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Abstract. Discretization of the pressure-gradient force is a long-standing problem in terrain-following (or o) coordi-
nate oceanic modeling. When the isosurfaces of the vertical coordinate are not aligned with either geopotential surfaces
or isopycnals, the horizontal pressure gradient consists of two large terms that tend to cancel; the associated pressure-
gradient error stems from interference of the discretization errors of these terms. The situation is further complicated
by the non-orthogonality of the coordinate system and by the common practice of using highly non-uniform stretching
for the vertical grids, which, unless special precautions are taken, causes both a loss of discretization accuracy overall
and an increase in interference of the component errors. In the present study we design a pressure-gradient algorithm
which achieves more accurate hydrostatic balance between the two components and does not lose as much accuracy
with non-uniform vertical grids at relatively coarse resolution. This algorithm is based on the reconstruction of the den-
sity field and the physical z-coordinate as continuous functions of transformed coordinates with subsequent analytical
integration to compute the pressure-gradient force. This approach allows not only a formally higher order of accuracy,
but it also retains and expands to high orders several important symmetries of the original second-order scheme (Mellor
et al, 1994, Song, 1998), which is used as a prototype, as well as it has build-in monotonicity constraining algorithm
which prevents appearance of spurious oscillations of polynomial interpolant, and, consequently, insures numerical
stability and robustness of the model under the conditions of non-smooth density field and coarse grid resolution. We
further incorporate an alternative method of dealing with compressibility of seawater which escapes pressure-gradient
errors associated with interference of the nonlinear nature of equation of state and difficulties to achieve accurate poly-
nomial fits of resultant in situ density profiles. In doing so, we generalized the monotonicity constraint to guarantee
non-negative physical stratification of the reconstructed density profile in the case of compressible equation of state.
To verify the new method, we perform traditional idealized (Seamount) and realistic test problems.
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1. Introduction

Discrete approximation of horizontal pressure-gradient
force (PGF) topography-following coordinates has been a
long-standing problem in atmospheric and oceanic model-
ing (Gary, 1973; Mesinger & Arakawa, 1976; Janjic, 1977;
Mesinger, 1982; Arakawa & Suarez, 1983; Mesinger &
Janjic, 1985; Michailovich & Janjic, 1986; Blumberg &
Mellor, 1987; Haney, 1991; Mellor et al, 1994; Stelling
& van Kester, 1994; Song & Haidvogel, 1994; Lin, 1997,
1998; Slordal, 1997; Janjic, T., 1998; Mellor et al, 1998;
Song, 1998; Song & Wright, 1998; Kliem & Pietrzak,
1999). The main difficulty is attributed to hydrostatic
inconsistency, i.e., failure of the discretized PGF to van-
ish in the case when isopycnals are horizontal. This effect
causes spurious geostrophically balanced flows, which in
oceanic model applications may be as large as 10 ¢m/s
or more, degrading the quality of the solution beyond an
acceptable limit. The problem arises from the deviation
of quasi-horizontal coordinates from either geopotential
or isopycnal surfaces, so that the PGF in the momentum
equations appears in the form of two large terms which
tend to cancel each other,
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where P is pressure, pg = const is mean density in a

Boussinesq approximation, and z is vertical coordinate
in non-transformed (i.e., physical) space. Subscript z in
0/0x|, means that the associated partial derivative is
computed with respect to a constant geopotential surface,
z = const, and a similar subscript s means that the differ-
entiation is performed along the transformed coordinate
surface, s = const.

In the present study we are not limited to the tradi-
tional o-coordinate,

Z(xayva) = h(xay) : f(U)a

where h(z,y) is oceanic bottom depth, and f(o) is a
monotonic mapping function independent of horizontal
coordinates that controls vertical-coordinate (hence grid)
stretching. Instead we assume that the three-dimensional
mapping function z = Z(z,y, s, t) is both monotonic (i.e.,

~1<0<0, (12)
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Moreover, it is assumed that (1.1) may be stiff in the sense
that
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which indicates that special precautions need to be taken
to avoid loss of accuracy .

P is computed from the hydrostatic equation,

¢
P(z,y,z) =g/p(x,yvz’)d2'a

z

(1.5)

where p(z,y, z) is density; ( is free-surface elevation; and
g is gravitational acceleration. One might be tempted to
replace (1.1) with
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and discretize it in a straightforward way using second-
order averaging and differencing operators. This was
shown to be prone to hydrostatic consistency error (cf.,
Mesinger & Arakawa, 1976), caused mainly by the verti-
cal averaging of P and horizontal averaging of p in (1.6)
in order to co-locate them with horizontal velocity com-

ponents on a staggered grid.

Practical experience has resulted in essentially two ap-
proaches to overcome this problem:

(1) In each vertical column compute a set of values of pres-
sure P, +1 naturally located half-way between the den-
sity points on a staggered vertical grid; then for each two
neighboring columns, interpolate this P field to an ap-
propriate common geopotential level; and then subtract
the interpolated values. Note, that after computation of
P, the density field p; does not participate in any further
computation. Obviously, in this approach the two terms
in (1.1) become inseparable. The different methods of this
family may vary in details of the choice of the common
level as well as interpolation technique, which is linear in
most cases (Janjic, 1977; Arakawa & Suarez, 1983; Lin,
1997) or parabolic (Michailovich & Janjic, 1986). Over-
all, the overwhelming majority of atmospheric models use
schemes belonging to this class.

(ii) Following Blumberg & Mellor, 1987, and Song, 1998,
Egs. (1.1)—(1.5) are first transformed into
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1We will use the terminology of o-coordinate and o-modeling
throughout this paper in a broad sense referring to the whole class
of models with a non-aligned vertical coordinate



where the expression in square brackets is similar to (1.1),
except that P is replaced with p. Eq. (1.7) is then
discretized in a manner similar to that described above,
except that now vertical integration becomes the second
step rather than the first and P never appears explicitly
in the model. Because of the form of (1.7), these meth-
ods are often referred as density-Jacobian, opposite to
the pressure-Jacobian family described above. The PGF
schemes in two commonly used terrain-following oceanic
models (POM and SCRUM)? belong to this class.

Song, 1998, and Song & Wright, 1998, argue that a
density-Jacobian method is inherently more accurate than
a pressure-Jacobian. Indeed, it is easy to see that, if the
basic second-order approximations (2-point differencing,
interpolation and trapezoidal integration) are used and if
p is a linear function of z, then the error of a density-
Jacobian method vanishes identically, while a linear p
corresponds to a quadratic P; therefore, discretizations
based on a linear fit for P (cf., Janjic, 1977, Lin, 1997,
Janjic, T., 1998) are not able to capture this correctly
resulting in hydrostatic error for this particular profile.
On the other hand, Lin, 1997, argues that it is advan-
tageous to discretize PGF using a finite-volume method.
An attractive feature of this approach is that the dis-
cretized PGF naturally appears in flux-divergent form,
which makes the proof of momentum and bottom-torque
consistency [cf., Arakawa & Suarez, 1983; Song & Wright,
1998] simple. There is no obvious way to cast a density-
Jacobian scheme into the form of a difference of P fluxes.
This conflict between accuracy and conservation prop-
erties of o-coordinate PGF schemes is not unnoticed in
the literature (e.g., Beckmann & Haidvogel, 1993; Song
& Wright, 1998). It is also not surprising that oceanic
models tend to use density-Jacobian, while atmospheric
models use pressure-Jacobian.
atmosphere, the ocean is often more strongly stratified,
and the stratification is much more spatially variable: it
is not unusual to see a change of Brunt-Vaiisila frequency
by two orders of magnitude throughout a vertical column.
While most of the vertical density gradient in atmospheric
models is due to the compressibility effect, which may be
absorbed by special mapping techniques as well as by the
choice of vertical coordinate system (e.g., pressure instead
of geopotential; Arakawa & Suarez, 1983), the relative
complexity of the equation of state for seawater makes
such procedures much harder in oceanic models, shift-
ing the priority toward an accurate representation of p(z)
profiles and a preference for the density-Jacobian.

In comparison with the

2POM - Princeton Ocean Model, Blumberg & Mellor, 1987;
SCRUM - S-Coordinate Rutgers University Model, Song & Haid-
vogel, 1994.

The high-order PGF schemes available to date follow
the path of straightforward discretization of (1.6) using a
spectral method in the vertical direction in combination
with either conventional or compact forth-order finite dif-
ferences and interpolations in the horizontal (McCalpin,
1994) or spectral in combination with compact differenc-
ing up to sixth-order accuracy (Chu & Fan, 1997, 1998).
The approach relies exclusively on the smallness of the
truncation errors of the elementary discretizations (com-
putation of the first derivative and mid-point interpola-
tion), which is justifiable only when the density field is
smooth on the grid scale. This is reasonably successful
for idealized test problems, but practically useless for real-
world simulations where fields are not smooth on afford-
able grids. A comprehensive comparison of performance
of schemes available to date may be found in Kliem &
Pietrzak, 1999, for various test problems. Although one
might argue, that the analytical density profiles used in
this reference are discontinuous in the first derivatives,
and therefore the posedness of the problem is prejudicial
against high-order methods, their inherent nonrobustness
is consistent with the more general experience in realistic
basin-scale simulations, resulting in the fact that, to our
best knowledge, to date none of such simulations were
performed using PGF scheme of higher than the basic
second-order accuracy.

In the present study we describe the symmetry prop-
erties of the second-order density-Jacobian scheme and
analyze sources of numerical errors. We then seek a high-
order accuracy extension to this method which retains
most of the symmetries and is both accurate and robust in
situations where p changes sharply from one grid point to
another with nonuniformly stretched grids. The method-
ology we employ is based on the reconstruction of both
p and z as continuous functions of the transformed coor-
dinates, which are then analytically integrated along the
contours bounding the grid cells surrounding the veloc-
ity components. Since, in this approach, all steps after
p reconstruction are exact (since p is treated as a con-
tinuous analytical function), the resultant algorithm can
be equivalently reformulated in either Jacobian (1.7) or
o-coordinate primitive form (1.6) (reflecting the fact that
these two are equivalent at the level of continuous equa-
tions), which in effect disproves the long-standing belief
that a Jacobian formulation is inherently more accurate.

2. Second-order Density Jacobian

The density-Jacobian discretization is based on a con-



tinuous expression for the PGF,
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( is free-surface elevation, p is density at the surface, and
g is acceleration of gravity. POM/SCRUM use the most
straightforward second-order accuracy method to approx-
imate (2.2) 3,

—AzAs J(p,z) = 7 [(pr + p2 — p3 — pa)
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where placement of values with indices 1,2,3,4 is shown
on Fig. 1. Since (2.3) treats p and z in a symmetric way,
it has the property of antisymmetry,

T(p,2) =T (2p),

and, obviously, it vanishes identically if p is a linear func-
tion of z.

(2.4)

This discretization can be rewritten in four algebraically
equivalent forms (i)—(iv):

(i) ”Diagonal” Jacobian:

—AzAs J(p,z) = 5 [(p2 — p3) (24 — 21) (2.5)

+(p1 = pa) (22 — 23)]
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(i) Horizontal (along-geopotential) differencing of p lin-
early interpolated or extrapolated within each vertical
column to a common level z,:

—Axds J(p,z) = A(pl — p¥) (2.6)

where
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2

is the area of trapezoidal element (z1, 23, 24, 22),

A=Az (2.7)
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3Here we follow notation of Song, 1998. Eq. (5) from Mellor
et al, 1994 becomes equivalent to (2.3) after it is recognized that
23 ) = H;oyp, in their notation.
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Figure 1. An elementary computational stencil of POM
density Jacobian.

and

2422 — 2321

(2.8)

Zx = ,
Z4 — 23+t 22— 21
which coincides with the level of intersection of diagonals
of trapezoidal element (Fig. 1). This choice of z, also has
the property,
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which implies that offsets from mid-level to z, are pro-
portional to grid-box height in each vertical column of p
locations. The possibility to rewrite (2.3) into (2.6)—(2.8)
indicates that, unlike stated in Mellor et al, 1994, 1998,
and Song, 1998, Jacobian formulation by itself does not
offer any relief from violation of hydrostatic consistency
condition ( Haney, 1991) when
24+ 23 — 290 — 21

= >1
24— 23+ 22— 21

. (2.10)
becomes greater than one and vertical interpolation of p
turns into extrapolation. However, this choice of z, de-
lays this moment as much as possible among all possible
schemes using the stencil shown on Fig. 1, since propor-
tionality (2.9) makes the transition from interpolation to
extrapolation occur at the same time for both left and
right vertical columns at p locations. (Any choice of z,
other than (2.8) would cause the transition to occur ear-
lier at one end.) Note that violation of the hydrostatic
consistency criterion (2.10) does not mean immediate hy-
drostatic instability because after vertical integration of



J (p, z) is performed, the overall PGF scheme retains pos-
itive definiteness in sense that the addition of a positive p
perturbation at any point on one side and above the ve-
locity point at which the PGF is evaluated always causes
an increment in PGF directed away from that side, as it
should be; instead it merely degrades the accuracy of the
scheme. Another consequence of (2.9) is the effect of can-
cellation of hydrostatic error if either zo = 23 or 21 = 24,
(cf., Mellor et al, 1998); in this case, z, is equal to com-
mon value of zo = 23 or z; = 24, and p interpolation to
z. becomes exact. This property is also obvious from the
diagonal form (2.5).

(iii) ”Pseudo-flux” form:

—AxAs J(p,z) = Fo1 + Fyg — Fyz — F31,  (2.11)
where
Py = ;LpQ (22 — 21)
Fyp = # (24 — 22) (2.12)
Fys = # (24 — 23)
Py = 0142-03 (23— 21)

are called fluxes because they are shared by two grid el-
ements adjacent either in horizontal or vertical direction.
This form is not equivalent to a true finite-volume flux
form (Lin, 1997), where the net force applied to a control
volume element around velocity point is expressed as sum
of P fluxes applied to all facets of the element; e.g., (2.11)—
(2.12) does not have property that summation of PGFs
applied to adjacent velocity elements can be expressed in
terms of integral along the outer surface enclosing all el-
ements included into summation. The rewriting of (2.3)
into (2.11) is a discrete analog of Green’s theorem,

/ J(p,z dxds-]( p(k,1)dl, (2.13)
or, more simply,
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where k is the unit vector pointing in positive z-direction
(upward) and 1 is unit vector along the contour of trape-
zoidal element. Eqgs. (2.11)—(2.12) can be viewed as trape-
zoidal rule approximation to (2.14), which leads to graph-
ical explanation of leading-order hydrostatic error second-
order Jacobian resulting from terms associated with sec-
ond vertical derivative of p (Fig. 2).

