Phase matrix and cross sections for single scattering
by circular cylinders: a comparison of ray optics

and wave theory

Yoshihide Takano and Masayuki Tanaka

The phase matrix and several quantities for single scattering by an arbitrarily oriented circular cylinder are
formulated by using the approximation of ray optics, which includes geometrical reflection and refraction
plus Fraunhofer diffraction; then the effects of polarization are considered. Computations were made using
electromagnetic wave theory and ray optics approximations for m = 1.31-0.0i and 1.31-0.1i. Results by
these methods approach one another as the ratio of the cylinder’s circumference to the incident wavelength
increases. One of two ray optics approximations proposed requires less computation time than wave theory.
The applicability of the ray optics approximation is dependent on the orientation of the cylinder relative to
the incident light as well as the size parameter and, moreover, dependent on what quantity for single scatter-

ing is compared.

I |nlroduction‘

The average length of ice crystals in cirriform clouds
is several hundred micrometers!:2 and considerably
larger than the wavelength of radiation in the visible
and near-IR regions, so that the ray optics approxima-
tion seems to be suitable. In order to obtain informa-
tion on the light scattering properties of columnar ice
crystals of hexagonal cylindrical shape, we shall consider
in this study the light scattering by infinitely long ho-
mogeneous isotropic cylinders. The solution of scat-
tering of electromagnetic plane waves by an infinitely
circular cylinder was derived by Rayleigh3 at normal
incidence and by Wait* at oblique incidence. Since
then numerous calculations have been performed by
many investigators.>® Recently the method of integral
equations was applied to a hollow hexagonal cylinder.1?
To determine the diameter and the refractive index of
a fiber, some approximate computations of backscat-
tered light intensities from a circular cylinder have been
performed by means of geometrical optics.!%12 Similar
computations of backscattered light intensities have
been done by Holoubek!3 and Saekeang and Chu!4 in
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a more elaborate fashion. But a ray optics formulation
including effects of polarization for light scattering by
an arbitrarily oriented cylinder has not yet been per-'
formed. We shall develop the formulas of light scat-
tering by a cylinder on the basis of the ray optics ap-
proximation® and compare computation results by this
approximation with those by the exact solution of wave
theory. The purpose of this comparison is to verify
applicability of the ray optics approximation and to find
the range of validity.

Il. Scattering Geometry

Scattering geometry is shown in Fig. 1. In this study,
we follow the geometry and notation by Liou.” The Z
axis of the cylindrical coordinate system (r,¢,Z) is
placed along the cylinder axis so that the cylinder oc-
cupies the region r < a, where a is the radius. The X
axis is in the plane containing the direction of the inci-
dent light and the Z axis. The complement of the angle
between the incident direction and the Z axis is denoted
as an oblique incident angle «. The angle between the
normal of the cylinder at the incident point, i.e., the
radial direction of the cylinder and the negative X axis,
is specified as 8. Usually, we have only to consider rays
with 0 < 8 < 7/2. Scattered radiation emerges along
the surface of the cone with an apical angle = — 2a;, s6
that it can be expressed by ¢ denoted as an observation
angle. We consider two polarization states of light,
where electric vector E vibrates parallel to the plane
containing the direction of propagation of light and the
Z axis [case (I)] and the electric vector vibrates per-
pendicular to this plane [case (r)].
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Fig. 1. Geometry for light scattered by an infinitely long circular
cylinder. All symbols are explained in the text.

lll. Ray Optics

We denote an amplitude matrix by T and a phase
matrix by G, which transform the amplitude of elec-
tromagnetic fields and the Stokes parameters (I}, I, U,
V), respectively, of the incident light to those of the
scattered light in a reference plane containing the di-
rection of propagation of light and the Z axis. Ampli-
tude matrix T thus defined is given by

E 9 1/2
ESI) - (7rkR cosa) expli(~kR + ot

Ty T\ (Ea
sw/d] {T4 T1) (Eir) ' =

where E; and E; are, respectively, the incident and
scattered amplitudes of the electric vector, & is the wave
number in vacuum,  is the circular frequency, R is the
distance from the apex of the cone, t is time, and { =

(—1)/2. We alternatively define a matrix A as a multiple
of T:

1/2
Aj (x,m,a,¢) = ( ) Tj(x,m,a,9), j=1,2,3,4, (2)

X COSc,

where x (= 2wa/A) denotes that the ratio of the cir-
cumference of the cylinder to the wavelength of incident
light, m (= m, — im;) is the complex index of refraction
of the scattering medium. The matrix A is the ampli-
tude matrix normalized by the square root of a multiple
of the geometric shadow area 2a cosa per unit length of
the cylinder, and its elements are expressed in the
form

Aj(x,m,a,¢) = (81 + 82))Ap

N M,
+ 2 Y AP [rmab(a,b)], 3)

p=0t=1
where 0z; denotes the Kronecker delta, i.e., 65; = 1 for
k =l and zero otherwise. Ap is the contribution from
Fraunhofer diffraction that can be expressed from the
scalar Kirchhoff approximation as

sin(x cosc sing)

Ap(x,a,¢) = (2% cosc)l/2 (4)

X cosa sing

The derivation of this formula is described in Appendix
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A. Since the factor x cosa is included as a single pa-
rameter in Eq. (4), it is expected that the cylinder ap-
parently shrinks as o becomes large. A% is the con-
tribution from geometrical optics, which includes ex-
ternal reflection (p = 0), refraction (p = 1), and internal
reflection of each order (p = 2): hereafter we call them
the transmitted light of the pth order. The summation
for ¢ from 1 to M, represents the contribution from rays
with different incident points 5, and the same p.
Clearly M), is unity for p = 0 and for p = 1, but for p >
2, My, can be more than 2 since ¢(c,) is a multivalued
function of 8 (Ref. 5, p. 229, and Ref. 13). The value N
should theoretically be infinity, but in practice a small
integer can be adopted with sufficient accuracy; N = 4
~ 9 are sufficient to account for more than 99.9% of the
scattered energy even for nonabsorbing cylinders except
for cases with very large values of . Amplitude matrix
elements AP are given by

o [T cosf

AP [x,m,c¢ (a,B)] = € [0¢'/0B]

1/2 .
) exp(iy),

7=1,2,3,4, (5)
where

€ = {L—alRL—al, forp =0,
L_sT (Ls CR)P~1 L;y TL-s;, forp >1.

