatI3 = 3I2 � 2 (3.69)is the ne
essary 
ondition to 
an
el out the O �i�3� dis-persive term.Fig. 13 shows �(�) for several �lters in 
ommon use, aswell as for the �lter on Fig. 12. Re
tangular-shaped �ltersare 
hara
terized by the largest dissipation for small valuesof � and relatively slow, os
illatory de
ay for large � | in
omparison with a smooth �lter (e.g., a 
os2 shape) withrapid de
ay after � = 2�. As ina

urate as it may appear,
at averaging over 2�t (Fig. 13b) results in�(�) = sin�� e�i� ; (3.70)whi
h has a trun
ation error 
omparable to that of aweighted impli
it time step,�n+1 = �n � i� ��un+1 + (1� �)un�un+1 = un � i� ���n+1 + (1� �)�n� ; (3.71)with �(�) = 1� i�� �(1� �)�21 + �2�2 ; (3.72)and � = 2=3. This means that the 
ommonly used Ba
k-ward Euler (BE) time step (� = 1) is even less a

urate foran impli
it free-surfa
e model. The 
os2 �lter histori
allyused in ROMS is 
hara
terized by�(�) = sin�2 � e�i��2 �1� �24�2 � = e�i�8><>: 1� (�2�6)�224�2 ; �! 0O �1=�3� ; �!1with the singularities at � = �2� removable. Althoughstill only �rst-order a

urate, its leading-order dissipation,� = (�2 � 6)=(12�2) � 0:0326, is one-and-half orders ofmagnitude smaller than for the BE impli
it s
heme.To improve the temporal a

ura
y of the �ltered barotropi
mode, we modify (3.38) by introdu
ing an extra termwhi
h makes some of the weights negative,f(�) = A�� ��0�p �1�� ��0�q�� r ��0� (3.73)where p, q are pi
ked arbitrarily and A, �0, and r are then
hosen to satisfy normalization, 
onsisten
y, and se
ond-order a

ura
y 
onditions,In = ��Z0 �nf(�) d� = 1 ; n = 0; 1; 2 ; (3.74)26



via a Newton-Raphson iterative pro
edure. �� is the up-per limit of � with f(�) � 0). The result is shown inFig. 14, left side. Alternatively, to targeting I2 = 1, onemight 
hose to satisfy (3.69), whi
h minimizes numeri
aldispersion, right side. No 
hoi
e of r eliminates both O(�2)and O(i�3) trun
ation terms, but the r-term redu
es bothof them relative to the r = 0 
hoi
e. Allowing negativeweights in the left portion of the �lter is also bene�
ialfor 
omputational eÆ
ien
y be
ause it shortens the over-all number of barotropi
 time steps needed. All �lters onthe left side of Fig. 14 extend by no more than �t=4 or�t=3 beyond the baro
lini
 time step n + 1. A 
ompar-ison with time-stepping s
hemes available for an impli
itfree-surfa
e model (sin
e the impli
it AM3 is only 
ondi-tionally stable, these are limited to a weighted ba
kwardEuler step; 
f., (3.71)) shows that, with a proper 
hoi
e off(�), the split-expli
it model is inherently more a

uratefor time-resolved barotropi
 motions.The 
hoi
e of parameters p and q 
ontrols the dampingof the unresolved barotropi
 frequen
ies that determine thestability and robustness of the model. A 
omplete quanti-tative analysis in a manner of Higdon & de Szoeke, 1997 isbeyond the s
ope of the present study; however, our pra
-ti
al experien
e indi
ates that even the sharpest (p = 4,q = 8) �lters from Fig. 14 result in a stable model for ourmodel appli
ations without any need for expli
it dissipa-tion or vis
osity in the barotropi
 mode.4. A Hybrid Predi
tor-Corre
tor for theBaro
lini
 Time StepBe
ause of their mathemati
al similarity, the time-stepping algorithms for the baro
lini
 mode are generallysimilar to the barotropi
 ones. The di�eren
es arise fromthe ne
essity for a 
onservative and 
onstan
y-preservingalgorithm for tra
ers. We will show this makes it ne
es-sary to update the velo
ities before the tra
ers. Similarto (3.51), the allowed time step is limited mainly by in-ternal gravity waves, but the 
ontrast between the tworestri
tions is not so dramati
. In addition, the adve
tiveCourant number is not expe
ted to be very small. Fortypi
al o
eanographi
 
onditions, the phase speed of inter-nal gravity waves may be 2.5 m=se
, while the adve
tionspeed may be as large as 1 m=se
. For 
oarse to moderatehorizontal resolution, the baro
lini
 time step may be aslarge as 2 hours, whi
h is less than an order of magnitudeaway from the inertial period. Although generalized FBalgorithm is 
lear favorite for the barotropi
 mode, giventhe 
onsiderations presented here, we �nd that it more fa-vorable to 
hose predi
tor-
orre
tor approa
h for the baro-
lini
 mode.