(iv) o-coordinate primitive form:

Figure 2. Explanation of appearance of hydrostatic er-
ror of second-order density-Jacobian scheme: Eqs (2.12)
assume that density is distributed linearly along each edge
of the trapezoidal element shown on the left. If) in con-
trast, density is a quadratic function of z shown as smooth
curve on the right, the trapezoidal segments do not coni-
cide with the true profile leading to a noncancellation er-
ror which appears as the difference between dark and light
shaded areas, which is the difference of areas left from the
solid and dashed thick lines respectively. (Note that er-
ror cancels out if zo = z3, despite the fact that there are
still errors of integral approximation along each side taken
separately.)

Since F5; and Fy3 involve points only within their re-
spective vertical columns and, since during vertical sum-
mation of J(p, z) cancellations occur such that only the
first and the last vertical fluxes are present in the resul-
tant expression for PGF, one can rearrange the order of
operation of vertical integration and horizontal differenc-
ing and evaluate P at all p; 5, locations first, using

N-1 pir +p
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2.1
2 (2.15)
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then
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This shows that density Jacobian is just a special form of
straightforward discretization of o-coordinate PGF that
naturally appears to be in the form of a P derivative along
a o surface and compensating hydrostatic term, which is
the product of p and coordinate slope?.

In (2.15) P; v is pressure in the middle of the topmost
grid box, where a special formula must be used (simi-

4A B-grid version of (2.15)-(2.16) appears in Gerdes, 1993, which
in effect brings that study into the framework discussed here.



larly, PGF at the topmost grid box cannot be computed
via regular Jacobian scheme because this would require
values of p above or at the surface that are not avail-
able). POM/SCRUM simply use the nearest available

value p; n,

Pn=gpin (G —2ziN) (2.17)

which is equivalent to the assumption that p is vertically
uniform within the topmost grid box. In terms of the
resultant PGF at the topmost grid box, this assumption
neglects the hydrostatic compensation term, effectively
neglecting the o-coordinate slope within the topmost grid
box. A more accurate treatment of the topmost grid box
is given by (A.21) in Appendix A.

Representation of (2.3) in pseudo-flux form (2.11)—
(2.12) and in o-coordinate primitive form opens the pos-
sibility to proof that a model which uses this PGF dis-
cretization and a second-order centered advection scheme
for the density equation is energetically consistent in the
sense that it conserves exactly the sum of discrete kinetic
and potential energy (Song & Wright, 1998). This prop-
erty is often invoked as useful for long-term stability of
integration. The practical usefulness of this property, as
well as the possibility to extend its proof to higher orders
of accuracy, will is discussed later.

3. Weighted Jacobian of Song (1998)

Song (1998) proposes replacing equal-weight vertical
averages in (2.3) with weighting according to

1
—AxAs J(p,z) = 5 [(ap1 + Bp2 — aps — Bpa)

X (22 —21 +24—23) (3.1)

—(p2 — p1 + pa — p3)
x (azy + Bz — azg — fBzy)]
where a and 3 = 1 — « are chosen from the condition that

the scheme is able to produce exact dynamic PGF at the

location
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if p is a bi-linear function of x and z. This choice results
inaz%—e,ﬂz%—ke,where

6:(Z4+23—22—21)(24—23—Z2+21)’ (3.3)
8 (24 — 2'3) (2,’2 — Zl)

which is (2.15) from Song, 1998, rewritten in our notation.

The weighting (3.1) destroys the antisymmetry prop-
erty (2.4) of the original Jacobian, as well as the possi-
bility to rewrite it into diagonal, pseudo-flux, and sigma-
coordinate primitive forms. Hence, it is no longer possible

P4

p3

P1e

Figure 3. Explanation of Weighted Jacobian of Song
(1998): at each side density is interpolated or extrapo-
lated linearly toward common level z¢, which is chosen
to be at the midlevel, after which the interpolated values
are differenced horizontally.

to prove energetic consistency in a manner similar to Song
& Wright, 1998. Also lost is the property of hydrostatic
error cancellation when z, = 23 or z; = z4. However, the
property of zero error if p is linear function of z is main-
tained. Examination of (3.3) reveals that the scheme is
equivalent to (2.6)—(2.8), when z, is replaced with z¢, the
derivation of which is evident from Fig. 3.

In retrospect one can conclude that the original equally-

weighted Jacobian evaluates the horizontal (along-geopotential)

p gradient exactly at level z,, which is the level of inter-
section of diagonals, if p is a bi-linear function of = and z.
Therefore, contrary to the claim of Song, 1998, weighted
Jacobian does not offer any theoretical advantage over
the standard Jacobian in the case where a more general p
perturbation is present; instead, these two schemes corre-
spond to just two ad hoc choices for the common level z,
(or z¢) to which p is interpolated before horizontal differ-
encing, and they both are exact in special cases described
above.

4. Sensitivity to Choice of z,: Seamount
Test Problem

One might guess that the difference between standard
and weighted Jacobians is minor, because it is nothing
more than a particular choice of the common level z,, and
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Figure 4. Vertical crossection of grid for the seamount
test problem. On the left half of the plot, elements where
hydrostatic consistency criterion is violated are shaded
according to their value of r, defined by (2.10), and color
scheme below (with corresponging values shown above
color bar). Shading on the right half of the plot shows
values of geometric parameter e defined by (3.3).

neither one has obvious advantage. It turns out that this
is not the case, and the choice of z, produces a significant
effect in practice. To illustrate this we set up a seamount
test problem and run test cases corresponding to different
choices of common level according to

2y = (1 =)z +72c, (4.1)

where v = {0, 0.1, 0.2, ... 0.9, 1}; if v = 0, the scheme
is equivalent to the original Jacobian, while if v = 1, it
becomes the weighted Jacobian. The seamount problem
set up is similar to that of Beckmann & Haidvogel, 1993,
Chu & Fan, 1997, Mellor et al, 1998, and Song, 1998, with
a few exceptions specified below.

The bottom topography is defined as

2 2
h(z,y) = Dy — H exp { z ;y } (4.2)
where Dy = 5000m is the depth far away from the
seamount; H = 4500m and L = 40 km are the seamount
height and width, respectively; and the model domain
is 320 x 320 km wide and has horizontal boundary con-
ditions of periodicity in x and walls in y. An f-plane

approximation is made with Coriolis frequency 10~% s~ 1.

The uniform horizontal grid resolution for the base case
is 48 x 48, implying 6.7 km grid spacing. The vertical
resolution for the base case is 11 non-uniformly spaced
o-levels generated by the transformation (Song & Haid-
vogel, 1994),

Z(x, Y, ‘7) = 0hmin + C(U) (h(;c, y) - hrnin) s (4-3)

where

sinh(fo) 1

1 [tanh[f(o +1/2)]
sinh() = 2

Clo) = (1-6) tanh(0,/2)

b -1/,
—1 < ¢ < 0 is discretized uniformly, and 6 and 6, are
two non-dimensional parameters controlling the vertical
coordinate stretching. In all calculations performed here
we use values 0 = 3, 0, = 0 and Ay, = 500m, which
results in violation of hydrostatic consistency (2.10) with
a maximum value

Pmax = 2.4 (4.4)

(this is comparable to, but somewhat smaller than that
used in Song, 1998, and Mellor et al, 1998). A vertical
cross-section of the grid and distributions of r, and geo-
metric parameter € defined by (3.3) are shown in Fig. 4.
Since € is well correlated with r,, it is naturally expected
that method of Song, 1998 deviates most from the original
Jacobian where 7, is the largest. Fig. 4 also shows that in
such places biases from equal weighting in (3.1) may be
significant, especially where vertical interpolation turns
into extrapolation. To examine further this correlation
we note that
e (u—2)— (22— 2)° _ AZ% — Az

= = 4.5
Ty 8 (24 — 23) (22 — 21) 8AzpAzr ' (4.5)

where Az, and Azgi are grid-box heights on the left and
right sides of the trapezoidal element. In the case of a sep-
arable o-coordinate, these two are proportional to total
depth D, hence

67D§_E—D%N1 DR—DL 1

= ~ = - 4.6
rn  8DpDL 2 Dp+D, 27 (4.6)

where the approximation is valid as long as Dr — D <
Dgr + Dy. The expression on the right is recognized as
the topographic-stiffness ratio (Beckmann & Haidvogel,
1993) which relates change in topography per horizon-
tal grid point to locally averaged depth. Since this ratio
proportionally decreases with increase of horizontal res-
olution and r, stays the same as long as refinements of
vertical and horizontal grids are proportional, one can see
that e decreases with grid refinement, which means that
coefficients of weighted Jacobian asymptotically converge
to that of the original one. This also means that in the
seamount experiments, extreme values of € occur on the
coarsest grid and decline with refinement.



The initial p profile is defined by

p(z) =3e*/", —h(z,y) <2 <0, (4.7)

where, as in the more oceanographically realistic study of
Beckmann & Haidvogel, 1997, we chose 6 = 500 m which
results in twice as steeper stratification of p in comparison
with previous idealized studies cited above. Eq. (4.7)
results in a Burger number,

o VI Xl (9.81-5x103 - 3/10%)"/? 31, (L8)
- fL - 10-4-40x 103 T

which is a typical midrange value among those used in
Beckmann & Haidvogel, 1993, Mellor et al, 1998.

A horizontal Laplacian viscosity is set to 50m?/s in
all calculations presented here. This value is chosen to
be comparable with that used in realistic simulations at
similar resolution, and it is 40 times smaller that reported
in Mellor et al, 1998, and 10 times smaller than in Song,
1998. Vertical viscosity, and horizontal and vertical dif-
fusivities for tracers are all set to zero.

Tracer advection (here for p) is discretized using mono-
tonized, fourth-order, centered scheme, i.e., in order to
compute advective flux at the velocity component loca-
tion w;, 1 ;, we use an interpolation scheme,

Pijk t Pit1,4.k 5Pi+1, ik 5Pi, ik
Pitl ik = ’ 5 - ’ 6 =L (49)

where dp; ; . is mean slope defined at the location of p; j
using a harmonic average,

20041 1 D01 ok

Bk = G (4.10)
if Ap; 1 and Ap; 1 ;4 have the same sign and
9k =0, (4.11)
if the signs are different, and
A0iy 1 5k = Pitljk — Pijk (4.12)

are elementary differences of p. Obviously, if (4.10) is
replaced with algebraic mean of Ap;, 1 ;. and dp; 1 ;.
then (4.9) becomes equivalent to a more familiar fourth-
order interpolation scheme,

P14k T TPk T P15k — Pit2,4k
pi+%,j,k - 12

(4.13)

The use of (4.10) guarantees that the averaged value of
slope never exceeds twice the smaller of the two adjacent
elementary differences. It also makes the interpolated
value Pit1 gk be always between p; ;1 and p;11 ;1 regard-
less of sharp changes in the slope of the interpolated field

(cf., van Leer, 1977). In places where the advected field
pi .k is sufficiently smooth, these consecutive differences
are comparable, and the difference between algebraic and
harmonic means disappears, making the scheme behave
like a fourth-order accurate scheme. In the next section
we will discuss the effect of using harmonic averaging in
more detail. The p advection used here is non-dissipative,
since neither explicit diffusion nor an upstream-biased ad-
vection scheme is used.

The present setup differs substantially from all similar
previous studies in two aspects:

e We do not subtract any background p(z) profile
when computing PGF; rather the full in situ p is
used.

e Our primary criterion in evaluating the results is not
the initial hydrostatic error, but rather long-term
behavior of the solution. Therefore we carry out all
our test runs to relatively large time of 6 months,
which is sufficient to ensure that there is no further
error growth (typically the duration of the test runs
was 5, 10, 20 and 30 days in the previous studies
cited here).

In our seamount experiment we compute time of his-
tories the following quantities:

kinetic energy,

1 2
Eiin = 2y Z [Avi+%7j7kui+%,j,k (4.14)
0,4,k
2
AEACRES WS I
barotropic kinetic energy fraction,
fbar = gbar/gkin 5 (415)

where &, is barotropic kinetic energy,

1 T 2 T 2
Ebar = oy Z [AVH%J“H%J + Avi7j+%vi,j+§} , (4.16)

%]

maximum velocity,

Vmaxzmax{ui+%7j7k, v¢7j+%7k} (4.17)
maximum barotropic velocity,
V= max {Ty g 52 Ty } o (4.18)



maximum baroclinic velocity,

IV — (V)] = max {UH%,M Ui (4.19)

Vij+ik — “m‘+%} :

(In (4.14)-(4.19) above AV, ; , AV and AV, 50
are control volumes of p and velocity component grid
boxes,

V="MW, (4.20)
k

75

is total volume of the domain,

N
_ 1 Z
AVH—%J k=1
1 N

Tigrs = S5 D Vi b Vi
i+ k=1

are barotropic velocity components, and

N
Tvi+%,j - Z Avi+%,j,k (4.22)
k=1

N
Wiy =D Wijiin
k=1

are barotropic control volumes.)

From our experiments we find four of these quantities,
Ein, foars Vinax, and [V — (V)| .., as the most informa-
tive, Fig. 5. Behavior of the remaining Epay and (V) max
qualitatively follow &y, and Vipax, hence we chose not to
report them. We might also report on the baroclinic part
of kinetic energy,

1 B 2
Even = v Z [Avi+%,j,k (Uz‘+§,j,k - ui+%,j) (4.23)
irjok

2
t W1k (Uz}jJr%Jv - Ei;jJr%) } v

but it is redundant with (4.14) and (4.16), since Epen =
gkin - gbar~

Since ideally the fluid should remain at rest, values
above zero should be interpreted as due to numerical er-
rors, Fig. 5 leads to the following observations:

e The overall level of error after long time exceeds by
at least one order of magnitude the initial hydro-
static PGF error (measured by holding the p field
at its initial state and then running the model in
a so-called diagnostic regime, resulting in velocity
field geostrophically balanced with spurious PGF).

e The long-term error is predominantly barotropic,
with 90% of total kinetic energy. Compared to
barotropic energy, the energy of the baroclinic com-
ponent (not shown) and maximum baroclinic ve-
locity error show lesser sensitivity to the choice of
z«. Furthermore, evolution of baroclinic error shows
evidence of advective compensation (Mellor et al,
1998), so that after initial growth it reaches a max-
imum and then relaxes to a smaller level. No such
compensation occurs for the barotropic error mea-
sures.

e The the results show a major sensitivity to the
choice of z,, with total velocity error differences
among the cases as much as factor of 4 and error
kinetic energy one order of magnitude.

e v = 0.5, which corresponds to the ”half-and-half”
blend of standard and weighted Jacobians, clearly
shows the optimum levels of error by all measures.