Matrix Ls; denotes the rotation of the coordinate
system:

(8)

cosé sind
L= (—sin6 cosB) ’ ™
R is the reflection matrix, and T is the transmission
matrix:
;)
ry
=~ [(1=rhi2 0 @
T= ( 0 - rawz)

where rj and r | are the Fresnel reflection coefficients
parallel and perpendicular, respectively, to the incident
plane, i.e., the plane containing the directions of prop-
agation of incident and reflected rays. The Fresnel
reflection coefficients are given by

m COST; — COST,
r S —————
m cosT; + cosT,

9)

COST; — M COST,
ry =—
cos7; + m cosT,

In the above equations, 7; denotes the incident angle
with reference to the normal,

€osT; = cosa cosf3, (10)
and 7, denotes the refracted angle given by Snell’s
law:

m sinT, = sin7;. (11)

To determine the refracted direction, 7, is approxi-
mated with the angle obtained by replacement of m
with m, in Eq. (11). In Eq. (6), matrix C is given
by



-1 0
C_( 0 —1)' 12

This matrix expresses a phase shift of = due to internal
reflection. The relations A’ = —A{ and therefore A4
= —Ajg are valid from the property of ¢/”). Since the
incident angle of any ray refracted once into the cylinder
is always 7, the rotation angles of the coordinate system
01 and 62 are obtained from the spherical geometry
shown in Figs. 2(a) and (b):

sinél = sinf/sin7;, (13)
c0s82 = —cos2A + sin2A cos(2£), (14)
where A and £ are auxiliary angles:
sinA = sina/sin7;, (15)
tanf = cosA tant,. (16)
From Fig. 2, it can also be understood that the scattered
light is confined to the surface of a solid cone that forms
an angle @ with the X-Y plane. The factor (7 cosf/
|2¢'/2B])1/2 in Eq. (5) is derived from the conservation

of the flux of radiant energy. Deviation angle ¢’ ap-
pearing in this factor is given by

¢'(a,f) =7 — 28 — p(w — 2§). (17)
This angle may express how many times and in what
direction the ray rotates within the cylinder. The de-
rivative d¢’/98 can be obtained straightforwardly from

Eq. (17). The relation between deviation angle ¢” and
actual observation angle ¢ is

¢'(a,B) = 2k + qpler,B), (18)

where k is an integer, and q is +1 or —1. Namely, ¢ is
the projection of ¢’ on the branch [0,7] with a proper
choice of k and q. The factor v in Eq. (5) is a complex
phase of a light ray except for that of the Fresnel coef-
ficient already included in e(P):

7=§w+6+k+%@—1ﬂ%m (19)

where

2wrm;

6 = 2x(cost; — pm, cos7,) + i N pl, (20)
2a cosT,
= —_— ., 21
1 — sinZa/m? @1
a¢'] —3¢’'/0B
s=sgn|——|=——"—+" (22)
¢ ( oB) ~ |-ov/of]

The constant phase factor in Eq. (19) is taken to be
37/4, whereas this factor is 7/2 in the case of a sphere
(Ref. 5, p. 207). The real part of 6 is the advance in
phase of the actual ray due to the length of optical path
with respect to a hypothetical ray scattered without
phase lag at the apex of the cone. This term is exactly
the same as the corresponding quantity for a sphere
(Ref. 5, p. 207). The imaginary part of 6 accounts for
absorption within the cylinder, where pl is the total path
length in the cylinder. The quantity p + (s — 1)/2in
Eq. (19) is the number of focal lines through which the
ray passes. With respect to the phase factor, it is pro-
posed that the term [—2k + (1 — ¢)/2]7/2, which ap-
pears in the case of a sphere (Ref. 5, p. 207), should not
be included in the case of a cylinder because of the ab-
sence of the glory for nonspherical particles.

Now let us consider a cylinder at an oblique incident
angle «, say, cylinder a, which scatters a light ray to an
observation angle ¢. Let us also take another cylinder,
¢, in the mirror image of cylinder a with respect to the
scattering plane, which necessarily has the same oblique
incident angle o and scatters a ray in the same direction
in space as does cylinder a. The cylinder at the recip-
rocal position of cylinder a, say, cylinder b, and its
mirror image, say, cylinder d, coincide with cylinders
a and c, respectively. Taking these symmetry relations
into consideration, the 4 X 4 phase matrix of these four
cylinders, which transforms the Stokes parameters (I;,
I, U, V) from incident to scattered, is given, in van de
Hulst’s notation (Ref. 5, p. 44), by

M., 3 (M3 + My) 0 0
M3+ M M 0 0
G=f 2 M3 4) 1 . (©3)
0 0 Slg+sa4 "D21
0 0 Doy S12— 834

Fig. 2. (a) Spherical geometry of the
externally reflected light. O denotes the
incident point. (2), (no), and (ro) express
the incident ray, the normal, and the ex-
ternally reflected ray, respectively. (b)
Spherical geometry of the transmitted
light of the first order. (r1), (n1),and (¢1)
express the refracted ray, the normal, and
the transmitted ray of the first order,
respectively.
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where we consider a direction for which scattering angle
0 is neither zero nor m. From the relation A4 = —A3, we
can easily find the relations S34 = —M3z and M, = Mj.
Then we have

