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Reflection, transmission, and absorption of several cirrus cloud layers as functions of the
golar zenith angle are obtained in the visible and near infrared of the solar spectrum by sim-
plified radiative transfer calculations. The single-seattering computations for cirrus are carried
out on the assumption that they contain randomly oriented .long cylinders: The scattering
parameters such as the phase function, the single-scattering albedo, and the extihction cross
section are formulated and evaluated for incident wavelengths ‘of 0.7, 2, 2.5, and 3 4. A
modified transfer method is developed with an approximation made only in the integral form
of the radiative transfer equation. The method, which uses a small amount of computer time,

* yields an accuracy within 3% in most cases of conservative as well as nonconservative scat-
tering. It is found that at 0.7 u visible light a typical cirrus with an optical thickness of ~2
shows a local albedo of ~20% for zenith angles up to ~60°. High values of transmission may
be anticipated even if large absorption occurs in the clouds. ’

Congiderable interest has been focused on the
problem of the influénce of cirrus on the atmo-
spheric heat balance and its interfering effects
on the sensing of the atmospheric structyre
from orbiting meteorological satellites. Al-
though measurements of the transmission of
cirrus in the thermal infrared have recently
been reported by Fritz and Rao [1967], Hall
[1968], Kuhn and Weickmanr [1969], and Cox
[1971], it appears that neither experiments nor
comprehensive theoretical studies have been
undertaken to investigate the transfer of solar
irradiance through cirrus cloud layers. Since
the sun is the primary thermal source driving
our atmosphere, the influence of the large
amount of globally distributed cirrus on solar
radiation should be carefully examined. This
paper derives from a theoretical point of view
some radiative properties of cirrus cloud layers.
~ Cirrus contains predominantly nonspherical
hexagonal columns [Weickmann, 1949]. The
nonsphericity creates. a great deal of difficulty
in the light-scattering analysis. To tackle the
problem theoretically, the assumption is made
that the ice erystals in cirrus may be approxi-
mated by long cireular cylinders that are ran-
domly oriented in space. The physical formula-
tions of the phase function and the scattering
cross section for arbitrarily oriented cylinders
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have been deseribed in a previous paper [Liou;
1972b]. In addition to these two scattering pa-
rameters we have further developed here a
traceable theory for obtaining the extinction
cross section so as to complete the scattering
computations for use in the later transfer pro-
gram. _ :
A simplified radiative transfer method deal-
ing particularly with flux distribution is devel-
oped to evaluate the radiative properties of
cirrus cloud layers in the visible and. near-
infrared wavelengths. Although this method in-
cludes the exact contribution by the single
scattering, the effects of multiple scattering are
approximated by combining the downward and
upward streams of radiation. The part of ap-
proximation is quite similar to the work pre-
viously illustrated by Shettle and Weinman
[1970] and McElroy [1971]. The simplified
method, which is practical” for application to
evaluate radiation field in. turbid atmospheres, is
named the modified two-stream approximation
for radiative transfer (MTSA). Comparisons of
the results obtained by MTSA with those of the
more exact computations by means of a doubling

"method [Irvine; 1968; Hansen, 1969] reveal
_close agreement in most cases of conservative

and nonconservative scattering.

By employing the single-scattering results for
the cirrus cloud model in the transfer program
desceribed above, radiative properties such as
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transmission, reflection; and absorption are ob-
tained as functions of the solar zenith angle as
well as the cloud thickness.

SINGLE SCATTERING BY RaANDOMLY ORIENTED
Ice CYLINDERS

On the basis of the comprehensive observa-
tions reported by Weickmann [1949], several
physical properties of ice crystals in cirrus may
be summarized as follows. The shapes of crystals
are predominantly hexagonal columns. A typical

cirrus particle may be 200 p in length and

30 u in width. The averaged particle concentra-
tion is ~0.5 cm™. Since it is unlikely that a
classical scattering theorem for shapes such as
hexagonal columns could be formulated and
solved, we assume in this theoretical itivestiga-
tion that crystals in cirrus may be approximated
by long circular cylinders randomly oriented in
space. On the basis of these assumptions the
scattering computations for such hypothetical
cirrus models can therefore be carried out.