The first remark partially explains the fact that many
attempts to introduce better PGF schemes failed to pro-
duce a practically useful result: most of the effort was
spent in trying to improve accuracy of hydrostatic bal-
ance, while the error level in realistic simulations is con-
trolled primarily by the behavior of the whole model, in-
cluding not only PGF, but also tracer advection scheme,
forms of diffusivity, and viscosity operators.

This might suggest that the solution to the PGF error
dilemma lies in the consideration of energetic consistency,
which links the design of PGF discretization with the form
of advection scheme for tracers (Mesinger & Arakawa,
1976; Janjic, 1977; Arakawa & Suarez, 1983; Michailovich
& Janjic, 1986; and Song & Wright, 1998°). This consid-
eration appeals to the fact that in a stratified fluid p is re-
distributed predominantly by vertical velocity®, and since
vertical velocity is obtained from divergence of horizontal
velocities, which in turn is controlled by the horizontal
PGF, failure to obtain cancellation of potential and ki-
netic energy conversion terms (the ”omega-alpha” terms,
Janjic, 1977) for the discretized of p and momentum equa-
tions may cause computational instability. As the result,
the discrete computation of P from p is linked with verti-
cal interpolation of p to compute vertical advective fluxes.
This relation exists in any model, including those with a

5Song & Wright, 1998, contains proof of energetic, momentum,
and bottom torque consistency for the standard Jacobian only. No
such proof is available for the weighted Jacobian.

SIn the case of linearized momentum equations, the only mecha-
nism for changing p is due to interaction of background stratification
and vertical velocity. This is often the dominant mechanism in the
general case too.
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Figure 6. Time history of total energy &y, for Seamount
test problem on 96 x 96 x 22 grid (all conditions are the
same as on Fig. 5, except the grid resolution).

z-coordinate. However, in addition to that, due to co-
ordinate slopes in a o-model, there is a similar link be-
tween mid-point interpolations of p in along-o directions
in PGF and horizontal advection schemes (cf., (A.13) in
Appendix A). However, experience to date shows that in
practice an energetically consistent pair of PGF and ad-
vection schemes can be easily defeated in terms of error
level by an energetically non-consistent pair (e.g., Beck-
mann & Haidvogel, 1993, as well as experience reported
here). Another difficulty here is that analytical proof of
energetic consistency is possible only for relatively simple
schemes for advection and PGF, and for idealized linear
Equation of State of sea water.

The existence of vy corresponding to the minimal error
and optimality of the half-and-half blend is very striking,
especially after similar behavior was observed in different
model configurations (e.g., Fig. 6, where grid resolution
is doubled in comparison with Fig. 5, and v = 0.5 still
maintains its one-order-of-magnitude edge over v = 0 or
1). After discovering this phenomenon, practical oceanic
modelers did not waste any time in search for its expla-
nation before putting it to use, making it by far the most
heavily used PGF scheme in the SCRUM/ROMS” com-
munity. Yet, it has to be emphasized that this choice has
no mathematical foundation and is purely empirical in
its nature, for example there is no reason to expect that

TROMS — Regional Oceanic Modeling System.

11

v = 0.5 will be universally optimal for any combination
of stratification, bottom topography and grid resolution.

5. A Density-Jacobian with Monotonized
Cubic Polynomial Fits

Sensitivity to the choice of z, as well as considera-
tion of alternative forms of density Jacobian lead us to a
conclusion that all means to solve the o-coordinate PGF
problem, while staying within the second-order accurate
methods, have been exhausted without producing a de-
cisive result. In this section we seek an extension of the
Jacobian scheme to higher orders of accuracy. As shown
before, the original second-order Jacobian retains a high
degree of symmetry and can be equivalently represented
in several different forms. Since it is unlikely that a high-
order scheme would retain all these symmetries, different
versions may be derived depending which second-order
prototype is used as the starting point.

We find that a particularly attractive path is to start
with the pseudo-fluz form (2.11) stemming from Green’s
theorem (2.14). The proposed approach is based on cu-
bic polynomial reconstruction for z and p and subsequent
analytical integration. Therefore, our goal is to compute

K

where A is the shaded area in Fig. 7. This problem is
equivalent to computation of the contour integral,

dzdz, (5.1)

—%pdz =FX; 01+ FCii1 (5.2)
—FXi+1,k+§ - FCH%J@ J

which consists of four segments, two along the side facets,

Sikt1
FXipp1= / p% ds, (5.3)
Sik
and two along the upper and lower facets,
Sit1,k
FCiyu= [ rgede. (5.4)
ik

In both cases integrals are understood as line integrals and
(§,s) are the transformed curvilinear coordinates onto
which the physical coordinates (z, z) are mapped. In the
case where both p and z are approximated by segments of
linear functions, analytical integration of (5.3)—(5.4) leads
to (2.11.



Figure 7. Stencil for pressure-gradient scheme with cu-
bic polynomial fits. Bullets indicate p and z points in-

volved in computation of integral of g—fc” over shaded
Tz

area. Because cubic interpolation is used to reconstruct

coordinate lines, this appears to be a smooth version of
Fig. 1.

The next possibility is to use 4-point cubic Lagrange
polynomial fit for p, which passes exactly through points
Pik—1s Piks Pik+1, and p; g2 (2 is treated similarly), and
then integrate analytically between the points p;, and
Pi k41"

FEO = 10+ (g4 jOL L p0 )
where

A USRS JURSEY

FO=2 () -5 (1) 66

1O =S (fy =ty —fy+1y)

Here we introduce a local fractional coordinate & €
(—% ; +%) for the distance between the points. The coeffi-
cients (5.6) coincide with fourth-order approximations for
mid-point value f(©) and first derivative f(!) and second-
order approximations for the second f(?) and third deriva-
tives f®); this is sufficient to approximate the integral,

+
_ 0 _ L
[ 1= - 35, (57)

=
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with fourth order of accuracy. An obvious drawback of
this approach is that it is not guaranteed that the right-
side limit of the first derivative of the polynomial segment
used between points k£ and k+1 matches the left-side limit
of segment between k + 1 and k + 2 (since these polyno-
mials are obtained from different quartets of points). We
therefore abandon the requirement that the cubic polyno-
mial fit pass exactly through extreme points of its stencil,
and instead demand that derivatives at £ = :i:% are equal
to prescribed values d 1 (whose approximation will be
separately specified).
coefficients for (5.5),

This leads to an alternative set of

FO = fytily dy—dy
2 8
3 di+d_1
(1) e L - N 3
FO =2 (fy-1y) -2 (5.8)
f(2) =di—d_1
F® :6(d%+d %) —12(f% y )
It can be verified that (5.5)—(5.8) guarantees that
1 of
f <i§> = fuxy  and ¢ —ip dyy. (5.9)

Substitution of polynomial fits (5.5) for both p(¢£) and
z(€) into integrals (5.3)—(5.4) and integration yields

(1 N
dé /[ + e+ p® 3

m|>—A

3>£} [ 1)+z(2€+z3)§ ¢ (5.10)

1
_ L0, FORCEEINCNG
P to 24 Tl E

1
1 6o
o’ 7

(1) ,2) —p(2)z(3) +

1
320

127

which can be used in conjunction with either (5.6) or
(5.8).

After substitution of expressions for p(©®..p(3) and
21 .23 via (5.8), (5.10) becomes

+2 Lt
P-4
agdg B 2 (Z+% - Z—%)
-3
1 dz+21) + dz 1
—1—0{(d+2—d%) |:Z+%—Z 1 1 (5.11)
d+l +d7%
~ (g —dey) [pry = ey - g g



where
dp
1= —
2 85 E::t%

0z

d — .
+ 8§ g:j:%

and dzyp1 = (5.12)

The terms in curly brackets in (5.11) can be interpreted as
high-order correction to the trapezoidal integration rule
used in (2.11). The remarkable antisymmetry of these
terms stems from the property

+3
0z
agdf p+1z+l—p 12’7% / df, 513)

leading to exact antisymmetry of the discrete Jacobian,

j(p,z) =

now extended to potentially higher orders of accuracy.

~J(zp), (5.14)

The formulation of the PGF algorithm (5.2), (5.3),
(5.4), and (5.11) is now complete, with the exception that
application of (5.11) requires an estimate of derivatives
dy 1 and dzg 1. These can be computed, for example,
from the condition of continuity of the second derivatives
using cubic spline formalism, which leads to a tri-diagonal
problem

dj—l + 4dj + dj+1 = 3(fj+1 - fj—l) )

where j =1, ..., N is either horizontal or vertical grid in-
dex. This results in a compact fourth-order interpolation,
which is generally more accurate than conventional finite-
difference methods (McCalpin, 1994, Chu & Fan, 1997) as
long as the interpolated fields are sufficiently smooth on
the grid, but, as we will soon demonstrate, it is prone to
oscillations and is not robust if there are sudden changes
in gradient of the field from one grid interval to the next.
In the simplest case derivatives d +1are estimated as finite
differences,

(5.15)

e S s
B 2 N 2 ’

d, (5.16)

N

where

T=f -ty (5.17)
are the elementary differences on the left and right sides
from point f, 1. Substitution of (5.16) into (5.8) leads to

the same expressions for f(°) and £ as in (5.6), and con-
sequently the same integral approximation (5.7). How-
ever, f1) and f® are different; moreover, f() in (5.8)
using (5.16) approximates the first derivative with only
second-order accuracy, while £ is off by a factor of 3 in
comparison with the corresponding value from (5.6). Al-
though the polynomial fit defined by (5.5)—(5.16) already

and AJF = er% —f7%
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produces fourth-order accuracy, it has the disadvantage
of producing spurious oscillations if the grid values are
not smooth.

If alternatively to (5.16) we define

2AT A~

1 1
Ty ﬁ/[ﬁ*?} “arya O
as long as AT and A~ have the same sign, and
dy1 =0, (5.19)

if ATA™ < 0, then it is guaranteed that both d+% and

d_ %have the same sign as f+1 —f_%,and
‘d+% <2-min{‘f+%—f,% f+%}
(5.20)
‘df% <2omin{’f+%ff,% ,}f,%* ,g}

i.e., at least no more than 2 ’f+% — f_%‘ in both cases,
which is sufficient to prove that the first derivative of cubic

polynomial fit (5.5)—(5.8),

of

J®e
o€ 2

=fW 4 Ay~ (5.21)

maintains its sign to be the same as f+% —f7% throughout
the whole interval of £ within its area of definition,

of 1

1
1 — D =< E< 4. .
(frg =1 )35_ VE: -3 <E<+;. (5:22)
In its turn, it guarantees that
or VE - —§§§§+§, (5.23)

foy 2 £O) = fuy

regardless of the values f_ 3 and f 43 at the extreme
points of the stencil.

Another advantage of (5.18) over (5.16) is its ability
to ”absorb” nonuniformity of the grid without loss of ac-
curacy in a manner described in Treguier, et al, 1996.
Suppose that discretized field {py ,k =1, N} is defined at
locations {p , k = 1, N}, such that Az,ﬁ_% = Zpa1— 2k F
Az 1= 2k~ Zh-1- Then the second-order accurate ap-
proximation for dp/0z at location k is

Pk+1—Pk Pk—Pk—1
1 Az + Azk+% A 1

2 k+% r— 1

Az,
_ 2 (5.24
Azjyo + A2y 1 (5:24)

dp
0z

Z=Zk

which is derived by assuming a parabolic fit for p = p(z)
(such that it produces exact values of py_1, pr and pgy1



in their respective locations), analytically differentiating,
and substituting z = z;. Since

9p Ip/0s| s,
- = ' 5% 2
0z|,_,, 02/0s|_,, ’ (5.25)
(5.16) leads to
dp (Pe+1 — pi) + (P — pr—1)
- = 2
0z z=2k Azk+% + Azkfé 7 (5 6)

which is only first-order accurate because it evaluates the
derivative at the location (zx4+1 + 2x—1) /2 rather than the
desired zj. Similarly, (5.25) in conjunction with (5.18)
leads to

_ Loy 1 Dpy 1 (Azk+% + Azk—%)
2=z (Akar% + Apkfé) Arjy1 g1

@
0z

. (5.27)

where Azy 1 and Aoy 1 = pry1 — pr are elementary
differences of z and p respectively. For the purpose of
analysis of (5.27) we assume that field p = p(z) is locally
represented as the sum of linear background and small
perturbation,

p(2) = az+p'(2), (5.28)

and prove that under such conditions (5.27) agrees with
(5.24) within second-order accuracy.

Substitution of (5.28) into (5.24) yields

] I T Tl S = P
0z z=zp Azk*% + Azk+% 7
where we have introduced
MYiss Py — 1
opl 1 = 2 —Thel Tk (5.30)
" Argys Azpp s
Substitution of (5.28) into (5.27) yields
Op D Azk+%Ap;c—% + Azk—%Ap;er%
0z z=zp Azk-i-%Azk—%
A 1 A0 1
+% (5.31)
Aot 5 k-3

/ /
/ 14 Akar% + Apm%
o (Aoppy + 2 y)
so far without any approximation. Now we assume that

the second term in square brackets is much smaller than
the preceding 1 and apply a Taylor expansion,

)

—=1l—-a+a2*—..,

5.32
1+ ( )
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retaining only linear terms with respect to Ap':

92|

Zk

=a+ 8p;€_% + 6p;€+%
0Py y Aoty + 0Py Aoy
Mgy + Aoy

I~
‘o ((%) ) |
@
which then can be easily transformed into (5.29). In its
turn, this verifies that harmonic averaging of elementary
differences (5.18) results in second-order accurate evalu-
ation of the first derivative on a nonuniform grid as long
as the approximated function is smooth in the sense that

change of its first derivative within two consecutive un-
equal grid intervals is small relative to the derivative itself.