2 M3 0 0
M; M 0 0
g=[ 2 . (24)
0 0 Sp—-M; —Dgy
0 0 Doy 512+M3

In Eq. (24), five independent parameters occur for a
polydispersion, and the relation

Gag— Gz = 2G12 (20) (25)

is easily found. After ¢’ intersects nm odd times (n =
an integer), the ray with —n/2 < 8 < 0 contributes to the
amplitude, so that the signs of 61 and 62 change.
Therefore, whenever ¢'(«,8) takes the value of nw, AP
and AP should be multiplied further by —1. In such
a case, at ¢ = 0 and ¢ = =, there are two contributions
to the amplitude coming from each side of a cylinder
whose magnitudes are the same but with opposite signs,
so that G 12 should always be zero at these directions.
On the other hand, G1; and Gss can have finite and
small peaks at ¢ = 0 or ¢ = 7 because there are two
contributions to the amplitude from each side of a
cylinder of the same magnitude and sign. A typical
example is the case for o = 45° shown later.

For the incidence of unpolarized natural light with
Stokes parameters (15,%,0,0), the phase function and
the degree of linear polarization are given, respectively,
by

1
G= 2 (Gu + Gz + Gap + Gog), (26)

p= (G11 + G12) — (Ga1 + Goy) .
(G11 + G12) + (Ga1 + Ga9)

27

If the phase matrix of randomly oriented cylinders is
needed, the scattering plane should be taken as the
reference plane. However, phase function G and ele-
nient G 44 are independent of the choice of the reference
plane.

The scattering efficiency factor is defined by the total
scattered energy integrated over all angles ¢ divided by
the product of the incident intensity and the geometric
shadow area per unit length. In the case of ray optics,
with the definition of 4; in Eq. (2), this is given by

1
Qsca = E (Qsca.l + Qsca,r)
1f1 k. 1 ks
o L—T j; (Gu+ Gio)do + S Gt Gzz)d¢]

1 T
-- j; Gdg. (28)

And, accordingly, the scattering cross section per unit
length of a cylinder is given as

Cyca = 2a cosaQgca. (29)

The absorption efficiency factor Qg is the difference
between the total energy impinging on the cylinder,
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which is assumed to be unity, and the externally re-
flected energy E© plus the transmitted energy E® (p
> 1);i.e.,
1
Qabs(x;m.a) = 5 (Qabs,l + Qabs,r)
=3(-2 £ w2
2 p=0

+ {1 - 2p§0 [EP + EiP’]])

N
=1- 3 E®, (30)
p=0
where
j=1
4 /2 .
=3 JelP) |2 exp(— é-7r—m'171) cosf3df. (31)
j=1Jo A
The extinction efficiency factor can be obtained as
Qext = Qgca + Qabs. (32)

When many cylinders with an oblique incident angle
o are randomly located, the intensities from the indi-
vidual cylinders may be added. Therefore, phase ma-
trix elements Gy, for a polydispersion of cylinders are
given by the following integration:

Gri(m,0,¢) = f Gr(x,m,a,¢)xn(x)dx/ f xn(x)dx,
k1=1,2,34, (33)

where n(x)dx is the number of particles per unit volume
with size parameter between x and x + dx. Itisnoted
that if T is used as the amplitude matrix instead of A,
the size distribution n(x) must be substituted instead
of xn(x) in Eq. (33).

The method described so far to obtain phase matrix
G, adding the complex amplitudes and taking the
squared modulus of the combined amplitude, which will
be called ray optics A, is exact in the framework of ray
optics, but this method still requires a fairly long com-
putation time. On the other hand, if a phase matrix for
a polydisperse system is needed, it will be a good ap-
proximation to superpose the intensities of the dif-
fracted light and the transmitted light of each order.
This alternative method of ray optics will be called ray
optics B. For the latter case, the phase matrix elements
are expressed as

Gri(x,m,a,¢) = GP (x,0,¢)

N M
+ 32 Y G [xmadla,B),

p=0t=1
k1=1,23,4, (34)

where G, and Gf?’ are phase matrix elements gener-
ated, respectively, from (8 + 62/)A2 and A"’ by Eq.
(23). The elements GP, can be obtained by by, | A2 |2
In ray optics B, the element G5 is taken to be zero at ¢
= 0 and ¢ = m, similarly to ray optics A. If thereisa
contribution to the intensity at ¢ = 0 or 7 from a ray
whose £ is not zero, the elements G, G®, G&, and
G® — G of the corresponding ¢ should be multiplied



by 4.0, since there are two contributions from each side
of a cylinder of the same amplitude. The phase factor
v for AP in Eq. (5) is, in this case, given by ipl27wm;/A.
Efficiency factors are given in the form

Qext = 2.0

1
Qsca = 5 (Qsca.l + Qsca,r)

= —;-({1 +2 % [EP + Esm]}

p=0 (35)

+ ‘1 +2 pgo [EP + EiP’]D

N
=1+ Y E®
p=0

The absorption efficiency factor is obviously given by
Eq. (30).

To consider the ground for ray optics B, let us rewrite
Eq. (3) as

K
Aj=Y aP explilsf + oW}, j=1,23,4, (36)
5=0

where 6 is the phase factor depending on polarization
component j, ¢®®) is the phase factor common to all
polarization components, (¥ is the real amplitude of
the light ray, K is the number of light rays contributing
to the intensity at a direction ¢. For example, 6% =
[the phase of € 3’!, and ¢{®) = vy for the transmitted light
of each order; 6§ = ¢® = 0 for the diffracted light. Let
us consider the phase matrix element Dy; in Eq. (24) as
an example. Using Eq. (36), Da; can be expressed as

K
Doy = Y af af sin[6{ — 6%]
8=0

K K

+ 3 3 afPad sin[6
=0 u=0
(¢u)

— 8 4 ¢® — o), (37

If this quantity is integrated over a wide range of size
parameters, the double summation of Eq. (37) will be
nearly zero, since () — ¢() varies over a wide range.
This means that the phase matrix element is composed
of superposition of the intensities of the diffracted light
and the transmitted light of each order. Moreover, one
can easily see that if the scattering body is isotropic and
nonabsorbing and no total internal reflection occurs, the
element Ds; becomes nearly zero for a polydisperse
system, since 6{ — 6% in Eq. (87) is £ or zero from the
fact that 6§ = [the phase of ¢{”)] or zero.