Light scattering by single long cylinders has

been investigated by Kerker [1969] and Liou
[1972a]. Liou [1972b] has further extended the
scattering problems to a sample of cylinders
with orientations and sizes taken into considera-
tion in which the theoretical formulations for
the phase function and the scattering cross sec-
tion have been described in some detail. How-
ever, a more traceable physical development for

obtammg the extinction cross section for arbi-

“trarily oriented cylinders has not been given,
(And it has not been discussed in the literature
elsewhere to my knowledge, though van de
Hulst [1957] has outlined some general pro-
cedures.) Therefore we shall now proceed to
develop briefly the theory of extinction for an
arbitrarily oriented cylinder, since this quantity
is needed in the multiple-scattering computa-
tions discussed below. ,

_ Theory of extinction. The amplitude of the
incident wave for a long cylinder may be writ-
ten as

Yole) = exp [iwt — ik(z cosa + zsina)] (1)

where o is the circular frequency, & is the wave
number, « is the incident angle, # and z are
distances along two axes of the rectangular co-
ordinate system, and ¢ = (—1)"". The ampli-
tude of the scattered wave for large R, which
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represents the distance of the pfopég’atio’n of the
wave, was given by [Liou, 1972a]

Yla, ¢) = (2/7kR)'*T(a, ¢)

-exp (iwt — kR — 13x/4) (2
where ¢ is an angle indicating the distribution
of the scattered energy and T{a, ¢) represents
any outgoing cylindrical wave.

We wish to evaluate the combined intensity
of the incident and scattered waves at the
forward direction (¢ = 0) in the far field.
We note the following geometrical relation-
ships:

R=rcosa+zsin'a _

z =rcose , 3

y = rsin¢
If $ - 0 and R — o, we have

="+ )"~z + */2R) (¥
When the incident and scttered waves are
added and terms of the order of 1/R higher
than (1/R)'® are neglected, the combmed in-
tensity becomes
Wol@) + ¥, O)f >~ 1
+ 2(2/xkR)"* Re [T(a, 0)z
-exp (—iky’/2R — i37/4)]  (5)

where Re [ ] represents the real part of the
argument.

Integrating the combined intensity over the
entire cylinder having a width of d and a length
of I, we obtain the total power received by the

eylinder

[ [ e
+ Yo, 0)]" dy dz = i(d — ¢} (6)

where lc, denotes the amount of the reduction
of the incident energy as if an objective whose
area was lc, had been eovered up. To obtain
the quantity c,, which may be physically ex-
plained ds an extinction cross section per unit
length, we note the following. In the forward
direction ¢ —> 0, the integration limits of y may
theoretically extend to infinity. Thus we obtain
the following Fresnel integral:
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Substituting (5) and (7) into (6), we have
ci(@) = (4/k) Re [T(a, 0)] ®

The final result for the extinction cross section
for an arbitrarily oriented cylinder illuminated
by theé unpolarized incident wave may be
written as

C,(O’.) = '2‘ Re [bo] + Qo2 + 2 Z (b,,l

n=l

+ bup + u + anz)] (9)

where a, and b, are scattering coefficients pre- -

viously derived by Liou [1972a]. Moreover,
considering the problem of orientation, I have
also discussed the geometry involved [Liou,
1972b]. The angles responsible for the orienta-
tion in the vertical direction ¢ and the hori-
zontal direction y are related to the incident
angle o as

gsina = cos € cosy (10)

Furthermore, it has been shown by Twersky

[1954] that, if the cylinder has an inclination
angle « with the incident ray, a factor of sec &
should be taken into account when a sample of
cylinders is considered. Hence the average ex-
tinction cross section for a sample of randomly
oriented long cylinders may be expressed as

= fo " jo ") seca de dy (1)

A similar definition can be applied for the
averaged scattering cross section (c,). Finally,

- the single-scattering albedo and the phase func-

tion for a sample of randomly oriented long
cylinders with the incident wave unpolarized
may be written as

@o = (c)/(ce) (12)

and

/2 L
P<@>=<‘c‘1,—>fo [ECERT T

respectively, where 7 is the intensity coefficient
for an incident unpolarized light. For properly
presenting graphs in the section the phase func-
tions are all normalized such that when they are
integrated over the solid angle they become 1.