Cubic spline (5.15), algebraic (5.16), and harmonic
(5.18) averaging require boundary conditions for the in-
terpolated fields, since their respective formulas cannot
be applied near the boundaries directly. These bound-
ary conditions arise from the need to use an extended
stencil (in comparison with basic second-order schemes)
and are essentially artificial; this is a common problem
for high-order discretizations. In principle, these bound-
ary conditions can be avoided by shortening the stencil
near the boundary, which is equivalent to lowering the or-
der of accuracy there. Lateral boundaries present some-
what lesser difficulty since one often applies Neumann
(no-normal-gradient) conditions to the elementary differ-
ences p;y1.5.k — Pi,j,k on the coast line, which are typically
implemented via an appropriate masking rules for a coast
line of arbitrary shape. These boundary conditions are
physically justifiable even in a stratified case, if it is im-
plied that the corresponding differences 241 5k — 2ijk
also vanish, hence differencing of p is horizontal, and
no-normal-gradient is physically consistent with no-flux
lateral boundary conditions for heat and salt. Vertical
boundaries are more difficult to treat, especially near the
bottom, because grid resolution is often coarse, and phys-
ically justifiable conditions are elusive. In this case an
extrapolation rule must be used near the boundary.

e Neumann: df/ds = 0 at locations corresponding to
SN4L and S1, i.e., on the physical boundaries of the
domain, which are at half-intervals outside fy and
f1, respectively,

dy = g (fv — fnv=1) — %del (5.34)
di=¢ (i)~ 1z (5.35)



e Linear extrapolation: 9%f/9s%2 = 0 at locations of

fn and f1),
3 1
dn = 3 (fv — fn-1) — §dN71 (5.36)
d= 3 (f2 = ) -~ i, (537)

where we have assumed that all quantities on the
r.h.s. are known.

The use of (5.34)—(5.35) is justified only if Neumann
boundary conditions are physically justified; otherwise,
the use of (5.34)—(5.35) can be interpreted as formal re-
duction of order of accuracy (to the first order) near the
boundary. Similarly, (5.36)—(5.37) is equivalent to as-
sumption of a linear distribution of the interpolated field
within the grid box adjacent to the boundary, which is for-
mally second-order accurate. In principle, formally more
accurate extrapolation formulas can be derived; how-
ever, according to our practical experience, going beyond
second-order accuracy near the boundary makes the resul-
tant algorithm extremely non-robust in the case of coarse
resolution. Note that harmonic averaging (5.18) guaran-
tees that

ldn-a| <2[fn = fn-1l (5.38)

and that dy_1 has the same sign as fy — fy—1. Therefore
(5.36) guarantees that (i) dy always maintains the same
sign as both fy — fy_1 and dy_1, and (%) d does not ex-
ceed % (fnv — fn—1), regardless of non-smoothness of grid
data within the three points adjacent to the boundary.

Fig. 8 compares density profiles p(z) reconstructed by
the three interpolation methods discussed here for the
case of step-like profile. As expected, on a hydrostati-
cally inconsistent grid, interpolation along o-slope results
in greater vertical distances between grid points (Fig. 8,
second column), making it more difficult for the interpo-
lation scheme. As the result, spline and algebraic averag-
ing tend to oscillate, while harmonic averaging produces
a robust (though not very accurate) monotonic profile.

Density-Jacobian Algorithm

We summarize the proposed algorithm® as the follow-
ing sequence:

e Compute and store in provisional arrays elementary ver-
tical differences of ApiﬁkJr% = Pik+1 — Pik and Azi1k+% =
Zikt1 — 2 forall k=1, ..., N —1.

8This algorithm is known as prsgrd32.F in the ROMS code.
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Figure 8. Comparison of three interpolation methods for
a step-like profile: upper row — both z and p are inter-
polated as functions of s or £ using cubic spline (5.15);
black dots correspond to the actual data points; solid
curves represent interpolated profiles, and dashed — the
exact profiles. middle row — local cubic polynomial
based on algebraic averaging of elementary differences
(5.16). bottom row — using harmonic averaging (5.18).
Left column — interpolation in vertical direction; right
column — interpolation along o-slope across the location
of extreme r, on Fig. 4 resulting in a more concentrated
placement of points near the bottom, where o-surfaces
tend to be more horizontal, but effectively coarser reso-
lution near the thermocline; the uppermost data pont on
the profile corresponds to the horizontal location above
the top of Seamount.



e Compute d; ; and dz;j, which are harmonic averages
of Ap;j1 and Az, ;.1 respectively, using (5.18) for all
k=2, .. N—1.

e Apply boundary conditions at top and bottom to d and
dz using an appropriate extrapolation rule, say (5.36)—
(5.37). (Once computation d and dz is complete, provi-
sional variables Ap and Az are no longer needed and may
be discarded).

e At the upper half of top-most grid box, compute and
store in a provisional array,

1 Pi,N — Pi,N—1
2 (G = zin) 2N — Zi,N—1
x (G — zi,n)

FX;Niy = |pin+

(derived from the assumption of a linear profile for p
within the upper half of the top-most grid box), after
which compute and store

(§:8)i,k+1 8
z i + pi
FXipr1 = p%ds = % (Zikt1 — 2ik)
(&:8)i,k
1 dzi g1+ dz
——q(d; —d; i — Rk T
1o | ikt = di) [z 1 = Zik D

—~

dijv1 + di,k] }

dzip+1 — dzi k) [Pi,k+1 — Pik — 5

for k=1, .., N—1. (Once all FXs are computed, d and
dz may be discarded).

e Compute and store elementary differences along o-
coordinates, A’pH%’k = piv1.k — pik and A'zi+%7k =
Zit1,k — Zik- Apply masking rules to them similar to
rules for horizontal velocity components;

e Compute d;,k and dzl"’k,7 which are harmonic averages
of Api1y and Az respectively using (5.18). (Once
this step is performed, discard A’p and A’z.)

e Compute and store

(Egs)i+1,k 8
“ Pit1,k + Pik
i = pa_ﬁdg B % (Zit1,k — Zik)
(£7S)i,k
: dZEJrl k + dZ; k
10 {( ;+1>k - d;k) {ZiJrl,k —Zik — T}

d; +d;
- (dzg+1,k - dz;,k) |:Pi+1,k — Pik — %] }

foral k=1, ..., N.

e Finally, assuming that Fci+%7N+1 = 0, compute

—AT iy ks =X g r F FC 1
_FXi+1,k+% - FCi+%,ka

and perform its vertical integration

or
Ox

N
] =9 ATiiipyy,  (5:39)
#itgk K’

forallk = N,N—1, ..., 1 (starting from top and proceed-
ing downward), after which all F'X's and F'Cs may be dis-
carded. (Since sums in (5.39) for different k£ can be com-
puted recursively, there is no need to store AJ; +ikty in
a temporary array.)

Sigma-coordinate Primitive Form

As with the second-order Jacobian, this algorithm can
be algebraically transformed into a o-Coordinate primi-
tive form which resembles (1.1). This implies that the
P, i, field is computed first at all p; , points by means of
vertical integration?,

Pin=g [Pi,N +3 (Ci — zi,N) M}
ZiN — Zi,N—1
x (G — ziN)

and

Pik+1 + Pik (

Pr=PFPr+yg Zi k1 — Zik)

2
g dZ“k + dzi,k
1 {(di,kH — dix) {Zi,kﬂ T Rk HT]
di k + dz k
_ (dZi,k-i-l — dzi7k) [pi,kﬂ — Pik — “T} }

for all k = N —1, ..., 1 going downward, after which
oP
Ox

} =FPr—Piir—9- FCi+%,k ,(5.40)
zditd kK

where F'C; 1 . is computed the same way as in the pre-
vious section.

Note that FC;, 1 ; has obvious similarity with the sec-
ond term in the r.h.s. of (1.6), and within second-order
accuracy it is interpreted simply as the product of p and
local slope of o-coordinate. The more accurate fourth-
order scheme (5.40) computes F'C; 1 ;. as the integral of
the last term in (1.6) along the lower facet of curvilinear
trapezoidal element shown as the shaded area in Fig. 7.
Although it produces a result algebraically identical to the

9This algorithm is known as prsgrd32A.F in the ROMS code
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Cubic H — method described in the

previous section using (5.11) as integration rule with harmonic averaging of elementary slopes by (5.18); Cubic A —

half” blend of standard and weighted Jacobians; Lin97— Lin’s, 1997 finite-volume
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method (pressure Jacobian scheme). Note that maximum velocity error Vi,ax is outside the plotted range for Lin97.

H, but harmonic averaging is replaced with algebraic mean (5.16); POM — POM scheme (same as

0.5 — optimum ”half-and

0); v

Figure 9. Same as Fig. 5, but for a different set of pressure-gradient schemes.

the same as Cubic

~



algorithm described in the previous section, the present
form offers some technical advantages by eliminating the
need to store F'C;, 1k in provisional arrays, since no dif-
ferencing of FCs is present in (5.40). This results in a
more compact code overall.

6. Further Seamount Tests

Fig. 9 shows time histories of all six error measures
defined above in a format similar to Fig. 5. Among
the previously tested schemes we retain for comparison
are the original v = 0 (labeled as POM), the optimal
density-Jacobian with v = 0.5, and the Lin, 1997, finite-
volume method. We include two versions of our pro-
posed schemes, one using harmonic averaging of elemen-
tary slopes (labeled Cubic H on Fig. 9) and one using
algebraic averaging (labeled Cubic A). At coarse resolu-
tion Cubic H shows the lowest error by all measures with a
substantial edge. At the same time, Cubic A and v = 0.5
results are comparable, consistent with the previous ex-
perience that straightforward attempts to increase the or-
der of accuracy of the scheme do not produce any actual
gain in accuracy under realistic simulation conditions like
those in the present test problem. Note that the vertical
grid spacing on Fig. 4 reaches 1200m near the bottom,
which exceeds the e-folding scale of 500m for the initial
p(z) in (4.7); similarly, in places with extreme values of
ry = 2.4, the vertical distance between consecutive grid
points along o-coordinate lines may reach 800m. In both
cases the consecutive differences of p in (5.16) may be dif-
ferent by more than a factor of three, which unavoidably
causes oscillation of cubic interpolant and a correspond-
ing increase of error of the PGF scheme. In contrast to
Cubic A, harmonic slope averaging (5.18) used by Cubic
H effectively suppresses oscillations, resulting in smallest
error on the coarse grid.

In comparison with v = 0 and v = 0.5, Cubic H and
Cubic A produce somewhat smaller error in the barotropic
mode relative to total kinetic energy (cf., panels Evay /Exin
and (V) max, especially in the fine resolution case where
Ebar/Exin falls below 40%). This is encouraging because
erroneous barotropic flow does not have tendency to de-
crease due to advective compensation mechanism (Mellor
et al, 1998), which makes it potentially more dangerous
type of error in comparison with the baroclinic one.

Our results for improved PGF accuracy invite com-
parisons with the previously published ones (Beckmann
& Haidvogel, 1993,1997; McCalpin, 1994; Chu & Fan,
1997, 1998; Mellor et al, 1998; Song, 1998). Doing so,
however, is difficult because despite the similarity of the
problem set up, crucial differences remain, and we find
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that the results are highly sensitive to values and forms
of viscous operators used, topographic roughness param-
eters rp (4.6), differences in vertical grid stretching re-
sulting in different extreme values of r, (2.10), many of
which are not reported in the original papers. Producing
such a comprehensive comparison is beyond the scope of
this study, and we just restrict ourselves here to demon-
strating the sensitivity of the velocity error to the value
of the horizontal viscosity; see Fig 10, where in all cases
we use the Cubic H PGF scheme. As expected, increase
of horizontal viscosity results in the decrease of erroneous
velocity amplitude; however most of the sensitivity occurs
at early times, where the error can be easily reduced by
an order of magnitude by choosing viscosity well within
the range of that is reported in the literature cited above.
Long-term error exhibits a somewhat weaker sensitivity,
and increasing viscosity does not decrease the error as
much as at early times. We believe that this is partly
attributable to the form of discretized viscous operator,
which itself can produces spurious currents. (In all com-
putations presented here we used a lateral viscous oper-
ator in form of symmetric stress tensor, Shchepetkin &
O’Brien, 1996, which is also similar to that of POM, but
not of Beckmann & Haidvogel, 1993,1997, and McCalpin,
1994.)

In all cases the levels of energy are at least one order of
magnitude higher than that of geostrophically balanced
flow caused by the hydrostatic error produced by initial
p field, which supports a primarily dynamic cause for the
errors shown in Figs. 5 and 9.

7. Effect of Seawater Compressibility

Most previously known PGF schemes, including stan-
dard and weighted Jacobians, Lin 97, etc, are linear algo-
rithms in the sense that an additive change to a given set
of density values {pi} causes an additive change in the
reconstructed profile P [px] and the pressure gradient,

8_7? [pz(‘,lj),k}
1)

ox
where { Pi; k} and { pEQJ) k} are two arbitrary sets of grid-

(€]

oP )
. [Pi,j,k

+ pm',k} = T 5

0
o |

2
pz(',j),k:| ’ (71)

box values. This property is a basis for the common prac-
tice in o-modeling of subtracting a predefined background
stratification from in situ p in order to reduce PGF er-
rors. However, the property (7.1) is no longer valid for
algorithms which use monotonicity constraints, such as
(5.18), and, as we will see, adding or subtracting an ar-
bitrary background p profile may significantly degrade
the accuracy of computation of PGF. Nonlinear mono-
tonicity constraints usually detect and prevent situations
where the derivatives of the reconstructed interpolants



1075
/=50
V= 4ﬁaoo

IS T u$1600

:,‘ A i ’w K{Fﬁ‘ﬁ
: :w

Diagrjostic

i t.days
T
180

T T
90 150

Figure 10. Sensitivity of &y, to viscosity. Labels v =
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viscosity in m?/s. Diagnostic — in this test run density
field was kept constant, resulting in flow geostrophically
balanced with spurious pressure gradient. This error level
provides comparative measure of the error in hydrostatic
balance for the initial density field. Grid resolution is
48 x 48 x 11.

have the opposite sign to the difference of the nearest
adjacent grid-point values. Taking into account the com-
pressibility of seawater causes difficulty because the only
physically meaningful principle of monotonicity here is
positive gravitational stability of a stratified fluid, which
is not equivalent to maintaining the sign of the derivative
of the reconstructed in situ p profile.