IV. Wave Theory

The amplitude matrix elements for wave theory are
expressed in such infinite series of the trigonometric
functions as

Ty {x,m,c,¢) = ag2 + 2 i Gn2 cOSNO, (38)
n=1
T (x,m,0,8) = bot + 2 3 bay cosne, (39)
n=1
Ty (x,m,0,¢) = 2 i bazsinng, - (40)
n=1

Ty (x,m,q,p) = 2 i an sinng. (41)
n=1

In the above equations, the coefficients a1, ans, b,1, and
b,o are determined by the boundary condition of con-
tinuity of the tangential components of the electro-
magnetic field at the interface. These coefficients are
functions of the Bessel functions of the first kind, the
Hankel functions of the second kind, and their first
derivatives, whose arguments involve x, m, and ««. The
detailed expressions for these are found, e.g., in Ref. 7.
It is noted here that the relations b, = —a,; and
therefore Ty = —T'3 are always valid and that Ty = T4
=0at¢=0and ¢ = .

The phase matrix is generated from T by means of
Eq. (23). The efficiency factors for extinction and
scattering are given, respectively, by

1
Qext = '2' (Qext,l + Qext.r)

1 2 ®
=- [[Re(bm) +2 3 Re(bn1)
2 x cosa n=1

+ [Re(aoz) +2 3 Re(ans) } 42)
n=1

1
Qsca = '2' (Qsca,l + Qsca,r)

1 2

2 x cosa

laoal?+2 % (Janal? + Ibn2|2)”- (43)

|’|b01|2 +2 Z_:I (Ibn1|2 + Ian1|2)]

+

Namely, we adopted the efficiency factors Qext and Qgca
from the corresponding efficiency factors of Lind and
Greenberg!® divided by cosc. With this definition, Qext
approaches 2.0 with an increase of x for any oblique
incident angle «. When the size parameter is small,
Qsca,s and Qsca r are somewhat different from each other
(Ref. 5, p. 312). As the size parameter becomes large,
the difference between these components decreases for
a dielectric cylinder, while for an absorbing cylinder,
each component of Q.4 is still different from the other
even for large size parameters.

V. Numerical Results and Discussion

In geometrical optics, to obtain A(P) as a function of
¢ it is necessary to solve a 2pth-order algebraic equation
for the pth-order transmitted light, which is the reverse
solution of Eq. (17), i.e., 8 = B(a,$). Computations
using geometrical optics were carried out for 181 equally
spaced incident directions with angular increments of
8 of 0.5°. The real amplitude and the phase of AP’ for
ray optics A and G}’ for ray optics B were linearly in-
terpolated at 199 observation angles, 0(0.1)2(1)180°.
But except for Fig. 3, figures are drawn at intervals of
2° in ¢ for the sake of comparison with exact wave
theory. The computational instability due to the
rainbow was removed by the method described in Ap-
pendix B. In both cases of ray optics and wave theory,
the normalized phase function G/Q;c, is drawn in the
figures, and, correspondingly, Gr;’s generated from
amplitude matrix A are replaced by Gri/Qsca, where
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(i) RAY OPTICS B
(ii) RAY OPTICS A
3 (iii) WAVE THEORY

m=131-00i (A=0.7um)
«=0°
a = 10um

PHASE FUNCTION

0 60 120 180
OBSERVATION ANGLE ¢

Fig. 3. Phase functions for a single cylinder at normal incidence.
The uppermost, middle, and lowermost curves are those computed
from ray optics B, ray optics A, and wave theory, respectively. The
vertical scale applies to the lowermost curve. The other curves are
successively displaced upward by factors of 10, with the horizontal
bars occurring where the phase function has the value of unity.

Qsca = S Qeeaxn(x)dx/ § xn(x)dx. (44)

As the complex refractive index of ice, the value of
1.31-0.0i at a wavelength of 0.7 um was adopted.

Figure 3 illustrates the phase functions for a cylinder
with 10-um radius at normal incidence (@ = 0°). The
uppermost curve is that computed from ray optics B by
adding the intensities. The steep feature at the very
forward direction results from the diffraction. The
broad forward lobe results from the transmitted light
of the first order, and the primary and secondary rain-
bows appear concurrently at the observation angle of
135° for m = 1.31-0.0i. The middle curve is that
computed from ray optics A by adding the complex
amplitudes so that the effect of interference is seen
overlapping the feature of the uppermost curve. The
lowermost curve is that computed from the exact wave
theory. Although the frequency of fluctuation due to
interference is higher in this case, the overall tendency
coincides well with that of the middle curve.

For a large size parameter, since the angular scat-
tering pattern varies rapidly, a comparison should be
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made with a sufficiently high resolution. However, as
the ice crystals in real clouds are not monodispersive but
polydispersive, it is reasonable to integrate the contri-
butions over such a size range that the fluctuations due
to interference are averaged out. Thus we can accom-
plish meaningful comparisons with the resolution
mentioned above. For the particle size distribution we
employed the modified gamma function given by

n(x) oc x6 exp(—bx), (45)

where b is a constant determined by the average size.
Sufficiently wide range was adopted, and the range of
integration was divided into sufficiently small intervals
in Eq. (33).