Single-scattering computations. On the basis
of the reasoning described above, computations
of the optical properties of randomly oriented
ice cylinders are carried out- for the visible and
near-infrared wavelengths of 0.7, 2, 2.5, and 3 p.
The refractive indices of ice cylinders at each
wavelength are taken from the table by Irvine
and Pollack [1968] and are shown in Table 1.
In the scattering computations for incident ‘
wavelengths of 2, 2.5, and 3 p we use cylinders
200 g in length and 30 p in radius, whereas for
wavelengths of 0.7 u, we use eylinders 100 y in
length and 10 u in.radius because a large
amount of computer time will be wasted other-
wise. Mie computations for spheres [Liou and
Hansen, 1971] are also made for the compari-
sons in phase functions. The modified- gamma
functions for particle size distributions [Deir-
mendjian, 1969] of clouds enter primarily in
smoothing the rapid oscillations of phase funec-
tions due to single-particle effects. Otherwise,
mean values of particle size are used. No at-
tempt is made here to discuss the effect of size
distributions of clouds on the scattered radia-
tion. ’

Figure 1 illustrates the normalized phase func-
tions for the four cases denoted above. At A =

07,2, and 2.5 u the noticeable broad maximums

around 135° for cylinders are similar to the first
clond bows produced by the - scattering of
spheres, as we can see in the figures. These
features arise from rays incident normally or
near normally on the cylinders. The glory that
is caused by the backscattering of edge rays
from spheres, however, disappears in the case
of scattering by ice cylinders. At A = 3 p,
because of the large absorption involved, no

TABLE 1. Optical Properties for
Randomly Oriented Ice Cylinders

X, u np ng I,u  ru @y <cos & Bg, km~1
0.7 1.310 0.0 100 10 1.0 0.735 1.902
2.0 1.291 1.61 x 10-3 200 30 0,783 0.750 12.801
2.5 1.235  7.95 x 107" 200 30 0.901 0.753 13.570
3.0 1.130 0.2273 200 30 0.52

4 0,651 12.585

particle number density is 0.5 cm”3, 7 is length, and r is
radius.
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PHASE FUNCTION P (@)
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Fig. 1. Phase functions for randomly oriented ice cylinders (dashed lines) and ice spheres
(solid lines) at incident wavelengths of 0.7, 2, 2.5, and 3 . The vertical scale applies to the
lower curves; the upper curves are displaced upward by factors of 10°.

features are produced. It is probable that for
more irregular crystals the maximums similar
to cloud bows would also disappear. In general,
cylinders seem to scatter more light in regions
from ~20° to ~160° at the expense of both
the forward and the backward scattering.

In addition to the phase functions some
single-scattering properties of the randomly
oriented cylinders are also given in Table 1.

Here n, and n, are the real and imaginary parts
" of the refractive indices for ice, respectively.
The asymmetry factor {(cos ©®) is a quantity
describing the degree of forward scattering of
the phase function (see next section for the
mathematical definition). - Moreover, we have
assumed an averaged number density of 0.5
em™ for ice cylinders in cirrus so that the vol-
ume extinction cross section 8, could be evalu-
ated. Because of the small sizes used in the
case of the visible wavelength, it should be
noted that the volume extinction cross section
- is about a factor of 6 smaller than the volume
extinction cross sections of the rest of the cases.