The Equation of State (EOS) for seawater, e.g., Millero
et al, 1980, is usually written as

=p(T,S,P), (7.2)
where p, T, S and P are in situ density, temperature,
salinity, and pressure respectively. This equation was re-
formulated by Mellor 1991, Jackett & McDougall, 1995, to
allow input of potential temperature, salinity, and depth
instead of P,

p= p(e,S, Z), (73)

which is more suitable for use in oceanic models because
potential temperature (not in situ temperature) and salin-
ity are the advectively conserved quantities. Replacement
of in situ P by depth effectively neglects the effects of
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baroclinicity due to compressibility in computation of p
by replacing g [ pdz with gpoz. The resultant difference
is formally within the accuracy of the Boussinesq approx-
imation and is acceptably small for any realistic oceano-
graphic situation. In the case of an incompressible EOS,

=p(0,S), (7.4)

the monotonicity constraint of the reconstruction algo-
rithm guarantees that if all differences,

— p (041, Sk41) >0,
k=1,..,N-1

Pk — Prt1 = p (Ok, Sk) (7.5)

are positive, then the reconstructed profile is also every-
where positively stratified. This can no longer be guar-
anteed if EOS includes compressibility. The discretized
(7.3) is

Pk = p(9k75k,zk) k= ].7 ...,N, (76)

while the compressible analog of the stability condition
(7.5) translates into

p(9k7Sk,zk+%) —p(@kH,SkJrhszr%) >0, (7.7)

k=1,..,N-1,

where differencing is performed in an adiabatic fash-
ion, since p (Hk, Sk,szr%) and p <9k+1, Skt1, zk+%) are
brought to the common level of z; 1 which in the sim-

plest case is equal to % (zk + zk+1). Because of this fea-
ture (7.7) is not equivalent to just

Pk —Pr+1 >0, k=1,...,N-1 (7.8)

where py are computed by (7.6). In fact, because of com-
pressibility,

Pk — Pit1 > P <9k»5k72k+%) —p (9k+175k+172k+%> ,

there is the possibility that the r.h.s. can become negative
while the L.h.s. remains positive.

To address this problem we decompose the EOS (cf.,
Jackett & McDougall, 1995),

pl(ea S)

T 142/K(0,5,2)’ (7.9)

where p;1(0,5) is the density at the pressure of 1 atmo-
sphere (i.e., z 0) and K(6,S5,2) is the bulk secant
modulus, which takes compressibility into account. Both
p1(0,5) and K(0,S, z) are approximated by polynomial
fitsof , S, /2, and z. Furthermore, (7.9) may be rewrit-
ten as

po + p1(0,5)
1+2z/(Ko+ K'(6,8,2))’

p= (7.10)
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where py and K are the leading-order, constant terms
in the original polynomial fits for p;(6,5) and K (6, S, z).
Since p} (6,5, 2) < po = 999.84 kg/m? and K'(6,S,z2) <
K 190925 m, as well as z <« Kj for any reasonable
depth within the range of 0-11000 m, one can expand

(7.10) in a Taylor series,
2
=) +
().

z
+p {1—+...]+
P1 Ko

K/ K/ 2
Lo [i ﬂ+}

Ky | Ko K?

The first term on the second line is the usual baroclinic p
perturbation, while the first term on the third line is the
leading-order contribution to PGF due to the joint effect
of compressibility and baroclinicity (commonly known as
thermobaricity). All terms on the first line depend on z
only, and, therefore, they should not contribute to PGF;
however, as we will demonstrate, they turn out to be a
major source of PGF error in ¢ models. In principle,
both second-order Jacobian and our new scheme produce
zero error, if density is a linear function of z (such as the
leading term on the first line of (7.11)), but the remain-
ing terms are nonlinear and their polynomial fits are not
exact, resulting in nonzero PGF error.

+

z
p=po|l——+
-

(7.11)
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To illustrate the severity of the problem we set up a
Seamount test problem in which temperature and salin-
ity are set to be uniform, § = 4°C and S = 339/,
and p is computed using the full EOS (7.9); thus, p is a
function of z only and varies only due to compressibility.
The results are shown on Fig. 11, in a format similar
to Fig. 5. The overall level of errors is comparable with
that on Figs. 5-9 for similar algorithms and resolutions,
with some qualitative differences in spatial distributions
and temporal behavior of this new type of error, result-
ing in a maximum erroneous velocity of 2 and 5 cm/s
for coarse-resolution implementations of the v = 0.5 and
Cubic H schemes, respectively. This indicates that the in-
clusion of compressibility in the straightforward way most
likely causes more inaccuracy in the velocity field due to
o-coordinate PGF errors than the inaccuracy caused by
unphysically neglecting compressibility effects altogether
(i.e., using just p;1(6,S) instead of p(6,S,z) from (7.9)
for the purpose of PGF computation). The problem is
further aggravated by the fact that there is no advective
compensation mechanism, cf., Mellor et al, 1994, for this
kind of error, resulting in an erroneous velocity field deter-
mined purely from geostrophic balance with hydrostatic
PGF error generated by nonlinear terms on the first line
of (7.11). If the Coriolis frequency is set to zero (as on
the Equator), there is nothing to balance the erroneous
PGF and the model becomes unstable. Unlike the case of
Fig. 5, now we do not observe any significant sensitivity



to the choice of reference level z, (see (4.1), nor do we see
any significant growth of energy of the barotropic mode.

To cure this problem, one must somehow exclude the
large terms in (7.11), which are functions of z only, cf.,
Mellor et al, 1994, Dukowicz, 2001. Thus, within the ac-
curacy of the Boussinesq approximation and for the pur-
pose of PGF computation, we therefore can use a simpli-
fied equation of state,

poK' (6,5, z2) 2

p:pll(975)+ Kg )

(7.12)
which still retains a nonlinear dependency of p on T" and
S. Alternatively, one may subtract

Po

=155 (7.13)

Pbak(z)

from (7.10), which, after cancellation of all large terms
yields,
_ P (Ko + K') (Ko +2) + poK' - 2
(Ko+ K'+2) (Ko + 2)

, (7.14)

which can be used as an alternative to (7.10) without any
EOS approximation at all. Furthermore, one can absorb
further leading terms depending only from z into Ky in
(7.13), Ko = (()0) + Kél)z + KSQ)zz, which produces an
even more accurate cancellation of the vertical p gradient
due solely to compressibility.

A p field computed by (7.12) or (7.14) can be consid-
ered to be the dynamically relevant density, since it re-
tains only terms which have a nontrivial contribution to
the PGF. In both cases an effort has been made to remove
the dominant terms which cause the distinction between
adiabatic (7.7) and in situ (7.8) p gradients, and there-
fore they are more appropriate for use in a monotonicity-
preserving reconstruction algorithm. To demonstrate the
practical consequences of replacing (7.10) with (7.12) and
(7.14), we compute p using the realistic data shown on the
left in Fig. 12 using incompressible EOS (7.4) and three
different versions for treatment of compressibility, (7.9),
7.12), and (7.14). In this example the vertical gradient of
in situ p is at least one order of magnitude greater than
the adiabatic gradient below z=500 m depth. Although
reasonably close in the upper 500 m, vertical derivatives
of the newly introduced quantities may differ significantly
from the desired adiabatic derivative in the abyssal part
and may even have a different sign, which makes them
unsuitable for the use in a monotonicity-preserving re-
construction algorithm®C,

10The fact that it is impossible to define a field whose spatial
derivatives are equivalent to adiabatic derivatives of in situ p (i.e.,
a globally defined potential density) is discussed in Jackett & Mec-
Dougall, 1995. They show that ”potential density” may be defined
only locally in the context of adiabatic differentiation.
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The fundamental limitation of the techniques described
thus far is that they rely upon additive cancellation of er-
rors by subtracting an a priori chosen function of z from
p, which is assumed to be close enough to the actual in
situ p. Hence, errors may be reduced significantly but not
eliminated completely, and the whole approach remains
too sensitive to the choice of global parameters such as
00, Ko (which implicitly depend on globally chosen refer-
ence values for potential temperature and salinity). We
therefore are motivated to develop a new EOS represen-
tation which does not rely on such cancellation. To do
this, we first note that

05| oo 0l op| 95| oy
Ox . 00lg, Ox|, 0S|, Oz|,
which translates into
T (p,z) =—aT(0,z)+ BT (S,z) , (7.16)
where
a(8,S,P)=— % . 89,8, P)=+ g—g . (7.17)

are thermal expansion and saline contraction coefficients
defined (by EOS) in the usual thermodynamical sense,
and P = gpgz is hydrostatic pressure. Eq. (7.16) has an
advantage over computing in situ p via EOS and then us-
ing it to compute J (p, z) because the nonlinearity of EOS
(associated with nonlinear 8- and S-dependency as well
as with compressibility) no longer contributes to errors
of hydrostatic balance in the discretized Jacobian. FEq.
(7.16) generates no erroneous flow if § and S are spatially
uniform (e.g., as in Fig. 11.

The remaining problem with (7.16) is the fact that it
does not prevent spurious oscillations of the interpolated
potential density, even if a non-oscillatory algorithm is
used to interpolate # and S'!. And it almost doubles the
computational cost, because two Jacobians are required.
To address the first issue and to mitigate the cost, we note
that the flux-difference algorithm (2.11) along with a cu-
bic polynomial fit (5.11) and harmonic averaging (5.18)
can be expressed entirely in terms of elementary differ-
ences of p,

di k4l = Pik+1 = Pik (7.18)

and similar differences of p values adjacent in the horizon-
tal (along-o, with indices ¢ + 1,k and 7, k) and diagonal

11 This may occur, for example, if gradients of # and S tend to
cancel each other in the sense of V0 — BVS =~ 0, so that a non-
oscillatory interpolation algorithm applied to 6 and S separately
does not ”feel” the non-smoothness of potential density field in a
situation where consecutive differences are much larger for 6 and S
than for potential density.
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Figure 12. Left — An example of typical measured profiles of in situ temperature, salinity, and potential density (with
the effect of compressibility removed and pg = 1000 subtracted). These profiles are measured within CalCOFI domain
off the California coast. Courtesy of John Moisan. Middle — Effect of compressibility in different versions of EOS: thick
solid line — p1 — density with effects of compressibility removed (this is the same profile on the left); thin solid line — p —
density in situ using full nonlinear EOS (7.9); dotted line — simplified EOS (7.12)with linearized compressibility effect;
dashed line — dynamically relevant density p — ppax defined by (7.14). Right — Vertical derivatives of the corresponding
profiles in the middle computed using simple finite differences for all cases, except for in situ density p (thin solid line),
where adiabatic differencing (7.7)is used instead. Note stepped horizontal scale.

(i+1,k+1 and i, k) directions. This is evident from the
fact that all terms in curly brackets in (5.11) already de-
pend only on such differences, and any combination of the
preceding terms—the second-order fluxes (2.12)—can be
rewritten into the diagonal Jacobian (2.5), which contains
only simple diagonal differences but no midpoint averages.
Then (7.16) can be discretized by replacing elementary p
differences with adiabatic differences,
df,fl% = [pikt1 = Pik)laq
_ Qikt1 T Qg

2 [9“@“ — 91‘)/@] (7.19)
i + 0i
+M [Si k1 — Sik]

which are harmonically averaged in a manner of (5.18),
hence enforcing the non-oscillatory property of the cubic
interpolant (5.11) and maintaining the sign of the strati-
fication.

The algorithm just described by-passes computation of
p completely at the expense of the need to compute two
fields, o and (3 as functions of 4, S, and z. Although it
does not involve any approximation to EOS, the passive
compressibility terms, cf., (7.11), are ”differentiated out”
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at the stage of replacing pinsitu With a and 3. The com-
putational cost is still very high, in part because of extra
work the modified PGF algorithm due to replacement of
elementary p differences with adiabatic ones via (7.19),
and, more significantly, in the EOS part, where the cost
is doubled because both a and ( are approximately as
expensive as pi,sity- 1 herefore, we seek practical simpli-
fications that efficiently capture the dynamical effects of
compressible EOS. We first note that (7.10) can be ap-
proximated by an expansion (cf., Sun, 1999),

Mmax

p(@,S,Z):p/l (H,S)Jr an(ﬂ,S)-Zn,

n=1

(7.20)

with, in principle, an arbitrary accuracy, depending on
the value of nyax, and (7.12) can be viewed as the sim-
plest truncation with ny,.. = 1. A detailed assessment
of the accuracy of this truncation relevant to the PGF
computation—i.e., the ability to produce accurate o and
([B—is given in Appendix B. We furthermore note that for
each n taken separately,

O 0 920
_ Yn 002 20200 _
= 852 o5 z 9€ s =z j(Qnyz)a



hence,

T(p(8,5,2), z) =T (p} (6,5), 2) (7.22)

Mmax

+Y) 2" T(a(6,9), 2),

which can be used as an alternative to (7.16) or to the
straightforward computation of PGF from in situ p. On
the other hand,

Zn+1

n+ 1> ’
so instead of first computing in situ p [or any substitute
quantity for it in the framework of (7.12)—(7.14)] and then
using it for computation of horizontal p gradient, we can

directly compute the contribution from each individual g,

term in j(p(@, S, z), z)

T () =T <qn, (7.23)

A remarkable consequence of (7.23) in the case n =1
is that a linear combination of discrete Jacobians,

1
T (2, 2) = g{J(qw,Z) +J (ql7z2)}7 (7.24)
vanishes identically if ¢; itself is a linear function of z,
even if both Jacobians in the r.h.s. fail to vanish if taken
separately. This leads to a replacement of pseudo-fluxes

(2.12) with'?
} (z// _ Z/) ,

o {p’l’ + 0

2
where prime and double prime stand for the correspond-
ing pairs of indices 21, 42, 43, and 31 in (2.12). The
resulting scheme produces no PGF error, not only if p is
a linear function of z (as in the case of second-order Ja-
cobian), but also if ¢; is linear in z, hence in situ density
p1 + q1z is quadratic in z, even though we use the same
2 x 2-point stencil of the second-order scheme. This prop-
erty is especially valuable since most of the PGF errors
associated with compressibility occur in the abyss, where
one cannot rely solely on the order of accuracy of the PGF
scheme because the vertical resolution is typically quite
coarse there.