Figure 4 compares phase functions at normal inci-
dence for ray optics and wave theory. The average radii
are 5, 10, and 30 um, and corresponding size parameters
are 44.9, 89.8, and 269.3, respectively. The phase
functions for each size are successively displaced by 1
order of magnitude to allow a clear comparison. We can
see that the glory at ¢ (= ) = 180° that appears for

SCATTERING ANGLE

.0 60 120 180
10 A B B | T T T T
WAVE THEORY
------ RAY OPTICS A
100 1L e RAY OPTICS B

m=131-00i (X=0.74m)
a=0°

PHASE FUNCTION

OBSERVATION ANGLE ¢

Fig.4. Comparison of ray optics and wave theory for phase functions
at normal incidence. The average radii are 5, 10, and 30 um. The
vertical scale applies to the lowermost curves. The other curves are
successively displaced upward by factors of 10. Dotted lines (ray
optics B) almost overlap dashed lines (ray optics A) and, moreover,
overlap solid lines (wave theory) in the forward direction.
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0 20 40 60 0 90
10‘ T T T T T T T 8|
WAVE THEORY
------- RAY OPTICS A
1031 RAY OPTICS B |

m = 1.31-0.0i (X=0.7um)

o = 45°

PHASE FUNCTION

OBSERVATION ANGLE ¢

Fig. 5. Same as Fig. 4, but the oblique incident angle « is 45°.

spherical particles!®!7 does not occur in this case and
that the normalized intensity of diffracted light at ¢ =
0° is proportional to x in this case [Eq. (4)] instead of
x2 for spheres. Some explanations for scattering
properties of spherical particles given by Liou and
Hansen!® can be applied to those of cylinders computed
by ray optics B and wave theory shown in Fig. 4 and
following figures.

In Fig. 5 are compared phase functions obtained by
ray optics and wave theory for the oblique incident
angles « = 45°, The primary rainbow, the secondary
rainbow, and the rainbow due to the p = 5 component
occur, respectively, at observation angles of ~163, 84,
and 128°. The rainbow due to the p = 4 component at
¢ =~ 24° is not observed clearly because the intense
transmitted light of the first order obscures it. The
phase function computed by ray optics B does not vary
with ¥ in the range of backward observation angles (¢
> 90°) where no diffracted light contributes. This is
also the case for other matrix elements produced by ray
optics B. On the other hand, as seen from Fig. 5, the
phase functions computed by ray optics A vary with x
(= 2ma@/\) even in the range of backward observation
angles. Such variations in the case of finite x are caused
by the effect of interference or the term vy in Eq. (5). It
is expected that ray optics B is coincident with ray op-
tics A in the limit of infinitely large . Indeed, we can

see in the vicinity of the primary rainbow in Fig. 5 that
ray optics A and wave theory, which are close to each
other, approach ray optics B with an increase of x

Figure 6 shows comparisons of phase functions by ray
optics and wave theory for & = 85°. Since calculations
by ray optics A were performed at an early stage of this
study, only rays up to p = 9 were included, but rays up
to p = 12 were included by ray optics B. Therefore
additional rainbows due to components with p = 10 and
12 appear at ¢ =~ 180° and ¢ =~ 170°, respectively, in ray
optics B. For small oblique incident angles «, the phase
functions have anisotropic forwardly intense features
due to contributions from the diffracted light and the
transmitted light of the first order, while for large values
of «, especially a 2 60°, they have relatively isotropic
features due to the contribution from the externally
reflected light.

In Fig. 7, we compare the cross-polarization element
G12 (= Go3) computed from wave theory with those
computed from ray optics at the oblique incident angles
o = 45° and 85°. The curves for a = 85° are displaced
upward by factors of 102. For a = 0°, this element is
always zero, because the incident plane is always in the
circular cross section of the cylinder. The energy con-
tained within the element G2 increases monotonically
as the oblique incident angle o increases. As mentioned
before, the intensities of the cross-polarization element
are zero at ¢ = 0° and 180°. For « = 85°, we can see a
subpeak at ¢ =~ 4° for both wave theory and ray optics
B, which is attributable to the rainbow due to the p =
11 component. For o = 45°, in spite of the discontin-
uous damping of this element at ¢ = 180°, the phase
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Fig. 6. Same as Fig. 4, but the oblique incident angle « is 85°.
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Fig.7. Comparison of ray optics and wave theory for G15. The av-

erage radius is 30 um. The curves for o = 85° are displaced upward

by factors of 102, with the horizontal bars occurring where the element
has the value 0.1.

functions G have fairly large values at ¢ = 180° as shown
in Fig. 5. This is attributed to the fact that G and Gos
have finite small peaks there and compensate the de-
crease of the cross-polarization element.

In Fig. 8 the elements G171 and G2 at the oblique in-
cident angle o = 85° are compared for ray optics and
wave theory. The pattern of angular distribution of
these elements is nearly symmetrical with respect to ¢
=~ 90° except for the forward observation angle. The
large depolarization at ¢ =~ 90° and the symmetrical
feature for o = 85° shown in Figs. 7 and 8 result mainly
from the way the reference plane for polarization is
defined. The reference plane for the incident light is
nearly perpendicular to that for the scattered light at
¢ =~ 90° for a large oblique incident angle (see Fig. 1).
Therefore, even if the vibrational plane of the electric
vector of the light ray hardly varies before and after
scattering, a large apparent depolarization is observed
around ¢ =~ 90°. Using the matrix ¢} represented
before, this apparent large depolarization and sym-
metrical feature can be explained more concretely as
follows. For a large value of «, 61 ~ § from Egs. (10)
and (13), and r| and r; vary slowly with 3, and their
values are close to each other. Therefore, from Eq. (6)
we have

e<°>;~.-—-rn( c?s¢ sing i
—sing cos¢,
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Thus, at the observation angle ¢ ~ 90°, the cross-po-
larization element G5 has a maximum value, and the
polarization elements G1; and G 22 have minimum val-
ues. Moreover, at the observation angle ¢ = 180°, G1»
vanishes, and G1; and Gs2 have maximum values.
Similar considerations can be made for the transmitted
rays of higher order.