Most o
eani
 models use a single-step algorithm for thethree-dimensional equations: either LF | MOM and itsderivatives, MICOM, POM; or AB3 | SPEM/SCRUMfamily. This 
hoi
e has two weaknesses:(i) Sin
e the temperature and salinity are responsible forthe strati�
ation, hen
e the pressure gradient, and sin
eboth momentum and tra
er equations are advan
ed simul-taneously for one time step, the momentum equations feelfeedba
k from the 
hanged tra
er distribution only duringthe next step. Within the sti�est part of the system (i.e.,propagation of internal gravity waves), the even-step velo
-ity is 
oupled predominantly with the odd-step tra
er �eld,and vi
e versa, while the odd-odd and even-even 
ouplingsare mu
h weaker. In fa
t, for a linearized system and anLF time step, these two modes are 
ompletely indepen-dent. The use of AB3 mitigates this e�e
t, but does noteliminate it 
ompletely.(ii) In a free-surfa
e model the grid-box heights, Hn+1i;j;k , areset by the barotropi
 mode using an entirely di�erent time-stepping algorithm. As the result, in the 
ase of LF it isdiÆ
ult to build a 
onservative and 
onstan
y-preservingadve
tion s
heme for tra
ers, be
ause LF advan
es tra
er�elds from step n� 1 to step n+1 with tra
er 
uxes 
om-puted at time step n, while the dis
rete 
ontinuity equation(1.18) relates Hn+1i;j;k with Hni;j;k (instead of Hn�1i;j;k ), and theasso
iated mass 
uxes are time-
entered at n + 12 . In the
ase of AB3, this problem may be addressed if a forward-in-time extrapolation of the pre-
omputed right side forthe tra
er equations is repla
ed with an extrapolation ofvelo
ity 
omponents and a subsequent 
orre
tion of theirverti
al averages, with a multipli
ation by the extrapolatedtra
ers to 
ompute tra
er 
uxes.To make (1.16) and (1.18) 
onsistent with their 
on-tinuous prototype tra
er and 
ontinuity equations, withat least se
ond-order a

ura
y, the mass 
uxes (Ui+ 12 ;j;k,Vi;j+ 12 ;k, Wi;j;k+ 12 ) and interfa
ial tra
er values (eqi+ 12 ;j;k,eqi;j+ 12 ;k, and eqi;j;k+ 12 ) must be time-
entered at n + 12 .Hen
e (1.16) be
omesHn+1i;j;k�Ai;j = Hni;j;k�Ai;j ��thUn+ 12i+ 12 ;j;k � Un+ 12i� 12 ;j;k (4.1)+V n+ 12i;j+ 12 ;k � V n+ 12i;j� 12 ;k +Wn+ 12i;j;k+ 12 �Wn+ 12i;j;k� 12 i ;and (1.18) turns intoqn+1i;j;k = (qni;j;kHni;j;k � �t�Ai;j "eqn+ 12i+ 12 ;j;kUn+ 12i+ 12 ;j;k (4.2)�eqn+ 12i� 12 ;j;kUn+ 12i� 12 ;j;k + eqn+ 12i;j+ 12 ;kV n+ 12i;j+ 12 ;k � eqn+ 12i;j� 12 ;kV n+ 12i;j� 12 ;k+eqn+ 12i;j;k+ 12Wn+ 12i;j;k+ 12 � eqn+ 12i;j;k� 12Wn+ 12i;j;k� 12 #),Hn+1i;j;k :27



Here (4.1) is not to be interpreted as a method for 
omput-ing Hn+1i;j;k , but rather as a 
onstraint imposed on the set ofmass 
uxes, (Un+ 12 , V n+ 12 , Wn+ 12 ), satis�ed by enfor
ingthat the verti
al integrals of (Un+ 12 , V n+ 12 ) are equal to(hhU iin+ 12 , hhV iin+ 12 ) de�ned by (3.47). On
e this is satis-�ed, building a tra
er adve
tion s
heme is just a matter ofspatial interpolation of tra
er variables to 
ompute interfa-
ial values and of temporal extrapolation/interpolation ton+ 12 to a
hieve at least se
ond-order a

ura
y and main-tain numeri
al stability. This 
an be a

omplished by fourpossible methods:The �rst option is to extrapolate q forward in timebefore doing the spatial interpolation using a se
ond- orthird-order a

urate Adams-Bashforth extrapolation rulefor the right hand side,qn+ 12i;j;k = �32 + �� qni;j;k ��12 + 2�� qn�1i;j;k + �qn�2i;j;k ; (4.3)where � = 0 yields AB2, � = 5=12 AB3, or any interme-diate value (Appendix A). This is pre
eded by a similarAB3-like update for the velo
ity �eld, so that velo
ities atn + 1 parti
ipate in interpolation to 
ompute mass 
uxesat n+ 12 as in (2.41), ex
ept that now � and u swit
h roles.The se
ond option is that, instead of using lo
al gridpoints in the previous time steps, one designs an UTOPIAor COSMIC-like algorithm (Leonard et al., 1996). Thereis no need for forward extrapolation in time, sin
e onlytra
er values at time step n are used. This is potentiallythe most a

urate approa
h be
ause it uses a more 
om-pa
t sten
il, and by its design the dispersive errors of timeand spa
e di�eren
ing 
ompensate ea
h other. However,the resultant s
hemes are unavoidably upstream-biased inall three spatial dire
tions. This is undesirable for long-term simulations be
ause of its verti
al hyper-di�usionin the leading order trun
ation term. This 
auses ex-
essive arti�
ial diapy
nal mixing if temporal os
illationsare present in verti
al velo
ity �eld | a very 
ommon ino
eani
 models. This algorithm is a single-step method,but its operational 
omplexity is similar to a predi
tor-
orre
tor's: sin
e a fully three-dimensional UTOPIA algo-rithm is impra
ti
al, COSMIC is the most likely 
andidate.This algorithm in
ludes 
omputation of multi-dimensional�nite-volume 
uxes in ea
h dire
tion via su

essive one-dimensional, non-
onservative, adve
tive updates in bothtransverse dire
tions to get provisional tra
er �elds, afterwhi
h the one-dimensional QUICKEST algorithm is ap-plied to 
ompute 
uxes.The third approa
h is to 
onstru
t an auxiliary non-
onservative, adve
tive-form, predi
tor time step to 
om-pute the provisional �eld qn+ 12 . The motivation for a non-
onservative algorithm 
omes from the fa
t that the qn+ 12are used only for the 
omputation of 
uxes in (4.2). Fur-