22"+ 2 227
1 /
+q 6 h—

We now describe modifications to the Cubic H algo-
rithm in the case of compressible EOS (7.20) that prevent
spurious negative stratification due to oscillation of cubic
polynomial fits for p. For the sake of simplicity and com-
putational efficiency we restrict ourselves to the choice of

12 An identical result may be obtained by analytical integration of
quadratic fit [¢’ (2" — 2z) + ¢" (2 — 2’)] 2/ (2" — 2’) over the interval
from 2’ to 2.
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Nmax = 1.1% To illustrate the practical accuracy of of this
choice, we note that the adiabatic derivative of (7.20) (cf.,
(7.7)) with respect to transformed coordinate s (similarly

&) is

0p (6,8, z)
Js

Mmax

>

n=1

_9p (0,5)

n00n (0,5)
s z P (7.25)

0

ad

where the contribution of all terms under summation is
expected to be much smaller than the leading term on
the r.h.s.. This is manifested by the fact that these terms
are responsible for the difference between the thick and
thin solid lines in the right panel of Fig. 12, and these
two lines are very close to each other. This leads to the
approximation of adiabatic differences (7.19) with

Zik+1 1 Zik

d
d) | = Plikir — Prig + 5

ik+3 (qu,k+1 - (Iu,k)

which in turn can be used to estimate in situ p derivatives
at the non-staggered locations,

(ad)

2d! d@d

ap ik+3 Vik—1 0z
- = N N + qli,k - s (726)
Os ik d;:}r% —&-d;:z% s ik

which are needed by (5.11) in order to compute pseudo-
fluxes using cubic polynomial fits. The first r.h.s. term
is harmonically averaged adiabatic differences of p. As in

the case of (5.18)—(5.19), this term is reset to zero if ad

1,k+%
d o . .
and d*9 , have opposite signs. Since the same harmonic
2

ik—
averaging algorithm is used for both vertical and horizon-
tal (along o) directions, different signs may occur even
if the stratification is positive everywhere. (The expres-
sions for adiabatic differences in the horizontal direction
are exactly the same as the vertical ones, except that the
index 7 gets increments +1, while the index k is kept con-
stant.) The second term in the r.h.s. of (7.26) is propor-
tional to the gradient of p caused by compressibility and
P changes in a neutrally stratified fluid. This adiabatic
gradient separates positive and negative stratification, so
that replacing the harmonic averaging (5.18) with (7.26)

13The method described here can easily be generalized to the
case of nmax > 1 in EOS (7.20) by computing elementary adiabatic
differences and the compressible term in (7.26) via

Mmax
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changes the monotonicity constraint (5.20) into

d) < diy <d) +20

or
d) < dip <d) —20

or (7.27)
d) > diy > d) +20

or

(0) (0)
dig > dig > d;j —20
where d; i, is the in situ p derivative, dl(.?k) = q1;,02/0s,

0 = minmod (di,k— 1 — drf)ok? ) di,k-‘r% - dE%)

3
and the function minmod is equal to the smallest of its
arguments by absolute value, if all of them have the same
sign, or zero, if the signs are different.

The new compressible EOS PGF scheme differs from
the original Cubic H scheme only in the procedure of com-
puting p derivatives via harmonic averaging of adiabatic
differences (7.26), while all subsequent steps in the algo-
rithm remain the same. This method has the following
properties:

e PGF error due to compressibility of seawater with
uniform 6 and S has been eliminated completely,
regardless of particular choice of reference values pg,
Ky, etc. Hence, it is not necessary to repeat the
experiment of Fig. 11 using the new approach;

e Unlike p (0, 5, z), both p(6,5) and ¢ (8, 5), do not
explicitly depend on z which allows us to split the
derivative of in situ p into adiabatic and compress-
ible parts. Hence, a straightforward application of
harmonic averaging (5.18) to the adiabatic term
guarantees positive stratification along the interpo-
lated profile as long as the discrete values are posi-
tively stratified.

e The computational cost of this new PGF scheme
and the associated EOS does not exceed signifi-
cantly the cost of the original Cubic H scheme and
EOS.

8. Realistic Tests for the Atlantic Ocean

In order to illustrate the practical effects of the new
PGF scheme and alternative treatment of compressibility,
we include results from several realistic Atlantic Ocean
simulations. The model bathymetry shown on Fig. 13
is the same as in Haidvogel et al, 2000, with 3/4 degree
spatial resolution and S-coordinate stretching parameters
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min=200, max=5499,

CI=R50

Figure 13. Model Bathymetry for a 3/4 degree-
resolution Atlantic Ocean simulation

¥ =5, ¥, = 0.4, and A, = 200m, which translate into
a maximum topographic ”r-factor” of 0.195 and a max-
imum o-grid stiffness ratio of r, = 3.82. Hence, despite
its relatively smooth appearance, this model topography
causes a strong violation of the hydrostatic consistency
criterion and a relatively large change of bottom depth per
horizontal grid interval compared to common o-modeling
practices. The test results reported here may be also con-
sidered as verification of robustness of the newly designed
algorithm with respect to coarse vertical resolution and a
non-smooth p field, which has been recognized as a major
concern for PGF schemes with higher than second-order
accuracy, Kliem & Pietrzak, 1999.

For the flat-stratification test problem, the wind stress
and surface heat and fresh-water fluxes are set to zero, and
we choose a horizontally uniform potential temperature
profile (in °C),

0 =0.2+ 6exp{—|z|/2500} + 20 exp {—|z|/250} (8.1)

and a uniform salinity S = 35°/¢p. The amplitude and
e-folding scales for this profile are representative of an in-
stantaneous profile in a selected location in the tropical
Atlantic (where, as we will see, the largest PGF errors oc-
cur), rather than basin-scale averaged profile. We believe
that this is more appropriate, since PGF errors are con-
trolled by local profiles, while a horizontally averaged pro-
file tends to be much smoother. (For a similar test, Mel-
lor et al, 1994, chose an e-folding scale of 1000 m, which
is also comparable with horizontally averaged profiles re-
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Figure 14. Potential temperature cross-section at 30°W: left — from Levitus data; right — profile (8.1) for flat

stratification tests. In both cases the contour interval is 1°C.

ported in Haidvogel et al, 2000.) A comparison of our
idealized profile with measurements is shown on Fig. 14.
Note that our profile has comparable abyssal stratifica-
tion, thermocline depth, and steepness of transition from
the abyss to the thermocline. The advection scheme for
material tracers is 4th-order, centered, and with harmonic
averaging of elementary differences—similar to that for
the Seamount problem. There is no material diffusion
of any kind, neither vertical, horizontal, nor implicit via
upstream-biased advection. A 4th-order centered scheme
is used for momentum advection. The horizontal viscosity
is 500 m?/s.

The flow pattern after a 60-day spin up using POM
Jacobian (y = 0) and realistic EOS with compressibil-
ity turned OFF is shown in the top-left panel of Fig.
15. We find that the maximum errors for this test prob-
lem (as well the other tests reported later) occur between
depths of 1000 to 1500 meters, so we choose 1500 meters
as the representative level to display. The error pattern
on the top-left panel is typical for o-models. It is char-
acterized by spurious flow along topographic slopes espe-
cially near the Equator. The error is around 3 cm/s near
the Gulf-Stream area and off the North-American coast.
We see a visualized mid-Atlantic ridge, closed circulation
in the Caribbean abyss, and strong jets along the Equa-
tor. The largest errors occur off the Brazilian coast near
Equator, 15 cm/s, which is not surprising, since stronger
currents are required to achieve geostrophic balance with
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a given spurious PGF at lower latitudes. The weighted
v = 0.5 scheme produces comparable, but approximately
40% larger, currents and an overall similar error pattern
in this test (Fig. 15, top right). Remarkably, the direc-
tion of spurious currents is reversed in comparison with
the v = 0 results. Varying the weighting factor reveals an
optimal choice of v = 0.21 for minimum mean error. This
is similar to the Seamount problem experiments, except
that here the optimal value is different, indicating that
there is no universally optimal choice. Finally, the Cubic
H scheme (Fig. 15, lower left) results in a dramatic de-
crease of errors and an overall change in the error pattern.
It is no longer possible to see coherent currents along to-
pographic slopes and mid-Atlantic ridge. The largest er-
rors still occur near Equator, but now the flow pattern
there has a more random character.

Turning compressibility back ON causes a dramatic in-
crease of errors almost everywhere, which is manifested by
appearance of currents along topographic slopes (Fig. 16,
top left). Although still, with somewhat smaller ampli-
tude, the compressible Cubic H errors are more compa-
rable with that for the second-order v = 0 and v = 0.5
schemes, rather than for the Cubic H case shown in the
previous incompressible Fig. 15. Again, the most signif-
icant errors occur near the Equator. There is no advec-
tive compensation mechanism for PGF errors generated
by a vertical p profile due to compressibility of seawater
with uniform 6, S. Consequently, this kind of error may
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Figure 16. The same as on Fig. 15, except that now Cubic H — family algorithms are used in combination with
different treatment of compressibility: lop-left — EOS (7.9) retaining all nonlinear compressibility terms; top-right
— same as on the left, but most of the passive vertical density gradient is removed by subtracting po/ (1 — 0.1|z|/Koo)
resulting in (7.14) ; lower-left — modified Cubic H algorithm in combination with EOS split into incompressible and
compressible parts p = p1 (6,5, 2) + q1 (0,5, 2) ||, thus allowing computation of derivative of density via harmonic
averaging of adiabatic differences (7.26) ; lower-right — control experiment where EOS is the same as on the left, but
p1 and ¢; terms are combined at the stage of computation of in-situ density, which is then used in the original non-split
version of Cubic H. This is equivalent to just linearization of compressibility effects.

27



=2
ol

N
AN MRS

e T IIITS
o TN
N\ =)o ot

S

=7

SNINY

E;os

NN
VASN L L rasd
e LA
Ll eevas

7

A=
|

/7

St il

’s

7/

VIS odd 040

S

! -
S MR

R
~ N NN

NN N AR
SN R e

Lo
-t/

RS
e I T N

EeS ) 77
N S T el
SN / - y

Vector Scale

Figure 17. Near-surface currents time-averaged over 6-month period after 3-year spin up of North-Atlantic model
simulation starting from Levitus climatological initial conditions and running under realistic wind and thermodynamic
forcing, using modified Cubic H + (7.26) pressure-gradient algorithm and split EOS (7.20) with npya.x = 1 (same

combination as on lower-left panel of Fig. 16).

be balanced only by Coriolis or viscous forces. Subtrac-
tion of the dominant part of the mean passive compress-
ibility term, po/ (1 — |2|/Koo), reduces the error to some
extent, but it fails to produce any significant benefit in
the Equatorial region (Fig. 16, top right). On the other
hand, splitting EOS into an incompressible part and a
term proportional to depth (7.20) and computing deriva-
tives of p via harmonic averaging of adiabatic differences
(7.26) avoids any noticeable increase of error associated
with compressibility (Fig. 16, lower left).

One might suggest that this reduction of error, in com-
parison with a straightforward computation of PGF using
in situ p, is explained mainly by the effective linearization
of compressibility effects in the first-order truncation of
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(7.20) with nyax = 1. To explore this possibility, we made
an alternative calculation in which we used the same EOS,
p=p1(0,5) +q®b,S) -z (cf., (7.20) with nymax = 1), but
now the p; and ¢z terms were combined into in situ p,
which is then used in the original Cubic H scheme. The re-
sult is shown in Fig. 16, lower right. Although the level of
error there is slightly smaller than when using full nonlin-
ear EOS (cf., Fig. 15, lower right), it is closer to it than t
is to the results with the split or incompressible EOS (i.e.,
Fig. 16, lower left, or Fig. 15, lower left). Since the two
compressible algorithms here differ only in the computa-
tion of p derivatives—specifically the choice of the refer-
ence gradient considered ”"neutral” by the monotonicity-
enforcement algorithm, (7.27) vs. (5.20)—this indicates
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Continuation of Fig. on the previous page: now compressibility terms are turned OFF. Although qualitatively similar in
its main features, energetics and maximum values of velocity to the case shown on the left, this solution is characterized
by approximately 40% weaker, and prematurely separating, Gulf Stream, and a spurious east-bound current near Azores

heading toward the Gibraltar.

that the main influence on the PGF error is this fea-
ture, not the linearization of the compressibility terms
in EOS. Despite the striking similarity of incompressible
Cubic H errors (Fig. 15, lower left) and compressible,
split-EOS (7.26), Cubic H errors (Fig. 16, lower left),
these two methods actually produce quite different so-
lutions under conditions of realistic temperature, salinity
and forcing, where, in addition to small hydrostatic error,
the scheme should be accurate in the dynamically relevant
PGF. Moreover, we will see that neglecting compressibil-
ity results in a completely wrong dynamical response.

Fig. 17 shows six-month averaged, near-surface cur-
rents from two different solutions for the Atlantic Ocean
under realistic wind stress, heat, and fresh-water flux
forcing, starting from a Levitus (6,S) climatology and
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running for a three-year spin-up period before the time-
averaging begins. The averaging period corresponds to
the spring-summer season. Unlike the flat-stratification
test problem, where there is no mixing of temperature and
salinity, the realistic simulation cannot be made without
material diffusion due to both physical and numerical rea-
sons. So in all the realistically forced simulations reported
here, fourth-order centered advection is replaced with
third-order, upstream-biased advection, but still with no
explicit horizontal diffusion. The KPP scheme is used
as the parameterization of the vertical mixing processes,
Large et al, 1994. The first solution uses the modified
Cubic H PGF algorithm with harmonic averaging of adi-
abatic differences (7.26) of p and split EOS (7.20) with
Nmax = 1 (i.e., the same combination as for Fig. 16,
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Figure 18. Same as in Fig. 17, but at depth 1500 m, instead of near-surface, and for four different pressure-gradient
algorithms: top-left — POM Jacobian (y = 0), EOS by (7.14) ; top-right — v = 0.5, same EOS as on top-left. Note
the difference in amplitude of Deep Western Boundary Current (DWBC) off coast of Brazil; lower-left — modified
Cubic H+(7.26) in combination with EOS (7.20); lower-right — Cubic H, compressibility terms turned OFF. Note
spurious northward current off coast of Portugal, which continues toward north-west along the topographic slope. This
current is due to model response to 6, .5 of Mediterranean outflow, and is caused by wrong temperature expansion and
saline contraction coefficients because of neglect of thermobaric effect. This current is completely absent in the other
three solutions. Also note artificially intensified and narrower DWBC in comparison with lower-left panel.
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lower left). This combination produces what we consider
a physically plausible result in the sense that all primary
features—such as correct Gulf Stream separation point—
are present and broadly consistent with measurements.
The second solution differs from the first one only by turn-
ing OFF compressibility terms (the same EOS and PGF
combination as in Fig. 15, lower left). Although quali-
tatively similar in its main features to the first solution,
the second solution is characterized by an approximately
40% weaker and prematurely separating Gulf Stream, as
well as a spurious eastward current near the Azores head-
ing towards Gibraltar. We do not show the near-surface
velocities from two other solutions — « =0 and v = 0.5
schemes with EOS (7.14), which retains nonlinear com-
pressibility, but does not contain passive vertical p gra-
dient — with the exception of minor differences in Gulf
Stream separation site, these are rather similar to the
first solution on Fig. 17 and interpreting their differ-
ences is not straightforward. On the other hand, com-
paring the mid-depth currents from all four solutions is
more informative since there are larger differences (Fig.
18). Among these solutions the one on the lower-right
panel, [Cubic H + incompressible EOS], is anomalous
among the others: it has a narrower and more intense
Deep Western Boundary Current (DWBC), especially in
the Gulf Stream area; a spurious current system off coast
of Portugal, which extents towards the northwest; and a
northward current along the African coast, which is com-
pletely absent on the other three solutions. Examination
of temperature and salinity fields (not shown here) reveals
that the spurious current off coast of Portugal is due to
the response to the Mediterranean outflow'? combined
with erroneous « and (3 because of neglect of the ther-
mobaric effect. When these two coefficients are correct,
the PGF contributions due to temperature and salinity
gradients approximately cancel each other, resulting in a
very small PGF gradient (as occurs in the other three
solutions), hence weak geostrophically balanced currents.
In fact, under these conditions (as seen in Appendix B),
a may be off by as much as 50%, if its compressibil-
ity dependence is neglected. As the simulation contin-
ues, the temperature and salinity fields adjust toward a
new state, resulting in a different circulation—the narrow
jet along the coast of Portugal continuing northwestward.
This current advects the Mediterranean water northward
along the coast, ultimately maintaining a strong cross-
shore gradient, which maintains the current itself in a
7self-locking” mechanism. No such current occurs in the
solution shown on the right. Instead there is much weaker
current going northwestward from Gibraltar, separating

11n this model configuration Mediterranean outflow is simulated
by specifying point-sources in the vicinity of Gibraltar Strait, where
6, S are artificially maintained at their climatological values.
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from the coast at approximately 38°N, and heading to-
ward the west. This is the expected behavior from ob-
servations, Haidvogel et al, 2000. The three remaining
solutions—top left, top right, and lower left—are qualita-
tively similar to each other. This indicates that they are
predominantly controlled by the underlying physics, not
by their numerical errors, but there are still differences
worth pointing out. The most striking distinction is the
intensity of DWBC off the Brazilian coast.