In Fig. 9 are compared the degree of linear polariza-
tion for single scattering of incident unpolarized light
at normal incidence, @ = 0°, by ray optics and wave
theory. Although the approximation of ray optics
seems to be adequate for small radii such as 10 um for
the scattered intensity (F'ig. 4), a much larger average
radius of at least 30 um is necessary to account for the
degree of linear polarization with good accuracy.

Figure 10 compares the degree of linear polarization
at the oblique incident angles & = 45 and 85°. In the
case of & = 45°, the degree of linear polarization varies
suddenly from ¢ = 178° to ¢ = 180° corresponding to
the abrupt change of G132 shown in Fig. 7. At «a = 85°,
there is close agreement among ray optics and wave
theory. But at ¢ ~ 180°, wave theory becomes nega-
tively intense with the increase of @ compared with ray
optics A. This is caused by the rainbow due to the p =
10 component, which is clearly seen in ray optics B.
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Fig. 8. Comparison of ray optics and wave theory for G1; and Gag
at « = 85°. The average radius is 30 um. The upper curves are dis-
placed upward by factors of 10.
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Fig. 10. Same as Fig. 9, but the oblique incident angles « are 45 and
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Fig.11. Comparison of ray optics and wave theory for G 44 at normal

incidence, @ = 0°. The average radii are 5 and 30 um. At the ob-

servation angle ¢ < 60°, the left vertical scale applies to the lower

curves, and the upper curves are displaced upward by factors of 102.

At ¢ = 60°, the right vertical scale applies. The zero points of each
curve are indicated by the horizontal dashed lines.

The differences at the forward direction among ray
optics and wave theory are attributed to the apparent
smallness of the cylinders in view of ray optics. From
Figs. 9 and 10, it can be thought that the approximation
of ray optics for the degree of linear polarization be-
comes better as the oblique incident angle « increases.
At the direction ¢ =~ 180°, the degree of linear polar-
ization becomes strongly negative as « increases, but
this negative polarization becomes weaker for o = 60°.
This feature is explained as follows. The externally
reflected rays at ¢ ~ 180° are those for 8 ~ 0°, 7; ~ «,
and 81 =~ 0°,so that € =~ rjand ” ~ r,. The ratio
of |ry|2 to |r |2 is minimum, when the incident angle
« coincides with the Brewster angle, i.e., 52.7° in the
case of m = 1.31-0.0:.

Figure 11 shows the G44 element at normal incidence,
o = 0°, for ray optics and wave theory. Itis clear that
the element G 44 coincides with the element G533, because
M3 =0in Eq. (24) at « = 0°. The element G 44 can be
approximated by |A;|-|As] at the forward direction,
since the amplitudes A; and Ao, to which the diffracted
light and the transmitted light of the first order con-
tribute, are nearly in phase. Therefore, this element
is nearly the same as the phase function G = (|A;|2 +
|A2[2)/2, because |A1]| = [Aqg] at the forward direction.
For ¢ 2 80°, the amplitudes of externally reflected rays
AL and A become out of phase, because the incident
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angle is beyond the Brewster angle, so that G 44 becomes
negative at the direction where the externally reflected
light dominates. In the vicinity of the rainbow angle
¢ = 135°, the amplitudes of the transmitted light of the
second order A{Y and A¥ are in phase, and their values
are large, so that G 44 becomes intensely positive.

Figure 12 shows the element G 43 (= —~G34) at normal
incidence for ray optics and wave theory. The relative
disagreement among them is most conspicuous com-
pared with other phase matrix elements. However,
since this element approaches zero over the whole range
of observation angles as the average radius increases,
the rather remarkable disagreement is not so serious for
practical purposes. This tendency becomes more
prominent at & = 45 and 85°. In this connection, we
can add a further comment: in the limit of ray optics
(ray optics B), the element G 43 vanishes regardless of
a for a polydisperse system of isotropic dielectric cyl-
inders, while for absorbing cylinders, the element G43
by ray optics B does not vanish, and ray optics B is
closer to wave theory than ray optics A (m = 1.31-0.1;
a = 10 um).

Figure 13 compares the efficiency factors for extinc-
tion at normal incidence, & = 0°, for ray optics and wave
theory. There are slowly damping sinusoidal oscilla-
tions similar to those for spherical particles. In view of
ray optics, an interference of the diffracted light and the
transmitted light of the first order is responsible for this
oscillatory feature. For Qex¢ at & = 45°, the period of
the oscillation in x is shorter, i.e., 10.3 for o = 0° and
7.99 for @ = 45°, but the patterns are similar to each
other.
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Fig. 13. Comparison of ray optics and wave theory for the extinction

efficiency factor Qext at normal incidence, o = 0°.
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Fig. 12.  Comparison of ray optics and wave theory for G5 (= —Ga4)
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2790 APPLIED OPTICS / Vol. 19, No. 16 / 15 August 1980

Figure 14 illustrates the extinction efficiency factors
at a = 85° for ray optics and wave theory. The varia-
tions of Qex are not sinusoidal in this case but quasi-
periodic. The difference between wave theory and ray
optics A is larger compared with the case of @ = 0°, but
the positions of the ridges and troughs coincide fairly
well with each other. These quasi-periodic variations
may be explained in view of ray optics as follows. Be-
cause of the large oblique incident angle, the reflectivity
is high for internal reflections, so that multiple internal
reflection should be considered. Therefore not only the
diffracted light and the transmitted light of the first
order but also the transmitted light of the higher order
interfere with each other, and this interference will
generate the quasi-periodic oscillations.