thermore, a set of mass 
uxes satisfying (4.1) exists onlybetween time steps n and n+1, so a 
onservative predi
torsubstep 
annot be made 
onstan
y preserving; therefore,the resultant predi
tor-
orre
tor algorithm will not be 
on-stan
y preserving either. A 
entered s
heme for spatialderivatives in 
ombination with an LF time step 
an beused for the predi
tor step,qn+1;�i;j;k = qn�1i;j;k � 2�t huÆ�q� + vÆ�q� + wÆzqzi���ni;j;k ; (4.4)where symbols Æ and overline denote di�eren
ing and in-terpolation in the dire
tion designated by their sub- andsupers
ripts (in prin
iple, these operators 
an be higher-than-se
ond order a

urate); u, v, and w are velo
ity 
om-ponents 
omputed from interfa
e 
uxes Uni+ 12 ;j;k, V ni;j+ 12 ;kand Wni;j;k+ 12 . On
e qn+1;� be
ome available, qn+ 12 is 
om-puted using a three-point interpolation,qn+ 12i;j;k = �12 � 
� qn+1;�i;j;k +�12 + 2
� qni;j;k�
qn�1i;j;k : (4.5)after whi
h a high-order, spatial-interpolation s
heme (de-s
ribed below) is used to 
ompute the interfa
ial 
ux valueseqn+ 12i+ 12 ;j;k, eqn+ 12i;j+ 12 ;k, eqn+ 12i;j;k+ 12 in (4.2). Sin
e the provisionalqn+1;� is needed only to 
ompute qn+ 12 , operations (4.4)and (4.5) 
an be 
ombined into a single step,qn+ 12i;j;k = �12 + 2
� qni;j;k +�12 � 2
� qn�1i;j;k (4.6)� (1� 2
)�thsame as in (4.4)i :The resultant 
ombination of (4.6) and (4.2) is overall sim-ilar to LF-AM3 (with setting 
 = 1=12) or LF-TR (
 = 0)predi
tor-
orre
tor time step, 
f., (2.34)|(2.37) and Fig.6. The fourth method is similar to the third, ex
ept thatinstead of using the adve
tive form of the tra
er equa-tion, the predi
tor step employs a pseudo-
ompressible al-gorithm to a
hieve 
onstan
y preservation. In this ap-proa
h we 
ompute two auxiliary grid-box height �eldsH�i;j;k and H+i;j;k by stepping it ba
k and forward in time,H�i;j;k = Hni;j;k ��12 � 
� �t�Ai;j hUni+ 12 ;j;k � Uni� 12 ;j;k (4.7)+V ni;j+ 12 ;k � V ni;j� 12 ;k +Wni;j;k+ 12 �Wni;j;k� 12 i ;and perform a 
ux-divergent update of tra
er �eld q us-ing LF step 
ombined with three-point interpolation, 
f.,(2.34) and (3.52),qn+ 12i;j;k = (��12 + 2
� qni;j;k +�12 � 2
� qn�1i;j;k�H�i;j;k28



� (1� 2
)�t�Ai;j � heqni+ 12 ;j;kUni+ 12 ;j;k � eqni� 12 ;j;kUni� 12 ;j;k (4.8)+eqni;j+ 12 ;kV ni;j+ 12 ;k � eqni;j� 12 ;kV ni;j� 12 ;k+eqni;j;k+ 12Wni;j;k+ 12 �eqni;j;k� 12Wni;j;k� 12 i),H+i;j;k :after whi
h H�i;j;k and H+i;j;k are dis
arded and do not par-ti
ipate in any further 
omputation.By the 
onstru
tion of (4.7){(4.8) the 
onstan
y preser-vation property is 
lear: if qn�1 � qn � 
onst, then qn+ 12assumes the same 
onstant value, regardless of the diver-gen
e of mass 
uxes Uni+ 12 ;j;k, V ni;j+ 12 ;k, andWni;j;k+ 12 . How-ever, sin
e H+ and H+ have no relation with the a
tualgrid-box height �eld by the barotropi
 mode, this updateis not 
onservative. For example, neitherH+i;j;k 6= Hn+1i;j;k +Hni;j;k2nor H+i;j;k 6= �12 � 
�Hn+1i;j;k +�12 + 
�Hni;j;kwhere Hn+1i;j;k is determined from h�in+1i;j via (1.11). In fa
t,the use of arti�
ial divergen
e equation (4.7) just providesa way of \trading in" the 
onservation property in favor of
onstan
y preservation, following the 
ontinuous identityr (qu) = (u � rq) + qru (4.9)and dropping the last term. At the same time, pseudo-
ompressible time step is numeri
ally similar to the 
on-servative update during 
orre
tor sub-step, and thereforeis preferred over the adve
tive form (4.4).On
e tra
er 
on
entration is available at proper time,either n or n + 12 , it needs to be interpolated to grid-box interfa
es to 
ompute tra
er 
uxes. Three options areavailable in ROMS for doing so: either a 
entered, fourth-order-a

urate interpolation (
f., Dietri
h et al., 1997),eqi+ 12 ;j;k = �qi�1;j;k + 7qi;j;k + 7qi+1;j;k � qi+2;j;k12 ; (4.10)whi
h 
an be expressed as mid-point average enhan
ed by
urvature term,eqi+ 12 ;j;k = qi;j;k + qi+1;j;k2 � Æqi+1;j;k � Æqi;j;k6 (4.11)where Æqi;j;k and Æqi+1;j;k are averaged elementary di�er-en
es, Æqi;j;k = Æqi� 12 ;j;k + Æqi+ 12 ;j;k2 ; (4.12)