POM scheme (v = 0) gives approximately twice the
peak velocity there and a noticeable increase in the en-
ergy (indicated by the increase in rms velocity from ap-
proximately 2.3 cm/sec to 3.0 cm/sec). The other two
schemes—[Cubic H + (7.26)] and v = 0.5—are quite sim-
ilar by these measures. Comparison of these results with
the flat-stratification test (cf., Fig. 15) suggests that a
plausible explanation of the difference between v = 0 and
v = 0.5 results in Fig. 18 lies in the hydrostatic PGF
error: v = 0 produces southward flow near the Brazilian
coast in the flat stratification test problem, which is in
the same direction as the stronger DWBC on Fig. 15.
On the other hand, the hydrostatic error of v = 0.5 is
opposite to DWBC, which is consistent with its smaller
velocities in the realistic forcing experiment. The overall
sensitivity of DWBC to the choice of weighting param-
eter 7 is comparable to the differences among the three
major classes of models, z-, sigma-, and isopycnic coordi-
nate, Beckmann, 1998, and Willebrand, et al, 2001. The
DWBC results with [Cubic H + (7.26)] are in between
the other two, but closer to v = 0.5. Besides the intensity
of the DWBC, Fig. 18 shows other differences between
v = 0 and v = 0.5: the appearance of possibly spuri-
ous vortex structures off the African coast in the Gulf of
Guinea and Canary Islands, as well as the generation of
Rossby waves near the Equator manifested by alternating
east-west bands in the velocity field, which are tracks of
stronger, westward-traveling vortex structures in the case
of v =0.

Making a firm conclusion about which of the three so-
lutions is physically the most accurate is beyond the scope
of this paper, so we merely point out that the sensitivity
of the answers to the choices among the POM Jacobian
and v =0, ..., 0.5 in the Song, 1998, family of schemes and
the non-robustness of the ”optimal” choice of v in differ-
ent configurations all motivate the search for higher-order
alternatives, such as Cubic H. We also notice that evalu-
ating a PGF scheme solely by its hydrostatic error, (i.e.,
the flat-stratification test problem) does not necessarily
guarantee an accurate simulation in realistic cases. For
example, POM Jacobian performs better than v = 0.5
in the flat-stratification test shown on Fig. 15; however,
~v = 0 results in the realistic simulation (Fig. 18) has



some features that seem likely to be spurious.

Our experience also shows that the straightforward
inclusion of compressibility in in situ p calculations for
PGF causes a significant increase of hydrostatic PGF er-
ror compared to EOS without compressibility. This er-
ror results in spurious currents that are the largest near
the Equator, due to the diminished Coriolis frequency
there. On the other hand, disregarding compressibility
completely (motivated by the desire to reduce PGF er-
ror) causes significant errors in realistic simulations due
to physically wrong responses of the model to tempera-
ture and salinity forcing. Our new method for splitting
the compressibility terms allows us to obtain physically
correct responses without increase of hydrostatic error.

9. Summary

Although PGF errors can be eliminated completely
only if isosurfaces of the vertical coordinate are aligned
with either geopotential surfaces or isopycnals, these two
choices of the vertical coordinate have difficulties in ac-
curately representing the top and bottom boundary con-
ditions. This leaves o-models as preferred, if accurate to-
pographic and shallow-water, free-surface effects are the
highest priority. Therefore, the goal of minimizing PGF
errors in g-models remains important for oceanic model-
ing.

An analysis of one the more successful PGF schemes
to date, the second-order Jacobian, shows that, in addi-
tion to approximating the desired terms of the continuous
equations with second-order accuracy, it also has impor-
tant symmetries and can be written in several alterna-
tive but equivalent forms. The latter lead to different
versions of high-order accuracy generalizations, depend-
ing of which form is chosen as the prototype. We find
the pseudo-flux form particularly attractive. This gives
the possibility of rewriting the Jacobian in the form of a
contour integral, and we propose a fourth-order accurate
method based on this form. In doing so we preserve the
property of the original scheme that treats p and z as
functions of transformed coordinates in a symmetric, mu-
tually interchangeable way. Our new approach is based
on reconstruction of p and z as continuous and continu-
ously differentiable polynomial functions of transformed
coordinates with subsequent analytical integration. Simi-
larly to its prototype, our new method can be equivalently
transformed between Density-Jacobian and o-coordinate
primitive forms. We analyze the causes of previous expe-
rience of non-robustness and limited applicability of high-
order schemes designed in the past, and we pay special
attention to the prevention of the appearance of spurious
oscillations of polynomial interpolants in the cases where
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p can no longer be treated as a smooth field on the grid.
We also develop special measures to avoid loss of accuracy
associated with the use of spatially nonuniform grids that
are commonly used in oceanic modeling.

Historically o-coordinate PGF errors have been at-
tributed mainly to hydrostatic cancellation errors. Thus,
the primary focus of many previously proposed schemes
has been to address this particular problem while much
less attention has been paid to derived conservation prop-
erties of the discretized PGF. Our experience shows that
it is not entirely the right perspective because as the
model’s p field evolves the actual magnitude of spuri-
ous velocities may become very much larger than that
determined from geostrophic balance with the erroneous
PGF associated with a horizontally uniform initial p(z)
field. Specifically we observe significant growth of erro-
neous barotropic flow in a manner previously described
as "a o error of the second kind” (Mellor et al, 1998).

Realistic oceanic modeling requires taking into account
the compressibility of seawater. Accurate representation
of this effect is especially difficult in o-models, because
the straightforward inclusion of compressibility into the
EOS causes a large, dynamically passive, background ver-
tical profile of in situ p associated with compressibility
of seawater with uniform temperature and salinity. Al-
though in theory this background profile should not gen-
erate any PGF, it is shown to be a major source of PGF
error in models due to the combination of the usual nu-
merical noncancellation in the absence of compressibility
(o-error) and the largeness of this passive compressibility
effect compared to the stable stratification, particularly
in the abyss where vertical resolution is typically very
coarse. Furthermore, this background compressibility in-
terferes with non-oscillatory interpolation algorithms be-
cause physically neutral stratification is no longer equiva-
lent to the absence of a vertical gradient in p. To address
these difficulties, we have devised a new treatment of com-
pressibility effects that splits p into terms evaluated at
atmospheric surface pressure and terms with compress-
ibility, in order to isolate the latter from adding to the
PGF error as it does when total p is used in the calcula-
tion. The new EOS formulation is shown to be sufficiently
accurate, compared to the standard EOS formulation, for
reliable usage in oceanic models.
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Appendix A: On Discrete Energetic Consistency of High-Order PGF Schemes

Song & Wright, 1998, (hereafter SW98), show that the second-order equal-weighted!'® density-Jacobian scheme
in combination with second-order, centered advection for density guarantees exact conservation of total (kinetic +
potential) energy of the discretized system. In this Appendix we show that their derivation can be extended to a more
general case where two-point, linear interpolation of p in both PGF and advection schemes is replaced with a more
general, potentially high-order accurate interpolation. For brevity we present here only discrete equations. Reader
should be refered to SW98 for their continuous prototypes.

Since both the original second-order and our new scheme can be rewritten in pseudo-flux form, the z-component of
the PGF with sign and scaling as it appears in the r.h.s. of the finite-volume momentum equation for Uiy 1y, is

N

—=x ap —=x

PXy = =By, 50| = Ay > (FXZ.’,C,+% ~ FX g+ FOX sy — FCXH%’,“,) (A1)
N k

N
= —AH; 13406, Y FXpoa|  +FCX 1,0,

i1
it+3

where d, denotes elementary 2-point differencing over one grid interval, d,q; L= ikl — G and 0.q; = ¢, Ay
hence the result is always placed half-way between the points at which the original quantity is defined. For notational
simplicity we also assume a Cartesmn grid with Av = Ay = 1, and we omit the factor g/pg from the definitions of PGF

and potential energy below; AH; i1k denotes height of control volume element surrounding u; 1k which in the simplest

case can be approximated by second-order mid-point averaging A, itik = (AH;  + AH 1+1,1) /2, but in general it may
be done by an arbitrary interpolation scheme, e.g., a fourth-order scheme. In any case AH; = 2; ;. 17 % g} is vertical

spacing of arbitrarily stretched vertical grid, so neither z; ;1 # (2ik + Zik+1) /2 nor 2z # (Zi,k—% + zi7k+%) /2;
Further in (A.1) FX and FCX are "pseudo-fluxes” which in the simplest case are computed as
FX, i1 = (psész)b,,“% and FOX iy ) = (ﬁ“dwz)|z‘+§,k , (A.2)

where p° and p® are mid-point averaged values of density. It is implied that the surface value FCX, +1 N1 =0in the
first line of (A.1). Model variables are placed on a C-grid and their permissible index ranges and boundary conditions
are given by

Z, Pi,j,k Z:]. L ]:1, ,M kil,,N
, L

Uipg gk ©=0, Ul jk = ULtk =0 A3
=0, .., M - 0 (A.3)

Vig+3.k = Vi dk = Wi M+3 k=

Wi k-3 k=0,...N w1 =w;;ni =0

After substitution of (A.2) into (A.1), the later becomes equivalent to Eq. (2.6) and, ultimately, (2.22) from SW98,
with the exception of the top-most grid interval: it should be noted that Egs. (2.6), (2.7), (2.22), and (2.25) from
SWO98 overshoot vertical index inside the summation by requiring values of p (b in their notation) and z at vertical
index N + 1 (via by +1 and d,2y 1), which are not available. This means that a special rule for the computation of
FX 41 s required to fix this problem. We do not specify this rule at this moment, but assume that PX, 41N can be

still cast in pseudo-flux form!6

In the following analysis we assume that instead of using (A.2), FX,;,,1 and FCX,, 1, are computed by an
arbitrary, potentially high-order accurate, interpolation method. Another distinction from SW98 is that we do not

15also called Standard Jacobian in SW98

16Strictly speaking this is not the case for the POM and SCRUM models. Although to our best knowledge, the algorithm for
computation of PXH_l n has never been published in the literature, it can be easily recovered from the code itself: PXH_l N =
2 3>

_%QAVHZCJr%,N (Ci —2z; N +Cit1 — z¢+17N) (pi+1’N — pi,N) , which simply neglects the fact that p;y1 n and p; y are placed at differ-
ent geopotential surfaces. (The finite-difference version of SPEM (v. 5.1) and SCRUM have a similar treatment.) Besides the usual ”leak”

of vertical stratification into horizontal PGF, this formulation does not provide pseudo-flux continuity between the elements N and N — 1
of the vertical grid. In the derivation presented here we assume that both these drawbacks are repaired.
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restrict ourselves to the case of zero free-surface disturbance, despite the fact that (A.1) does not explicitly contain
the free-surface term PX; 1 ¢, as it occurs in (2.6)~(2.7) from SW98. Below in (A.21)-(A.23) we also show that the

free-surface contribution can be naturally cast in flux-difference form of (A.1).

Multiplication of (A.1) by u; 1k and summation over all indices 4 yields,

L—-1 L-1 N
i=1 i=1 k

it3

= Z{ (Mkuk)) (Z EX; k’+—> } - Lz:_lﬁa%,kuwé,kFCXH%,k,
1=1

i=1

where in order to obtain the second line from the first we have applied summation by parts in a manner similar to the
transition from Eq. (2.22) to (2.23) in SW98, where we assume no-flux boundary conditions vy = uy, 1 =0, so that
the index range in the leftmost sum in the second line can be extended as necessary to include side velocity points (it
should be noted that the expressions inside the leftmost sum and its inner sum in the second line are now placed at
density point p;  on horizontally staggered C-grid).

After similar manipulation with PY-terms, we derive the contribution of PGF into net kinetic energy tendency,

IKE N M L-1 N M-1 L
=D Al i g PX gt D D D A i PV
PGF =1 j=1i=1 k=1 j=1 i=1
L —~y
1=1 j=1 k=1 4 k' =k
L-1M N L MING
- D OAH iy b FOX s s =D > Y A s ki FOY
i=1 j=1 k=1 i=1 j=1 k=1
Applying discrete continuity equation
0 — S
S A+, (A ) + 8, (AH k) + b =0, (A.6)
where AH; ;5. and levels z; 1 follow evolution of free surface,
8zk+; h+2k+; 6<
2 = 2.2 = 1= — =
o~ hic ot k=1,..,N, z1 h, and zy.1 =, (A.7)

(hence (A.6) should be understood as the definition of vertical velocities w;, 41 as the mass fluxes across moving

N
grid-box interfaces zi7j7k+%), the first term in the r.h.s. of (A.5) may be further rewritten as

N o N N—-1 8Zijk;+l N
k'=k k'=k

k=1

N Oz ,],N+2 N-1 N Oz ,J,k-‘rz
Z FX k44 _TFX iy N+5 = Zwi,j,k+1Fka+— Z ot — 5 T Xijkrt-
k'=k+1 = k=1

To derive this we have used top and bottom kinematic boundary conditions wy 1 = w1 =0, and 0z, /9t = 0 [note
that dzy, 1 /0t = 9C/0t # 0 due to evolving free surface].