Mob1rFiep Two-STREAM APPROXIMATION FOR
RADIATIVE TRANSFER

Theoretical developments. Since we are pri-
marily interested in the vertical distribution of
fluxes in this study, we consider that radiation
fields preserve with axial symmetry. The appro-

priate equation describing the diffuse radiation
field is therefore '

dI(Ty I-") —
1 d‘T - I(T; I'L)

1 [+
+3 f_l P(u; u)I(7, u') du’

+ 4 FoPus o) exp (=7/p) (19

where the notation I denotes intensity, = is the
optical thickness, F, is the incident solar flux,
w = cos 8, f is the emergent angle, u’ = cos 6,
¢’ is the incident angle, u, = cos ., and 6, is
the zenith angle. The phase function P can be
expanded in Legendre polynomials consisting of
a finite number of terms [Chandrasekhar, 1950]

P(cos ®) = i @p1(cos B@) (15)

where ® represents the angle between the-

incident wave and the scattered wave (ie., the
scattering angle) and &,(! = 0,1, --- ,N) are a
set of N + 1 constants that can be determined
by '
. 20+ 1
@r= e

+

P(cos ®)p,(cos B) d cos © (186)

-1
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In (16), @ denotes the well-known single-scatter-
ing albedo, and @,/3é, (usually denoted as g or
(cos ©)) represents the asymmetry factor, which
describes the degree of the forward scattering of
phase function. By means of the addition theorem
of spherical harmonics, assuming azimuth in-

" dependence, we have expansmn of phase function

of

Pu; ) = lz_(:) @i (w)pi(p’) @17

Define the downward and upward fluxes that
are normal to the plane-parallel layer as fol-
lows: '

o =2 [ Iweds (19

where > Ofor F} (r)andu < Ofor F T (7). In
MTSA, two approximations are made. First, we
define a constant in the left-hand side of (14)
as

w) = j;l I(r, wu’ dn/fo1 I(r, p)u du (19)

This constant may be determined from the con-
servation of energy and is discussed at the end
of this section. In view of the polynomial form
of phase function the intensity may also be
expressed as ‘

(20)

r, w) = ;Zo L(np:(w)

where p, again is the Legendre polynomial of .

order k. If the above expression is employed
and the orthogonal properties of the Legendre
polynomials are noted, the second term in the
right-hand side of (14) becomes

+1 :
[ PG w16, ) aw

= Do enWh (@D

The second approximation is made by taking
two terms in (20) and (21),ie., N = 1.
On the basis of the above two assumptions,
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two equations for the downward and upward
fluxes can be derived: :

W@ _ _p )
+ F Lol = V) + F 1 (Db

Croups

+ g exp (—7/po) (22)
and
~wELD - _pr)

+ F T (Dao(1 — b) + F | (nad

+ ¢ 7 exp (—1/u0) (23)
where

= (1 — {cos B))/2 (24)

and
0= muoFo s S am) [ pn du (29

In (25), u > 0 for ql, u < 0 for ¢T, and muF,
represents the solar flux incident perpendicularly
to the plane-parallel layers. The quantity b in
(24) indicates the fraction of radiation singly
scattered in the backward hemisphere. It should
be noted that the direct solar radiation term
remains without further assumiption. This may
physically be explained as treating the single
scattering exactly.

Equations 22 and 23 represent two first-order
nonhomogeneous differential equations. The
standard derivations for such systems yield the
following simultaneous solutions:

Fl()=vexp(enK + u

cexp (—en)H + ¢ exp (—r/u0)  (26)

FT(r) =uexp(enK +v
exp (—er)H + v exp (=7/u0)
where ’
v=(=a/2  u=Q1+a/2
e=@+p/2 v=(@—p)/2

F = (1 — @)1 — @og)/(w)
= (1 — &)/(1 — &g)

_ muoFol(l — Gopue(gl + o) + wolw)el = a)]
@ = 1)

_ moFo[(1 — @oduo’(gl — 1) + wolwd(el + qD)]

<M>2(02M02 - 1)
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The constants K and H have to be. deter-
mined by the following boundary conditions for
the diffuse fluxes at the top and bottom of the
seattering layer:

Fl{=0
F1(r) = AJF | (72) (27

=+ muoFy exp (_Tz»/#o)]

i.e., there is no diffuse flux at the top of the
layer, and the underlying surface with albedo
A, reflects the total downward flux (diffuse plus
direct) at level =..