and Æqi+ 12 ;j;k = qi+1;j;k � qi;j;k. Alternatively (4.12) isrepla
ed with harmoni
 averaging (
f., Sh
hepetkin &M
Williams, 2003),Æqi;j;k = 2Æqi+ 12 ;j;kÆqi� 12 ;j;kÆqi+ 12 ;j;k + Æqi� 12 ;j;k (4.13)as long as Æqi+ 12 ;j;k and Æqi� 12 ;j;k have the same sign, andÆqi;j;k = 0 the signs are di�erent. In this 
ase (4.11) hasthe property that interpolated value eqi+ 12 ;j;k is boundedby values at the two nearest neighboring points, qi;j;k andqi+1;j;k, regardless of values at the two extreme pointsof the sten
il. Although this measure by itself does notstri
tly guarantee monotoni
ity preservation for the wholeadve
tion s
heme (be
ause time stepping is done indepen-dently from spatial dis
retization), it is 
apable to redu
espurious os
illations in the 
ase of non-smooth adve
ted�elds. The third option is an upstream-biased, paraboli
interpolation,eqi+ 12 ;j;k = qi;j;k + qi+1;j;k2 � 16 �8<: q00i;j;k ; ui+ 12 ;j;k > 0q00i+1;j;k ; ui+ 12 ;j;k < 0where q00i;j;k = qi+1;j;k � 2qi;j;k + qi�1;j;k ;whi
h results in a dissipatively dominant (i.e., hyper-di�usive) trun
ation error and the overall performan
e ofthe adve
tion s
heme is similar to that reported in Farrow& Stevens, 1995. Verti
al interpolation is done using eithera 
entered fourth-order s
heme or, more preferably, an in-terpolation based on 
onservative paraboli
 splines as in(3.16) (Fig. 11; Appendix B). Use of an upstream-biaseds
heme in the verti
al dire
tion is avoided for the reasonsmentioned above.Time stepping of the momentum equations follow thesame strategy as above: non-
onservative (pseudo-
ompressible)predi
tor substep followed by 
onservative 
orre
tor. Spa-tial dis
retization of the adve
tive and Coriolis terms gen-erally follows the framework of Lilly, 1965, Mesinger &Arakawa, 1976 adapted for 
urvilinear horizontal grids (inessen
e this is done in POM, Blumberg &Mellor, 1987; andSCRUM, Song & Haidvogel, 1994), with the ex
eption thatmid-point averaging is repla
ed with higher order inter-polations: third- (upstream-biased) or fourth-order (
en-tered) s
hemes are applied for horizontal dire
tions andfourth-order or paraboli
 splines in verti
al.5. Time Stepping the Coupled Baro
lini
-Barotropi
 SystemWe now summarize the time-stepping engine of ROMS,fo
using on the interplay between the modes in dis
rete29



time. Two versions | the predi
tor- and 
orre
tor-
oupledalgorithms | have been developed. As indi
ated by theirnames, they di�er by the stage at whi
h barotropi
 modeis advan
ed in time. They are approximately equivalent intheir eÆ
ien
y and stability.5.1. Predi
tor-Coupled Algorithm (Fig. 15, Left)Stage 1: Compute the r.h.s. (i.e., pressure-gradient, Cori-olis, and adve
tive terms) for the 3D baro
lini
-mode mo-mentum equations at time step n and verti
ally integratethem. (These integrals will be later 
onverted into for
-ing terms for the barotropi
 mode; i.e., forward 
oupling).Also 
ompute and store the verti
ally averaged densities,(�i, ��i ), by (3.23){(3.24). Apply the r.h.s. terms to ad-van
e the 3D momenta using a LF step 
ombined witha half-step, ba
kward interpolation with AM3-like 
oeÆ-
ients. (The result is time-
entered at n+ 12 .) Be
ause atthis moment no meaningful values of Hn+1 are availableand it is impossible to satisfy exa
tly the dis
rete 
ontinu-ity equation, use the arti�
ial 
ontinuity equation (i.e., thepseudo-
ompressible algorithm). Compute the 3D lateralvis
osity terms and add their verti
al integrals to the for
-ing term for barotropi
 r.h.s. However, instead of applyingthe 3D vis
ous terms immediately at this time to advan
ethe momentum equations, save them into provisional ar-rays for later use during the 
orre
tor step. At this stagethe predi
tor step is not fully 
omplete be
ause it violatesCFL for the barotropi
 mode and no meaningful verti
allyintegrated mass 
uxes are available.Stage 2: Advan
e the tra
er variables in a similar man-ner with a pseudo-
ompressible LF step 
ombined with anAM3 interpolation, resulting in tra
er values at n + 12 ).This algorithm is 
onstan
y preserving, but not 
onserva-tive. This is a

eptable be
ause the resultant tra
er valuesat n+ 12 are used only for 
omputation of adve
tive 
uxesduring the subsequent 
orre
tor step14.Stage 3: Compute the r.h.s. terms for the barotropi
mode from barotropi
 variables using (3.33) for the pres-sure gradient and subtra
t it from the 
orresponding verti-
al integrals of the 3D r.h.s. 
omputed in Stage 1 (i.e., 
on-vert them into baro
lini
-to-barotropi
 for
ing terms)15.Next, using similar terms stored from the previous baro-14The same 
omment applies to the predi
tor update for the mo-mentum equations at Stage 1.15There is no need to 
ompute the F (0)-part of the barotropi
 pres-sure gradient de�ned by (3.29) be
ause it is already a

ounted for inthe verti
al integral of the three-dimensional r.h.s. Sin
e it does notdepend on � (hen
e it remains 
onstant during barotropi
 time step-ping) and be
ause of the "add-subtra
t" pro
edure for baro
lini
-to-barotropi
 for
ing, this term identi
ally 
an
els out when the for
ingterms are added ba
k to the barotropi
 r.h.s.