The discretized density equation is

0

5 (AH i) = =6, (57 A i) =3, (5 Ay ) = 8 (77 - w) | (A.9)
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where ﬁﬁ_ 1k the result of mid-point interpolation of p (to the location of w; +%)j,,€) using an arbitrary interpolation

method, which is not necessarily linear and not necessarily the same for all directions z,y,s. Multiplying (A.9) by
z;.5,k and applying summation by parts, we derive

M N 8 L M N
> Zijk g (AHjrpije) = =D DD i) k{5 (P AHkuk) + 0y (N“’ AHkUk) + 05 (p° )}
i=1 j=1 k=1 i=1 j=1 k=1
L-1 M N
—x
J— T
- Z Pitl gk’ AH iy 1 i1 k0eZigd ik (A.10)
i=1 j=1k=1
L M—-1 N M N-1
Y
s .
D IDIDI IRV HRCIRYOCREE D D) D) PY SR OO e
i=1 j=1 k=1 i=1 j=1 k=1

Also note that

L M N D) M N L M N Oz
ZZZZz,Jkat ,g,kpi,j,k) = aZZZZJ kAH i,5,kPi,g,k — ZZZAHLJ?’CPLJJC gtj’k (A.ll)
i=1 j=1 k=1 i=1 j=1 k=1 i=1 j=1 k=1

dPE
dt

Comparison of (A.10) with (A.5), along with (A.8) and (A.11), indicates that in order to guarantee energetic
consistency,

dKE dPE
- + — =0, (A.12)
dt |par dt
it is sufficient to ensure that
FXi’j’,ﬁ% :ﬁf,j}k+%5szi’j’k+% for all k=1,..,N -1
FCX i1 0= ﬁf+2,j 02%i11 jr everywhere, where w1, #0 (A.13)
FOY ;541 g ﬁyj+ WOyZijri ke everywhere, where v; ;41 #0,
and
k41 al 0%
5Js i,k
_ZFXZ-’M+%T"‘+’;AH7J kPijh— g =0, (A.14)

which leads to the following set of conclusions:

e Discrete energetic consistency can be shown if: (7) discrete PGF scheme can be written in pseudo-flux form;
and (i) p used in PGF is the same, or linearly related to that in the advection equation; and (74) interpolation
algorithms used in computation of pseudo-fluxes F.X, FCX, and FCY are the same as corresponding interpolations
in discrete advection for density. Details of the vertical coordinate (such as vertical stretching or order of
interpolation) to compute /A\/HZZr 1k from AH, ;j do not destroy the consistency, as long as the same method is
used in continuity, density, and momentum equations.

e The second-order scheme corresponds to the setting of p7, , ik in (A.13) (similarly in other two
30

= Pitiik
directions), which is energetically consistent. Alternatively one can chose

—~ 1 9 9 1
Pityik = ~gPi-Lik T {gPidk T gPit1ak = TgPit2ik (A.15)

or even a more sophisticated method (e.g., using harmonic averaging of elementary slopes to prevent spurious
oscillations) and still retain energetic consistency. However, no choice results in fourth-order accuracy for both
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PGF and advection. This fundamental limitation stems from the second-order accurate definition of potential
energy,

f”3=/y/02¢wb@?dE:pmxAme%mk- (A.16)

0,9,k

e Violation of the pseudo-flux form in the uppermost grid element, common practice of subtracting background
profile p = ppak(2) from density field before computing PGF (motivated by the desire to reduce hydrostatic errors
in PGF) as well as the use of nonlinear (realistic) equation of state of seawater destroy energetic consistency, cf.,
Gerdes, 1993.

e Since both sums (A.14) are at least second-order discrete approximations to the same continuous integral,

¢
0z
Zh

this equation already holds within the order of accuracy. Assuming'” that z; j, = % (zm,,ﬁr% + zm)k_%), the

second sum in (A.14) may be rewritten as

N N-1
Oz, prAH g + pr1 AH gy 92101 1 0zn

AHgpp—— = . 2+ —pnAHpy——, A.18
D Mg = 3 2 ot NN Ty (A-18)

k=1 k=1

which suggests
AH AH AH

FX,H%ZP’“ ”pzk“ ML k=1,..,N—1, and FXN+%:MTN (A.19)

to achieve exact cancellation in (A.14). Unless vertical grid spacing is uniform, this choice is different from
FXyy1 = (pr+ pr+1) (AHy + AHjqq) /4 used in the original second-order scheme. This discrepancy comes from
the fact that definition of discrete potential energy (A.11) corresponds to the assumption of a piecewise-constant
distribution of p within each vertical grid box AHj, while second-order Jacobian assumes linear profiles between
each pair of z; and zg11.

Eq. (A.13) does not restrict the algorithm for computation of FX ijN+L at the uppermost grid point. We therefore
propose the following method:

p(surf) =pn + PN — PN-1 (ZN+l o ZN) ; (A?O)
ZN — ZN-1 2

where zp 1= ¢ corresponds to free surface, after which

(surf)
p +pN
and
PX,y = A,y x (FXLN% ~ FXinit— FXCZ.%N) , (A.22)

which repairs the inaccuracy of the original scheme at the top-most grid level (e.g., PGF now vanishes identically
everywhere if p is a linear function of z). Eq. (A.22) already contains the contribution due to PGF due to free-surface
disturbance: e.g., assuming that FXC’H_%,N = % (pi,n + pit1,n) (ziy1,8 — zi,n) and setting pgsurf) = pgflrf) =piN =

Pi+1,N = po results in

—x

PXin = AHH—%,NPO (Zz’,N—&-% - Zi+1,N+%) = AHZ'+%,NPO (G = Git1) - (A.23)

7This choice corresponds to the finite-volume interpretation of non-uniform vertical grid, where Z; kel are coordinates of grid-boxs
gkt

interfaces, while z; ; j are grid-box averaged z.
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The usual argument in favor of using an energetically consistent pair of PGF and advection schemes is based on
oceanic simulations being typically long-term integrations, so that one can be fearful of accumulation of erroneous energy
conversion even when it is within the numerical order of accuracy at each time step. However, the potential energy
defined above is computed with respect to a state where all mass is concentrated at z = 0, i.e., the unperturbed free
surface. This state is not achievable, because PFE is defined without taking into account constraints of incompressibility
and Lagrangian conservation of density. A more physically meaningful definition of potential energy is awvailable
potential energy (APE), which respects both these constraints. The main argument behind this concept lies in the
fact that as long as fluid parcels are move up and down while maintaining their density, potential energy released
in such rearrangement is converted into kinetic energy, and once a state in which each fluid parcel is in hydrostatic
equilibrium with its surrounding is achieved, no more potential energy can be released. Although exact Eulerian mass
conservation is often imposed in oceanic models, maintaining p for each Lagrangian parcel is usually possible only
within the numerical accuracy of the advection scheme!®. This leads to a situation in which an energetically consistent
pair does not guarantee the absence of spurious generation of kinetic energy, because numerical advection can alter
PE and APE in a nonphysical way (via advective errors), making it available for KE production while maintaining
KE+ PE. This agrees with practical experience to date, where one can modify either PGF or advection independently
(thus abandoning exact KE + PFE conservation) and observe an overall beneficial outcome for the accuracy of model
solution.

Appendix B: Assessment of Taylor Expansion for Seawater Compressibility

To facilitate our analysis we rewrite seawater EOS from Jackett & McDougall, 1995 (hereafter JM95) as

Pin situ (97 Sv Z) =

po + pi (6,9) _ Po / 0.1z { / po K’

= - B.1
1—012/ [Koo—FK/ (H,S,Z)] 1—0.1Z/K00 p1+K00+K/—0.1Z P K00—0.12:| ’ ( )

so far without any approximation. Here pg = const, Koo = const, K' = K\ + K1z + K22, where Ky = K (0, 5),
K, =K (0,5), Ky = K5 (6, S), as well as p} = p/ (6, S) are expressed in as polynomials of powers of #, S and S/2;
z > 0 is depth, which in the context of EOS substitutes for in situ pressure P = pggz (thus neglecting nonuniformity of
p field when computing compressibility effects); pg = 1000 kg/m? is reference density; and g = 9.81m/s? is acceleration
of gravity. Since p} < po = const with an associated small parameter p}/po < 3 x 1073, and since

0.1z, K12 < Ko = Koo + K, K) <Ky, and Ki2? <Kz, (B.2)

the r.h.s of (B.1) is dominated by its first term, po/(1 — 0.12/Kpg), which does not contribute to the horizontal PGF,
because it is a function of z only. The smallness of the leftmost inequality in (B.2) can be estimated from a typical
value speed of sound c¢ of seawater,

Lo

2 Op

1 0p

0.5 Pog Op

1 0.1pg

0.1z gz 9.81-6x 103 -
0,8 pog Ko ’

—2
hence ?0 = 0—2 = 15002 =2.5x10 , (Bg)

where we use z = 6000m, and ¢ = 1500m/s? for this estimate. The terms 0.1z and K1z are assumed to be of the same
order. The other two inequalities in (B.2) mean that terms proportional to z and z2 never dominate K. Furthermore,
Ky (0,5) = Koo + Kj(0,5) =~ 19092.6 + 209.80 + 104.4S + ..., hence K|} < Ky = const in the sense that terms
dependent on # and S never dominate the preceding Kgg; however, they are not sufficiently small to be used in a
Taylor expansion accurate enough for practical purposes. This estimate also explains why removing a background p(z)
profile, essentially pg/(1 —0.1z/Kpo), has only limited success in reducing PGF errors.

Retaining only terms which contribute to horizontal PGF and using the two small parameters identified above, the
Taylor series expansion of (B.1) results in

3
pll - pQK(I)/KOQ ’ Kl —0.1 2 z ’ 2
p(0,8,2)=p) +017—"—"——2—01(po+p}) —————52"+ 0| | — =pi+qz+ g, (B4)
1 Koo 1 K Y Koo 1 K5)? Ko '

18With the exception of isopycnic-coordinate models, where it can be done exactly by conserving the volume of each isopycnal layer.
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which has a form appropriate for computation of PGF, cf., (7.20). As follows from (7.15)—(7.17), for accurate com-
putation of horizontal p and PGF, it is sufficient that EOS produces correct estimate for temperature-expansion «
and saline-contraction § coefficients, while in situ p is irrelevant for this purpose. Therefore, to assess possible errors
associated with the use of (B.4), we compare the a and 8 it produces with the original coefficients produced by the
EOS from JM95.

Properties of the original EOS from JM95 are illustrated in Fig. 19, where piy situ, @, and § are plotted as function of
potential temperature 6 and salinity S at four different depths z = 0. There is overall increase of piy, sity With depth z,
and in addition to that, there is change in slope of isopycnals with depth on the left column in Fig. 19, which is primary
due to the thermobaric effect. There is a local maximum of freshwater p at § = 4°C, z = 0, which shifts to smaller
temperature and eventually disappears with increase of P (depth). Middle column shows a significant dependency of
a on depth; e.g., for § = 5°C and S = 33°/¢g, o changes from 0.1 to 0.25 when z goes from 0 to 6000 m. 3 is more
uniform in 6, S-space, with the exception of the limit of low salinity, and it has a relatively weak dependency on depth.
As follows from Fig. 19, disregarding the thermobaric effect completely, hence using just p’ (6, S) for computation of
PGPF, results in an underestimate of the p gradient in the abyss by as much as 60%. Therefore, one needs to retain
terms linear and perhaps quadratic in z in (B.4). In both approximations the resulting o and 3 are quite close to their
values produced by EOS from JM95; so, we show only deviations of a and (8 from the original ones in Fig. 20. The
errors are quite significant within the whole range of possible values of # and S, especially at maximum depth z=6000m
and in the limit of largest temperature and small salinity (right-bottom corner of each plot). Indeed, errors in o may
be as large as 30%, while errors in 3 about 15%. Fortunately in realistic oceanographic conditions temperature has a
tendency to decrease with depth, resulting in a much smaller range of possible values, and a similar tendency occurs
in salinity field. This fact is reflected by the dashed rectangle on each plot in Fig. 20, which outlines the domain of
relevance, meaning that nearly all realistic combinations of 6,.S should occur within it, and which shrinks with depth.
Within this rectangle the errors are much smaller, and, remarkably, its location coincides with the area of minimal
errors. The ranges of errors in a and /3 for 6, S within the domain of relevance are summarized in the following table:

EOS P+ a1z P+ qz+ g’

depth error in « error in error in « error in
1000 -0.0026 ... -0.0008 | 4-0.0004 ... +0.0012 -0.003 ... -0.001 | 4+0.0004 ... 0.0012
2500 -0.0040 ... 40.0005 0.0 ... +0.003 -0.007 ... -0.003 | +0.002 ... +0.001
5000 -0.008 ... 4+0.007 -0.008 ... -0.006 -0.005 ... -0.015 -0.004 ... 0.0

This means that, at a maximum depth of z=5000m, given characteristic values of & = 0.25 and 3 = 0.8, the errors
do not exceed 3% for o and 3% for 3 for linear truncation and slightly less for quadratic. These estimates can be
viewed as the worst-case realistic scenario, and, as seen from the table above, the errors are much smaller within the
upper 2500 m, which is dynamically the most active part of the ocean. Both truncations provide viable approximations
for EOS and offer significant reduction of errors in comparison with neglecting compressibility completely; however,
the quadratic version offers no significant improvement to justify its extra complexity .
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Figure 19. Density in situ p (left), thermal expansion o (middle) and saline contraction coefficient 8 (right) as
functions of potential temperature 6 and salinity S at four different depths z = 0, 1000, 3000 and 6000 m. Light
shading indicates availability (at least one record) of water with given temperature and salinity at each specified depth
from annual database for World Ocean, Levitus 1994, while dark shading correspongs to the area containing at least
90% of all data at specified depth. Thermobaric effect is manifested by the change of angle of isopycnals with depth
on p (6, S5) plot, left column.



15 20 25 30

o error "z=56000

Figure 20. Errors in evaluation of thermal expansion a and salinity contaction § at three different depths, z = 1000,
3000, and 6000 m for linear (left two columns) and quadratic (right two columns) truncations of z-series of EOS
from JM95. Errors are definded as deviations of a and 8 from their values computed form the original EOS (see Fig.
on the previous page), which are considered as ”"exact” in this comparison. Dashed rectangle on each plot shows the
domain of relevance, meaning that for realistic oceanographic conditions 6 and S can occur only within this rectangle
at each depth z.
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