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With the aid of computer-simulated halo patterns, we show that Kern’s arc, as seen on the latitude of the
circumzenithal arc and on the other side of the zenith, is produced by double-plate ice crystals with a
vertical principal axis. Light rays that contribute to Kern’s arc are demonstrated by geometric ray
tracing. We also discuss the condition under which an arc that is opposite a circumhorizontal arc can
appear. © 1997 Optical Society of America
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1. Introduction

Two kinds of Kern’s arc have been observed. One is a
complete white circle on the latitude of the cir-
cumzenithal arc.1,2 The other is an arc located on the
same latitude as the circumzenithal arc but on the
opposite side of the zenith.3–5 The former has been
interpreted in terms ofmultiple scatteringwith the aid
of ray-tracing simulations presented by Tränkle and
Greenler6 and Takano and Liou.7 The origin of the
latter is not yet known,8–10 however. Here we inves-
tigate the cause of the latter Kern’s arc by simulating
a halo pattern with the Monte Carlo geometric ray-
tracing technique that we developed recently.11
Approximately 90% of the observed ice crystals in

cumulus clouds have developed a structure of double
plates,12 generally consisting of one column with a
plate attached to each end.13 To investigate the ef-
fect of this shape structure on light scattering, we
used a combination of one column and two plates with
different aspect ratios connected by their principal
axes, as shown in Fig. 1, where l1, l2, and l3 are the
lengths of each crystal, and 2a1, 2a2, and 2a3 are the
corresponding widths. For the identification of halo
positions, a geometric ray-tracing program for reflec-
tions andyor refractions is sufficient. Because the
procedure of geometric ray tracing for irregular crys-
tals has been detailed in our recent paper,11 here we
present only a brief outline.
Let a bundle of parallel rays, which can be re-

garded as a flow of photons, be incident on a crystal
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from a certain direction. Consider a plane normal to
this bundle of incident rays and the geometric
shadow of the crystal projected onto this plane. The
incident point of a photon in the projected area of the
ice crystal is then determined by random numbers.
A crystal plane containing three points can be ex-
pressed in Cartesian coordinates. The incident
photons can then be traced geometrically with a hit-
and-miss Monte Carlo method. Numbers of the
scattered photons per unit solid angle are counted at
each scattering direction. They are subsequently in-
tegrated with respect to the crystal azimuthal angle
around the principal axis so that the normalized
phase function can be computed. In the present
analysis, the tip angle for the horizontally oriented
plate crystals is assumed to be 0°.

2. Computational Results and Discussion

Figures 2~a! and 2~b! show a fish-eye view of the
intensity pattern for the visible light scattered by
double plates and single plates with a vertical prin-
cipal axis. The assumed crystal geometry is illus-
trated in the upper part of each figure. For the
demonstration of optical phenomena produced by the
visible wavelength, it suffices to use the relative ice
crystal lengths and widths in the discussion. Exam-
ples of these values are listed in Table 1 in conjunc-
tion with a number of graphic presentations. The
equivalent single plate shown in Fig. 2~b! with an
aspect ratio of Ly2a of 0.25y2 has the same projected
area and an averaged aspect ratio as the double plate
shown in Fig. 2~a!. The small circles in Figs. 2~a!
and 2~b! depict the apparent location of the Sun. For
our analysis we used the solar zenith angle u0 of 72°.
Figure 2 shows a number of well-known optical phe-
nomena, including the circumzenithal arc, parhelic
circle, and sun dogs. In the case of double plates, an
additional arc is produced on the latitude but oppo-



site the zenith of the circumzenithal arc. This sim-
ulated arc, which is less than a semicircle in extent,
resembles the observed Kern’s arc reported in the
literature.3 In particular, we observed that the
Kern’s arc is fainter than the circumzenithal arc.
This observation is consistent with the relatively
weak intensity for Kern’s arc displayed in Fig. 2~a!.
In what follows, we explain the cause of Kern’s arc

using a geometric ray path, as shown in Fig. 3~a!. A
ray incident on the top of the upper plate is trans-
mitted through the vertical prism plane and reaches
the upper basal plane of the lower plate. It is then
reflected totally off the vertical prism plane and
emerges from the bottom of the lower plate. This