lini
 steps, extrapolate the for
ing terms a half-step for-ward in time using modi�ed AB3 
oeÆ
ients (AppendixA) so that the result is time-
entered at n + 12 . Advan
ethe barotropi
 variables byM� time steps (slightly beyondthe baro
lini
 time step n+ 1, depending on the shape ofthe fast-time �lter), performing a 2-way, fast-time aver-aging of barotropi
 variables on the way. The baro
lini
for
ing terms are kept 
onstant during this pro
edure, butthe barotropi
 pressure-gradient terms are re
omputed by(3.33) with parti
ipation of �i and ��i at every barotropi
step. On
e this is 
omplete, update the verti
al 
oordinatesystem, Hn+1, to be 
onsistent with �n+1.Stage 4: Finalize the 
omputation of the 3D momentastarted in Stage 1 by setting the verti
al average to Un+ 12from the barotropi
 mode.Stage 5: Compute the r.h.s. terms for the 3D momentumequations at n+ 12 using the available tra
er �elds for den-sity and pressure gradient. Add in the 3D lateral vis
osityterms saved from Stage 1. Advan
e the 3D momenta ton + 1 using a 
onservative step (re
all that 
orre
t valuesof Hn and Hn+1 are available now and the dis
rete 
on-tinuity equation is satis�ed exa
tly between time steps nand n+1). Set the verti
al average of the 3D momenta toUn+1 from the barotropi
 mode (i.e., ba
kward 
oupling).The 
omputation of 3D momenta at n+1 is now 
omplete.Stage 6: Interpolate the 3D velo
ity 
omponents ba
kin time to n + 12 using a 
ombination of the new-time-step values (from Stage 5), values from the predi
tor step(Stage 4), and the old-time step values. (This introdu
esforward-ba
kward feedba
k between the momentum andtra
er equations as in (2.34)-(2.37) but with the roles ofu and � swit
hed.) Set the verti
al average of the resul-tant �elds to Un+ 12 . Use the resultant velo
ity �eld andtra
ers at n+ 12 to 
ompute the tra
er 
uxes and advan
ethe tra
ers to n + 1. This step is both 
onservative and
onstan
y preserving.5.2. Corre
tor-Coupled Algorithm (Fig. 15, Right)Stage 1: Compute the r.h.s. (pressure-gradient, Coriolis,and adve
tion terms) for the 3D (baro
lini
) momentumequations at time step n and advan
e the 3D momenta us-ing a LF step 
ombined with a half-step, ba
kward interpo-lation with AM3-like 
oeÆ
ients in a pseudo-
ompressiblealgorithm based on the arti�
ial 
ontinuity equation. (Theresult is time-
entered at n+ 12 .) This is similar to Stage 1of the predi
tor-
oupled s
heme with the ex
eptions thatno vis
ous terms are 
omputed at this time, and, on
e thestage is 
omplete, the verti
ally averaged momenta are setba
k to Un from time step n.30



Figure 15. Barotropi
-baro
lini
 mode data ex
hange in ROMS: left | predi
tor-
oupled version, right | 
orre
tor-
oupled. Curved horizontal arrows symbolize the predi
tor sub-step (LF step integrated with AM3 half-step-ba
k in-terpolation of the result, light shading) and 
orre
tor (darker). Four as
ending arrows denote 2-way verti
ally averageddensities �, ��, and verti
ally integrated right side for 3D momentum equations [these are met with the right side 
om-puted from barotropi
 variables; hen
e asterisks (* *) symbolize 
omputation of baro
lini
-to-barotropi
 for
ing termsthat are extrapolated forward in time using modi�ed AB3 weights (predi
tor-
oupled version only)℄. Five des
endingarrows symbolize 2-way, fast-time-averaged barotropi
 variables for ba
kward 
oupling. Ea
h arrow originates at thetime when the data is logi
ally available, regardless of the temporal pla
ement of the 
orresponding variable.Stage 2: Advan
e tra
er variables to n + 12 (the same asin the predi
tor-
oupled version).Stage 3: Compute the r.h.s. for the 3D momentumequations (i.e., pressure-gradient, Coriolis, and adve
tiveterms) from the momenta and tra
ers (via density) at n+ 12and the lateral vis
osity terms from the old-step velo
i-ties, un. Verti
ally integrate everything and also 
omputeand store verti
ally averaged densities, (�i,��i ) with (3.23)-(3.24) time-
entered at n+ 12 . Apply the r.h.s. to the 3Dmomentum variables, but do not �nalize the time step yetsin
e Hn+1 and Un+1 are not available yet.Stage 4: Compute the r.h.s. terms for the barotropi
mode from barotropi
 variables, then 
onvert verti
al in-tegrals from Stage 3 into baro
lini
-to-barotropi
 for
-ing terms. (This pro
edure is similar to Stage 3 of thepredi
tor-
oupled version, with the ex
eption that the for
-ing terms are already time-
entered at n+ 12 , hen
e no for-ward extrapolation is needed at this time.) Then advan
ethe barotropi
 variables by M� time steps, performing 2-way, fast-time averaging. Update the verti
al 
oordinatesystem, Hn+1, to be 
onsistent with �n+1.Stage 5: Finalize the 
omputation of the 3D momentastarted in Stage 3 using the now available Hn+1, and setthe verti
al average to Un+1 from the barotropi
 mode.Stage 6: Interpolate 3D velo
ities ba
k in time to n+ 12 in