Substituting the above two conditions into
(26) and solving for K and H, we obtain the
two constants as follows:

Liou: CrLoups

that the results are practically the same as those

. of conservative scattering with an accuracy up

to at least three decimal points. Consequently,
for all practical purposes there is no need to
present additional formulas for conservative
scattering.

Comparisons with doubling method. To ex-
amine the accuracy of MTSA, we made several
comparisons with the more exact transfer com-
putations by means of a doubling method. The
doubling method has been very successfully

- developed in the last few years [Hovenier, 1971;

Hansen, 1971] since van de Hulst [1963] out-
lined the general numerical procedures for it.
In the comparisons discussed below, the phase
functions employed in the calculations of MTSA

_ —lelv — ud,) exp (—cra) + (1 + A, — v]u exp (—7u/u0)}

v(v — A.u) exp (—er,) — u(u — A,v) exp (ern) (28)
_ fe(u = vAL) exp (era) + [(1 + 94, — vl exp (= 7a/uo)}

Hence the solutions for the upward and down-
ward diffuse fluxes are complete. The radiation
field on the boundary, i.e., the diffuse reflection
and transmission for a eloud layer, can easily
be obtained from (26):

~ELO . Lk +om 4 y)

wHoFo TuoFo
- F ,L(‘r,,) _ 1
t = i [v exp (er) K (29)

4+ w exp (—er)H +F € exp (—7a/10)]

From the law of the conservation of energy,
if A, equals 0 and &, approaches 1, the sum of
the total transmission and reflection should

“also approach 1. Thus, after making some alge-
braic operations, we obtain the constant defined
in (19) as follows: '

W) >~ polgl + a1) (30)

Finally, it should be noted that all the above
_discussions were for nonconservative scattering.
For conservative scattering a set of simpler
equations similar to those described above can
be derived, since @, = 1 implies singularity in
(28). However, using @, = 0.99999, we found

o(p — A.y) exp (—cr,) — ulu — A,v) exp (c7.)

are exactly the same as those used in doubling
computations.

Figure 2 compares the reflection (or local
albedo) evaluated by MTSA with that of
doubling computations previously reported by
Hansen [1969, Figure 3. The left- and. right-

hand sides are results for a water cloud and a’

haze, respectively, when the modified gamma
function for the size distributions [Deirmend-
jian, 1969] illuminated by a wavelength of
0.8189 u was used. Both cases are for conserva-
tive scattering with asymmetry factors of 0.844
for the cloud and 0.794 for the haze. The com-
parisons show a fair agreement between the
two methods. The error produced due to the
approximation is less than 3% in all cases ex-
cept in near-grazing angles for a small optical
thickness of 0.5.

Pigure 3 shows some comparisons of the two
methods for the reflection as a function of the
optical thickness when the sun is illuminating
normally to the plane-parallel  layer. The
doubling computations were published by Irvine
[1968, Figure 5] employing the phase function
for water spheres having size parameters of 20.
Three cases of single-scattering albedo, 1, 0.984,
and 0.8, were shown, The results again reveal

»
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REFLECTION (LOCAL ALBEDO)
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Fig. 2. Comparisons of the reflection calculations between MTSA (solid lines) and the
doubling method (dashed lines) published by Hansen [1969]1. The left- and right-hand sides
“are results for a water cloud and a haze, respectively. Both cases are for conservative scat-

tering.

in general a good agreement between the two
methods. In-the second case, where the absorp-
tion is small, it appears that the error due to
approximation becomes greater for larger opti-
cal thickness. )

Although the second. comparison includes
cases of absorption, all the results are only for
normal incidence. We have not been able to
locate the detailed values of reflection and
transmission for large and small absorption in
the literature. J. E. Hansen (unpublished data,
1972) has kindly provided me with some of his
material, so that a comiprehensive comparison
illistrated in Figure 4 was made possible. In
this figure, two cases were displayed for both
diffuse transmission and reflection as functions
of zenith angle. The phase functions employed
were computed for water spheres by using a
gamma function for size distribution with a
mean radius of 10. The upper graphs are for
the incident wavelength 6f 3 u;, where large
absorption occurs and the scattering concen-
trates mainly on the forward direction (g =
0.940). It is seen that the differences between

the values obtained by MTSA and the doubling -

method are practically insignificant. The lower

graphs denote the case for an incident wave-

length of 2.5 u, where the absorption is quite
small. For + = 16 some differences (~7%)
were found at near-normal incidence for both
diffuse transmission and reflection. However, for
r = 0.5 and 4, the comparisons between the

two methods appear to be quite satisfactory
with an accuracy of ~3%.