If we include the phase factor [-2k + (1 — q)/2] /2
in Eq. (19), there will be a discrepancy on the phase of
the oscillation of Q¢ between ray optics A and wave
theory shown in Figs. 13 and 14. It is noted from Figs.
13 and 14 that the efficiency factor for extinction ob-
tained from wave theory is larger than that obtained



from ray optics A. This difference between wave theory
and ray optics A seems to show effects of grazing re-
flection. But for smaller size parameters, the inappli-
cability of ray optics is also responsible for the difference
in its own right. However, ray optics A will give the
extinction efficiency factor more realistically than the
anomalous diffraction approximation®18 especially in
the case of @ = 85°. Because ray optics A takes into
account as many factors as possible, except for the ef-
fects of grazing reflection, on the other hand, the
anomalous diffraction approximation takes into account
only the diffracted light and the transmitted light of the
first order for refractive index m close to unity. The
behavior of Qext by wave theory in Figs. 13 and 14, which
are equivalent to Figs. 8 or 9 of Ref. 15, is similar to that
of slender prolate spheroids (Ref. 19, Fig. 7).

In Table I, the extinction efficiency factors averaged
over the size distribution [Eq. (44)] evaluated by ray
optics A are compared with those by wave theory. The
average extinction efficiency factors are asymptotic to
2.0 from top to bottom in each column.

To examine the effects of absorption, the imaginary
part of the complex refractive index was increased by
keeping the real part unchanged. Figure 15 shows the
phase functions by ray optics and wave theory for the
absorbing cylinder with m = 1.31-0.1; (A = 0.7 um).
The scattered light intensity consists mainly of the
diffracted light and the externally reflected light at any
oblique incident angles due to the strong absorption.
Therefore, the relative differences among these three
methods at the forward direction become more striking,
but the absolute differences are nearly the same as those

Table I. Extinction Efficlency Factors Averaged over Size Distribution, Eq. (44), for m = 1.31-0.0/(\ = 0.7
a=0° a = 45° a = 85°
@ (um) RO(A) wT RO(A) WT RO(A) WT
5 1.9659 2.0689 1.9518 2.0981 1.7462 2.3680
10 1.9850 2.0481 1.9706 2.0621 1.8442 2.2511
30 1.9980 2.0127 1.9928 2.0300 1.9261 2.1211
RO(A) = ray optics A; WT = wave theory.
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Fig. 15, Comparison of ray optics and wave theory for phase func-

tions at three oblique incident angles for the case of m = 1.31-0.1i (A
= 0.7 um). The average radius is 10 um.
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Fig.16. Comparison of ray optics and wave theory for the efficiency

factors for extinction, scattering, and absorption and the single

scattering albedo at & = 0° for the case of m = 1.31-0.1i (\ = 0.7
um).

for the nonabsorbing case. On the other hand, there is
better agreement among ray optics and wave theory at
the observation angle ¢ = 90° for the case of @ = 0 and
45°,

Figure 16 shows the efficiency factors for extinction,
scattering, and absorption, and the single scattering
albedo w for the absorbing cylinder with m = 1.31-0.1;
(A=0.7 um). The efficiency factors for scattering Qqca
oscillate for small x, say, x < 30. Asx becomes larger,
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Table Il.

over Size Distribution for m = 1.31-0.1/ (A = 0.7 um) and 3 = 10 um

Efficiency Factors for Extinction, Scattering, and Absorption and Single Scattering Albedo Averaged

o = 45° «a = 85°
RO(A) WT RO(A) WT RO(A) WT
Qext 1.9834 2.0457 1.9704 2.0587 1.8540 2.2465
Qsca 1.0283 1.0617 1.0453 1.1013 1.5154 1.8602
Qabs 0.9551 0.9840 0.9251 0.9573 0.3386 0.3863
@ 0.5185 0.5190 0.5305 0.5350 0.8174 0.8280

the transmitted light of the first order is almost ex-
hausted, so that the oscillation due to interference dis-
appears. The absorption efficiency factor @, com-
puted from ray optics A or B increases monotonically
with x and approaches a limiting value, because almost
all the light refracted into a large cylinder is absorbed.
The radius at which Qaps becomes constant nearly
coincides with that at which the oscillation of Q. dis-
appears. For large sizes, Qexi computed from wave
theory and ray optics A approaches 2.0 with slightly
decreasing and increasing tendencies, respectively.
Although there are some differences in Qey; and Qsca
among wave theory and ray optics, the ratio of Qg to
Qext or the single scattering albedo w is in good agree-
ment.

Table II gives numerical values of the efficiency fac-
tors for extinction, scattering, and absorption, and the
single scattering albedo averaged over the size distri-
bution for the absorbing cylinder with m = 1.31-0.1; (A
= 0.7 um), computed by ray optics A and wave theory.
The efficiency factors Q. in this case have almost the
same values as those of the nonabsorbing cylinders.
Ray optics A becomes worse with an increase of « for
any efficiency factors. On the other hand, it is fairly
good for average single scattering albedo w, which is
defined by Qsca/Qext. The two polarization components
of the efficiency factor for extinction Qext,; and Qext,- at
a = 0° computed from ray optics A are 1.9826 and
1.9843, and for scattering they are 1.0490 and 1.0077,
respectively. On the other hand, those components of
the efficiency factor for extinction computed from wave
theory are 2.0457 and 2.0456, and for scattering they are
1.0871 and 1.0363, respectively. In the limit of the large
size parameter, both polarization components of the
extinction efficiency factor should approach 2.0, and
each polarization component of the scattering efficiency
factor approaches 1 + 2 [EY + E?] = 1.0620 and 1 +
2 [EY + E{] = 1.0219, respectively, from Eq. (35).