the same way as in Stage 6 in the predi
tor-
oupled versionand set its verti
al average to Un+ 12 . Use the resultantvelo
ity �eld to 
ompute tra
er 
uxes and advan
e tra
ersto n+ 1.6. Con
lusionsWe have designed a robust 
omputational kernel for asplit-expli
it, terrain-following-
oordinate o
eani
 model.It in
ludes the following features:(i) Time-stepping s
hemes with forward-ba
kward feed-ba
k between the variable pairs that 
ombine an ex-tended range of stability with the temporal a

ura
y of thebest known algorithms (in e�e
t, generalizing a forward-ba
kward s
heme to higher orders of a

ura
y);(ii) A rede�ned formulation of the barotropi
 mode thattakes into a

ount the non-uniform density �eld to redu
ethe mode-splitting error (in essen
e, an adaptation of Hig-don & de Szoeke, 1997 to terrain-following 
oordinates);(iii) Simultaneous 
onservation and 
onstan
y preservationproperties for tra
er equations in 
ombination with theevolving 
oordinate system due to 
hanges in free-surfa
eelevation;(iv) A temporal weighted averaging of the barotropi
 mode31



Con�guration Grid Size Resolution Time Step Mode Splitting Primary Time Stepdeg or km se
 Ratio Limitation byAtlanti
 DAMEE 128� 128� 20 0.750 8640 60 (Gen. FB) Coriolis for
eAtlanti
 DAMEE 256� 256� 20 0.3750 5760 92 (Gen. FB) Coriolis/internalPa
i�
 384� 224� 20 0.50 7200 60 (LF-TR) Coriolis for
eUS West Coast 83� 168� 20 15 km 2880 50 (LF-TR) internal wavesUS West Coast 126� 254� 20 10 km 2160 60 (LF-TR) internal wavesMonterey Bay 93� 189� 20 5 km 960 60 (LF-TR) internal wavesTable 1. Permissible time step sizes and mode splitting ratios for several pra
ti
al appli
ations of ROMS. (Gen.FB) and (LF-TR) in the 
olumn Mode Splitting Ratio indi
ate type of time stepping algorithm for barotropi
mode.that allows an a

urate representation of the barotropi
motions resolved by the baro
lini
 time step (e.g., tidesand barotropi
 Rossby waves); and(v) Treatment of 
omputationally expensive pro
esses thatare not 
riti
al for numeri
al stability (e.g., vis
osity, dif-fusion, and verti
al mixing parameterizations) outside themain predi
tor-
orre
tor pro
edure to mitigate their 
om-putational 
ost.Built around this kernel, the ROMS model was ap-plied to several o
eanographi
 studies on basin-s
ale and
oastal 
on�gurations (Haidvogel et al., 2000, Mar
hesielloet al., 2003) and has been veri�ed to allow time step sizesand mode splitting ratios summarized in Table 1 for these
on�gurations. As follows from the table, ROMS allowssigni�
ant in
rease of time step relatively to its proto-types (SCRUM/SPEM, and POM), as well as known z-(MOM,POP) and isopy
ni
-
oordinate (MICOM) models,whi
h use more simpler (single step, syn
hronous, mostlyLF; AB3 (SCRUM only)) time stepping algorithms. Fur-thermore, our analysis and pra
ti
al experien
e indi
atethat this gain is a
hieved without major in
rease of 
ompu-tational 
ost due to the introdu
tion of predi
tor-
orre
toralgorithm, in part be
ause most of the 
omputationallyexpensive pro
esses are still 
omputed only on
e per timestep (item (v) above). Neither we observe any degrada-tion in quality of our solutions due to in
reased time stepand running the model in 
omputational regimes 
lose totheoreti
al limits of stability.A
knowledgements This study was supported bygrants N00014-02-1-0236 from the OÆ
e of Naval Re-sear
h.Appendix A: Simple Time-Stepping Algo-rithmsOne of the most 
ommonly used time-stepping algo-

rithms is Leap-Frog (LF) a

ompanied by an Asselin �lter(Asselin, 1972). In the 
ontext of (2.3), it may be writtenas qn+1;� = qn�1 � 2i� � qn;� ; (A.1)followed byqn = �qn+1;� + (1� 2�)qn;� + �qn�1 ; (A.2)where � � !�t; qn+1;� and qn;� are "preliminary" valuesof qn+1 and qn; � � 0 is an adjustable parameter. Substi-tution of qn+1;� from (A.1) into (A.2) yieldsqn = (1� 2�� 2�i�)qn;� + 2�qn�1: (A.3)This 
an be rewritten asqn;� = qn � 2�qn�11� 2�� 2�i� : (A.4)Sin
e a similar relationship exists between qn+1;� and qn+1,one 
an ex
lude "preliminary" variables from (A.1),qn+1 � 2�qn1� 2�� 2�i� = qn�1 � 2i� � qn � 2�qn�11� 2�� 2�i�; (A.5)and further rewrite it asqn+1 = (1� 2�) qn�1 + 2�qn � 2i� �qn � �qn�1� (A.6)(i.e., a single-step version of (A.1)-(A.2)). This leads to a
hara
teristi
 equation,�2 + 2(i�� �)�� 1 + 2�(1� i�) = 0; (A.7)with roots (
f., (12) in Asselin, 1972),�� = �i�+ ��p(1� �)2 � �2 ; (A.8)and the stability limit,j�max(�)j = 1=p1 + 2�� �2 � 1� � : (A.9)32