Fig. 1. Crystal geometry for a double plate.
ray path produces Kern’s arc, which is amirror image
of the circumzenithal arc with respect to the zenith,
as shown in Fig. 2~a!. Even if the central hexagonal
column were replaced by a frozen droplet, the ray
path would remain unchanged and Kern’s arc could
still be simulated by geometric ray tracing.
The zenith angle u* of the circumzenithal arc is

given by7

u* 5 py2 2 sin21~mr
2 2 sin2 u0!

1y2, (1)

where mr~5 1.31! is the real part of the refractive
index of ice. For the circumzenithal arc to occur
without suffering total reflection, this angle u* must
be larger than the critical angle sin21~mr

2 2 1!1y2 >
58°. According to Eq. ~1!, however, the angle u* is
smaller than 32°. As a result, the ray displayed in
Fig. 3~a! is always totally reflected off the prism plane
after its reentry. Based on our simulations, Kern’s
arc occurs when the widths a1 and a3 of the double
plate are varied simultaneously such that their dif-
ference is a constant value of 0.2, and, at the same
time, the other lengths are unchanged. For exam-
ple, the values of ~2a1, 2a3! can be ~1.0, 1.4! or ~1.4,
1.8!. This arc can be enhanced in intensity if the
length of the first ice crystal l1 is doubled ~see Table

Table 1. Crystal Geometry in Arbitrary Units

Figure 2a1 l1 2a2 l2 2a3 l3

2~a! 1.2 0.1 0.2 0.2 1.6 0.2
3~b! 3.0 0.3 1.0 3.0 0.0 0.0
5~a! 1.2 0.2 0.2 0.2 0.8 0.1
Fig. 2. Intensity distribution for the horizontally oriented ~a! double plates and ~b! single plates at 0.55-mmwavelength. The solar zenith
angle u0 is 72°. The ., 1, and z are, respectively, 2, 1, and 0 in units of the integral part of a common logarithm of the phase function.
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1!. We used u0 5 72° for the above analysis. If we
increase this angle by approximately 10° ~e.g., 82°!,
the arc will occur. However, it disappears if the so-
lar zenith angle is decreased by approximately 10°
~e.g., 62°!, except when 2a1 has a value of 1.4. These
simulated results are based on the tracing of the ray
path as illustrated in Fig. 3~a!.
Humphreys14 suggested that the ray path dis-

played in Fig. 3~b! for the capped column can contrib-
ute to Kern’s arc for a solar zenith angle of 68°.
However, we were unable to simulate this arc using
the capped-column model. In our simulation, the
intensity distribution along the latitude circle of the
circumzenithal arc, having a minimum at the azi-
muthal angle f 2 f0 of 180°, is similar to that shown
by Takano and Liou.15 The internal reflection asso-
ciated with the vertical prism plane in Fig. 3~b! does
not undergo total reflection, resulting in a weaker
~approximately 1 order of magnitude! scattered in-
tensity around the azimuthal angle of 180° than the
intensity shown in Fig. 2~a! that is produced by the
geometry in Fig. 3~a!.
Figure 4 shows the scattered intensities for hori-

zontally oriented double plates along the cir-
cumzenithal latitude. The circumzenithal arc and
Kern’s arc occur at the azimuthal angles f 2 f0 , 60°
and f 2 f0 . 110°, respectively. Figure 4 shows
that the circumzenithal arc produced by single plates
is comparable with that produced by double plates.
Usually, the circumzenithal arc in nature can be ob-
served for an azimuthal angle as large as 60°. Thus,
Kern’s arc, as illustrated in Fig. 4, should also be
observable in view of the computed intensity. The
circumzenithal circle illustrated by Tränkle and
Greenler,6 based on multiple scattering computa-
tions, does not have a dip in the scattered intensity in
the 60° , f 2 f0 , 120° region as our results show.
The simulated intensity patterns indicate that the pre-