Figure 17 illustrates the fractions of energy contained
in the transmitted light E®) (x,m,«) of the different
order p as a function of the oblique incident angle « for
the case of m = 1.31-0.0; (A = 0.7 um). The main fea-
ture of E(P) can be explained schematically as follows.
Let us consider a ray of light incident on a cylinder
toward the central axis of the cylinder and denote
Fresnel reflection energy |r|2 or |, |2 as r for the sake
of simplicity. Then the energy of externally reflected
light and the energy of transmitted light of the first
order are expressed as r and (1 — r)2, respectively.
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Fig. 17. Fractions of energy contained in the transmitted light E®

(x,m, @) of the different order p for m = 1.31-0.0; (A = 0.7 um). The
numbers in the figure denote p.

Therefore E© increases and E() decreases monotoni-
cally with « due to the increase of r. The energy of
transmitted light of the pth order (p = 2) is generally
expressed by the geometrical series

re=1(1—-r)2, (46)

where the common ratio is 7(<1). When « is relatively
small where r is also small, the increase of reflection
term r?~1 in Eq. (46) with a small increase of r over-
comes the decrease of transmission term (1 — r)2, so that
the energies contained in the transmitted light of the
higher order increase. On the other hand, when « be-
comes large where r increases rapidly, the decrease of
fransmission term overcomes the increase of reflection
term, so that E® (p > 2) decreases, and the conver-
gence of the series becomes slow and a large number of
terms is required. For a ray of light incident on any
position of a cylinder, the situation is the same as the
above. Variations of E{), E{, and E{ for p > 2 with
a are not so simple as E ®) but rather winding. E{*’ and
E{) increases where E{”’ decreases and vice versa. This
means that by a rotation of the incident plane, the ra-
diant energy is distributed among the different polar-
ization components, but E®), which is the average of
these components, varies fairly simply as shown in Fig.
17.



V1. Conclusions

After the above comparison of ray optics and the
exact electromagnetic wave theory for several quantities
for single scattering by circular cylinders, it has become
evident that the applicability of the approximation of
ray optics is dependent on the orientation of cylinders
relative to the incident light as well as their size pa-
rameters. The applicability of ray optics also depends
on what quantity for single scattering (e.g., the phase
function, the degree of linear polarization, the extinction
efficiency factor, or the single scattering albedo) is
compared. Although in this study we investigated
applicability of ray optics for the size parameters up to
~270, much larger size parameters of the order of sev-
eral hundreds seem to be needed for valid application
of the ray optics approximation to all the single scat-
tering quantities. The variations of phase matrix ele-
ments and scattering cross sections with the size pa-
rameter computed by ray optics A agreed with those by
wave theory, but the method of ray optics A still re-
quires a fairly long computation time. On the other
hand, the approximation of ray optics B gives fairly
accurate phase matrix elements for a polydisperse sys-
tem, and a much less computer time is needed. For
example, for m = 1.31-0.0i (A = 0.7 um) and @ = 30 um
the computation time by ray optics B is only 0.4 ~ 4%
of the corresponding time by wave theory, whereas ray
optics A requires about 20-160% of wave theory. From
an optical point of view, it may be useful to study further
the solution of ray optics A, but from a point of practical
use, e.g., in meteorology, ray optics B will provide a
convenient means to investigate the phase matrix of
other nonsperical particles like hexagonal cylinders.

The authors wish to express their hearty thanks to S.
Asano for his critical reading of the manuscript and for
discussions. This study was supported by Scientific
Research Funds from the Ministry of Education of
Japan. The numerical computations were made on the
ACOS700 computer at Tohoku University.

Appendix A

Applying Huygens’s principle and Babinet’s theorem
(Ref. 5, p. 105), the disturbance u; caused by diffraction
about a circular cylinder is expressed as

us = -Elxui ‘f_: j‘_z expli [wt — k(X cosa

+ Z sinc) — kF”deZ. (A1)

Here u; is the disturbance in the original wave, the term
wt — k (X cose + Z sine) denotes the phase of the plane

* wave incident on the infinitely long slit at an oblique
incident angle «, and 7 is the distance from a point
(0,Y,Z) in the slit to an observation point with suffi-
ciently large R;i.e.,

- 2Y . 2z . Y2 + Z312
7= R|1 ——cosa sing — — sina +
R R R2

72
~ R — Y cosa sing — Z sina + 2—}-{- . (A2)

Thus, the explicit expression for the amplitude can be
obtained by direct integration of Eq. (A1) as

sin(x cosa sing) ( x )1/2

E. = (2 1/2
s = (2x cosa) iR

x cosa sing

X exp[i(wt — kR — ‘37!‘) E;. (A3) -

Here the disturbances u; and us are interpreted, re-
spectively, as (cosa)?E; and E,. Comparing Eq. (A3)
with the definition of the amplitude matrix, we easily
find that Ap is given by Eq. (4).

Appendix B

When a rainbow appears, the fraction of energy
contained in the transmitted light of the order respon-
sible for the rainbow is obtained by integrating the in-
tensity over the observation angle; i.e.,

1 T
wP) =~ |AP|2dg, j=1,2,3,4 (B1)
™ 0

The energy thus determined does not always agree with
the fraction of energy contained originally in the
transmitted light of that order E}p) because w P’ involves
instability resulting from the fact that A{P has an infi-
nite value at an exact rainbow angle. The classical
theory of geometrical optics fails also in the vicinity of
the rainbow angle. Therefore, we intend to remove the
instability of wj ) or Qqcq and to correct the intensity at
an approximate rainbow angle ¢g by replacing A,(P) at
¢r with

i expliarg [AP)), for [n{"]2 > 0] (B2)
0, for [Pz <0
‘where
1P = {lAP]2 - [of) — EP)/Aw}V/?, (B3)

and Aw is the quadrature weight at ¢g. The sign of the
factor [17,(”)]2 was often found to be negative for small x,
but it became almost positive for large x.
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