Figure 16. Complex roots for LF-Asselin Filter time-stepping algorithm for � = 0; 0:05; 0:1; 0:15; 0:2; 0:25.The 
urves 
orresponding to � = 0, and 0.2 are high-lighted. The presense of � terms in (A.8)"moves" rootsstri
tly along the real axis relative to un�ltered LF roots(re
all � does not a�e
t the imaginary part of �� as longas the expression under the radi
al is positive). Be
ause ofthis feature, an Asselin �lter 
auses additional phase-leaderror to an already forward-dispersive LF. The lower-leftportion shows dependen
y of the stability limit �max on �(
f., (A.9)).This approximation is valid for � � 1. Taylor series anal-ysis of (A.6) leads to a modi�ed equation ,�q�t = �i!q � ��t!2 q2� 2�+ �i!�t +O �(!�t)2� ; (A.10)indi
ating that the formal order of a

ura
y drops to the�rst, if � > 0, and that the leading-order trun
ation term isdissipative. An Asselin �lter introdu
es the desired damp-ing of the LF 
omputational mode at the expense of aredu
ed stability range, some dissipation of the physi
almode, and a further in
rease of phase-lead error of alreadystrongly dispersive LF (Fig. 16); e.g., for � = �4 and atypi
ally used value of � = 0:1, an Asselin �lter almostdoubles the LF phase error.The properties of a LF{Asselin �lter time step are wellknown, whi
h stimulates the sear
h for alternatives. Dur-ran, 1991, provides a 
omprehensive review of the wide
olle
tion of 
ommonly used time-stepping algorithms forthe �rst-order hyperboli
 problem (2.1). This analysis in-
ludes Taylor series expansions for both phase and ampli-tude errors, so it is redundant to repeat it here. However,it is illustrative to tra
e the lo
ation of the ampli�
ationfa
tors on the 
omplex plane sin
e this gives information

about the limits for ea
h method; the usual analysis oftrun
ation error based on Taylor series expansion does notprovide this information. The results are shown in Fig. 17.Even a brief glan
e at this �gure indi
ates the existen
e ofa variety of algorithms potentially more attra
tive thana LF-Asselin �lter. It also shows that Runge-Kutta andpredi
tor-
orre
tor methods are generally more a

uratethan single-step methods. They also require more 
om-putational e�ort be
ause the right side is to be 
omputedmore than on
e per time step. In fa
t, these types of al-gorithms 
an be viewed as 
ombinations of simple single-stage methods arranged in su
h a way that the leading-order trun
ation errors of subsequent stages tend to 
an
elea
h other (
f., an early work exploring this prin
iple, Hy-man, 1979.) In some 
ases it may be more eÆ
ient andmore a

urate to use a single-step method with a smallertime step. To make the 
omparison fair, we introdu
e amodi�ed ampli�
ation fa
tor that a

ounts for the numberof right-side 
omputations:�0(!�t) = ���r � !�t��1=r: (A.11)r is the number of right-side 
omputations (r=1 for single-step; r=2 for predi
tor-
orre
tor methods; r=3,4 for RK3and RK4 respe
tively): hen
e �0 is the \averaged" ampli-�
ation fa
tor per right-side 
omputation.The results are shown of Fig. 18. This 
omparisonshows that AB3 and LF-AM3 o�er the best a

ura
y per
omputational 
ost, leaving RK4 and LF-TR behind. RK4is de�nitely the most a

urate if !�t < �16 , but it rapidlydeparts from the unit 
ir
le when !�t > �8 . AB3 andLF-AM3 are less dissipative than RK4 and LF-TR in thevi
inity of !�t = �=8, with LF-AM3 having somewhatlarger phase-lead error than AB3. Finally, none of thesealgorithms is a

urate if used in a 
omputational regimerequiring less than 10 right-side 
omputations per periodof physi
al os
illation. LF (not shown here) has a smallerphase error than LF-AM3 if both are used in the 
omputa-tional regimes 
lose to their limits of stability, but it la
ksthird-order a

ura
y, resulting in a noti
eable phase-leaderror for well resolved frequen
ies. As a rule of thumb, onemay 
on
lude that that !�t � 0:8r sets a \speed limit"per 
omputational 
ost for virtually all of the expli
it al-gorithms 
onsidered here.For the adve
tion problem, the trun
ation error ofspatial di�eren
ing always 
auses phase delay for highwavenumbers; therefore, a phase-lead error of the timestepping algorithm 
an be tolerated. In fa
t, if a se
ond-order-a

urate spatial dis
retization is used, there is noneed for the use of an algorithm other than LF sin
e itsphase-lead error is always less than delay 
aused by spa-tial di�eren
ing, with 
ompensation o

urring only at thelimit of stability. In the 
ase of fourth- or higher-order33



AB2* 0 AB30.725 0.72 AB40.431 0.43 AM3* 0
AB2-AM31.201 0.60 AB3-AM31.1656 0.58 AB3-AM41.1796 0.59 AB4-AM4*0.93 *0.46
RK31.7334 0.577 RK42.8286 0.705 RK5*3.3929 *0.678 RK6* *
LF-TRp2 0.71 15LF+ 45(LF-TR)1.5002 0.75 LF-AM31.587 0.793 LF-
 = 0:08041.589 0.794

Figure 17. Ampli�
ation fa
tors of various time-stepping methods plotted on the 
omplex plane relative to the unit
ir
le. Bold line 
orresponds to the physi
al mode and thin solid lines to the 
omputational mode(s), if any. Thelegend is as follows: LF { Leap Frog; TR { trapezoidal rule; AB { Adams-Bashforth; AM { Adams-Moulton; RK {Runge-Kutta; Digits 2,3,4 denote order of a

ura
y. The number below the label is the stability limit. An asterisk (*)indi
ates asymptoti
 instability. (The physi
al mode of AB4-AM4 is weakly unstable; 0.93 is the threshold of stronginstability of 
omputational mode.) The number on the right is the eÆ
ien
y fa
tor (stability limit divided by thenumber of 
omputations of right side). For ea
h method, the roots of 
omputational mode 
orresponding to "ideal"ampli�
ation fa
tors of exp���i16 ; ;��i8 ;� 3�i16 ; ::: et
	 are 
onne
ted by straight lines with their ideal lo
ations. Thisdeviation illustrates the numeri
al error: shifts in azimuthal and radial dire
tions 
orrespond to phase and amplitudeerrors respe
tively. 34