Fig. 3. ~a! Geometric ray path that contributes to Kern’s arc. T
denotes the total reflection. ~b! The ray path suggested by Hum-
phreys that contributes to Kern’s arc.
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ceding arcs are the production of a combination of two
different optical phenomena that are related to two
distinct physical mechanisms. This argument is re-
inforced by the fact that the circumzenithal circle is
white as a result of multiple scattering, whereas
Kern’s arc is in color because of single scattering only.9
Figures 5~a! and 5~b! show the intensity patterns

for light scattered by horizontally oriented double
plates and single plates with an aspect ratio of 0.24y
1.44 for u0 5 27°. The double plates in Fig. 5~a! are
assumed to fall with the smaller plate on the bottom.
Note that the double plates displayed in Fig. 2~a! are
assumed to fall with the smaller plate on the top.
Because rimming can be observed on the inner side
along the surface of the larger plate of a double-plate
crystal, it would fall with the smaller plate on the
bottom.12 However, because of the tipping effect,
both fall modes are possible. Although Iwai16 found
that double plates tend to fall with the smaller plates
on the bottom, the other fall mode appears to be more
likely if widths a1 and a3 of the two plates have
similar values ~see Figs. 2 and 5!. The problem of
the fall position of a double-plate crystal is still a
subject of uncertainty.17 Both configurations in Fig.
5 produce the parhelic circle and circumhorizontal
arc. However, an additional faint arc occurs on the
latitude of the circumhorizontal arc and on the oppo-
site side of the zenith in the double-plate configura-
tion depicted in Fig. 5~a!. This arc is referred to as
the anticircumhorizontal arc. A ray path that con-
tributes to it is shown in Fig. 6. The ray incident on
the vertical prism plane of the upper plate that is
transmitted and reenters into the lower plate may or
may not pass through the column between. This ray
is then reflected off the prism plane and emerges from
the bottom of the lower plate. In contrast to Kern’s
arc, the intensity of the anticircumhorizontal arc is
weak, and it appears only for the crystal geometry

Fig. 4. Scattered intensity for the horizontally oriented double
plates of the crystal geometry shown in Fig. 3~a! along the cir-
cumzenithal latitude for u0 5 72° and 82° at 0.55-mm wavelength.



Fig. 5. Intensity distribution for the horizontally oriented ~a! double plates and ~b! single plates at 0.55-mmwavelength. The solar zenith
angle u0 is 27°. The symbols 1 and z are the same as those in Fig. 2.
defined in Fig. 6 with a solar zenith angle of 27°. It
vanishes when the crystal geometry and solar zenith
angle vary slightly. The weak intensity in this case
results because of the absence of total reflection at the
prism plane after reentry ~see Fig. 6!. The simu-
lated anticircumhorizontal arc presented here ap-
pears to be quite unique. To the best of our
knowledge, no record of such an arc has been reported
in the literature.

3. Concluding Remarks

The origin of Kern’s arc has been examined by using
a Monte Carlo geometric ray-tracing method. The
simulated Kern’s arc, which was produced by the ray
undergoing total internal reflection as shown in Fig.
3~a!, can be observed because of its appreciable in-
tensity and the abundant existence of double plates
in cumulus clouds. The arc that has been reported
by a number of observers3,4,9 is probably Kern’s arc
produced by the horizontally oriented double plates.

Fig. 6. Ray path that contributes to the anticircumhorizontal arc
defined in this paper.
We have determined that the ray path suggested by
Humphreys14 cannot be the origin of Kern’s arc. We
also note that neither the horizontally oriented tri-
angular plates9 nor the horizontally oriented hexag-
onal plates8,10 can produce Kern’s arc because of the
insufficient scattered intensities around the azi-
muthal angle of 180°.
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