.
AB3LF-TRLF-AM3RK4

Figure 18. Fair 
omparison of time-stepping algorithms:ampli�
ation fa
tor of physi
al mode normalized by thenumber of 
omputations of right side. Ea
h 
urve is shownwithin the limits of stability for the method.spatial di�eren
ing, as well as for se
ond-order di�eren
-ing on a staggered grid (e.g., the shallow-water system ona C-grid), the use of a higher-order algorithm (i.e., AB3or LF-AM3) is bene�
ial be
ause the overall phase errormay be dominated by the time-integration error.Another method worth 
onsideration is the generalizedAdams-Bashforth step,qn+1 = qn + i���32 + �� qn ��12 + 2�� qn�1 (A.12)+�qn�2�where � is an adjustable parameter. The 
hoi
e � = 0
orresponds to AB2, while � = 5=12 yields a third-ordera

urate AB3 that a
hieves the best possible order of a

u-ra
y on the given sten
il. In the 
ase where � < 1=6, themethod has asymptoti
 instability of the physi
al mode(similar to that of AB2). Setting of � = 0:281105 
or-responds to the 
ase where the physi
al and one of the
omputational modes meet ea
h other (Fig. 19). Belowthis value the instability of the physi
al mode o

urs �rst(as in the 
ase of LF-AM3), while past it one of the 
ompu-tational modes goes unstable �rst (as in the 
ase of AB3).This � yields a stability limit of � = 0:78616 that approx-imately 
oin
ides with that for the � value 
orrespondingto the largest possible stability limit.

� = 5=12
����� � = 0:281105Figure 19. Positions of roots for Adams-Bashforth time-stepping algorithms. Highlighted 
urves 
orrespond to� = 0:281105 (where the physi
al and one of the 
om-putational modes meet ea
h other at the saddle point; this
hoi
e approximately 
oin
ides with the maximum possi-ble stability limit of � = 0:78616) and � = 5=12 (the usualthird-order a

urate AB3 method.).Appendix B: Paraboli
 Spline Re
onstru
-tionRegardless of the 
hoi
e of values for �k+ 12 , k = 1; :::; N�1, the fun
tional form of (3.16) guarantees that the re
on-stru
ted pro�le, �(z), is 
ontinuous a
ross grid-box inter-fa
es be
ause the side-limits �k+ 12 are shared by the adja-
ent grid boxes Hk and Hk+1. Spline re
onstru
tion im-plies that �k+ 12 is determined from the requirement thatthe �rst derivative of � is also 
ontinuous. Di�erentiationof (3.16) with respe
t to z0 yields���z0 = �k+ 12 � �k� 12Hk + 6�k+ 12 + �k� 12 � 2�kH2k z0 ; (B.1)whi
h at the upper and lower interfa
es of Hk has thevalues,���z0 ����z0=+Hk=2 = +4�k+ 12 + 2�k� 12 � 6�kHk (B.2)���z0 ����z0=�Hk=2 = �2�k+ 12 + 4�k� 12 � 6�kHk : (B.3)Hen
e, to ensure 
ontinuity of the �rst derivative a
ross35



the grid box interfa
e k + 12 , we require4�k+ 12 + 2�k� 12 � 6�kHk = �2�k+ 32 + 4�k+ 12 � 6�k+1Hk+1 :This leads to the tri-diagonal system of equations for �k+ 12 ,k = 2; :::; N � 1:Hk+1�k� 12 + 2 (Hk+1 +Hk) �k+ 12 +Hk�k+ 32 (B.4)= 3 �Hk+1�k +Hk�k+1� :The system (B.4) needs two boundary 
onditions at k = 1and k = N . These may be either physi
ally motivated(e.g., a Neumann 
ondition stemming from a no-normaldi�usive 
ux 
ondition), or, if the formulation of a phys-i
al boundary 
ondition is impossible, an appropriate ex-trapolation rule may be employed (whi
h is equivalent tolo
al redu
tion of the order of a

ura
y in the vi
inity ofthe boundary). Some possible 
hoi
es are the following:Diri
hlet: � 12 and �N+ 12 are pres
ribed;Neumann, [derived from (B.2)|(B.3) by setting them tozero or a pres
ribed known value℄:� 12 + 12� 32 = 32�1 ; �N+ 12 + 12�N� 12 = 32�N :; (B.5)Linear Extrapolation, [assuming linear distributions withingrid boxes H1 and HN , hen
e setting the quadrati
 termin (3.16) to zero℄:� 12 + � 32 = 2�1 ; �N+ 12 + �N� 12 = 2�N ; (B.6)Quadrati
 Extrapolation [assuming that the se
ond deriva-tive within the grid box adja
ent to the boundary is thesame as in the interior box adja
ent to it℄:H2� 12 + (H1 +H2) � 32 = H2 (2H2 + 3H1)H1 +H2 �1+ H21H1 +H2 �2 ;(HN +HN�1) �N� 12 +HN�1�N+ 12 (B.7)= HN�1 (2HN�1 + 3HN)HN +HN�1 �N+ H2NHN +HN�1 �N�1 :Referen
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