After these comprehensive comparisons with
the doubling computations we conclude that the
modified two-stream approximation for radia-
tive transfer is an excellent approximating

T - T .
o8 ___._ DOUBLING METHOD (IRVINE, 1968)

MODIFIED TWO-STREAM
, = -
0.6 Ho ===

0.4

0.2

REFLECTION (LOCAL ALBEDO)

OPTICAL THICKNESS T

Fig. 3. Comparisons of the reflection compu-
tations between MTSA (solid lines) and the
doubling method (ddshed lines) reported by Ir-
vine (19681 for normal incidence. Two absorption
cases are shown.
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method. It involves only a very small amount
of computer time because the analytic, solutions
can be explicitly derived. Moreover, the method
provides an easier means to evaluate the ﬂux
distribution in the scattenng layer.

RESULTS AND DIScUSRIONS

' In the section on single scattering by ran-
domly oriented ice cylinders, results of single-
scattering computations for the hypothetical
cirrus cloud models were described, and thus
optical properties of such models may be put
into the approximated radiative transfer pro-

ZENITH ANGLE ©;

. Fig. 4. Comparisons of the reflection and diffuse transmission for cases of small and large
absorption evaluated by MTSA (solid lines) and those by the doubling method (dashed
lines) kindly provided by J. E. Hansen.

gram discussed in the preceding section. Three
wavelengths, 0.7, 2.5, and 38 u, were chosen in
radiation computations because at these wave-
lengths of the solar spectrum ice particles
possess properties of no, small, dnd large absorp-
tioni accordingly. The phase functions of ice
cylinders were expanded into the form: of
Legendre polynomials. They normally - take
about 20 significant terms, which were used to
evaluate (25). Transmission and reflection are
presented as functions of zenith angle ds well
as the geometric thickness of cirrus. The geo-
mietric thickness can easily be converted into

o o o _
. o ® - ©

REFLECTION (LOCAL ALBEDO)
o
N

(r=0.38)
A=07pu

| |

ol

0 - "lv : |
o] 30

o 30 60 90

ZENITH ANGLE 8,

Fig. 5. Reflection as a function of zenith anglé for several geometric thlcknesses of cirrus il-
luminated by a visible wavelength of 0.7 . Underlying surface albedoes of 0 and 0.2 are used.

.
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TRANSMISSION
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90

Flg 6 Transmission as a function of zenith angle for sevetal geometric thicknesses of cirrus
illuminated by 0.7 4 visible light.

the optical thickness. (Basic values are shown
in each figure.) It should be noted that a par-
ticle concentration of 0.5 cm™ was used through-
out. the calculations.

- Figures 5 and 6 illustrate reflection (or local
albedo) and total transmission (diffuse plus
direct) as functions of the solar zenith angle
at the 0.7 u visible wavelength The direct
transmission of solar radiation is simply equal
to exp (~7/ps). The left- and right-hand sides
of both figures are for underlying surface

~

albedoes of 0 and 0.2, respectively. We have
used thicknesses of 0.2, 1, 2, and 4 km for the
cirrus cloud layers. They correspond to the opti-
cal thicknesses of ~04, 2, 4, and §, respectively.
For a typical cirrus with an optical thickness
of ~2 the albedo is ~209% up to the zenith
angle of ~60°. The underlying surface of cirrus
(such &5 other clouds, aetosols, or ground) ap-
pears to provide the additional upward fluxes
that ‘apparently increase the albedo of ecirrus,
particularly for thin ecirrus because it usually

T T

A=3p .
04 a0 1 r heioom |
(r=1.26)
02t h2 200m 4k 200m i
IOOm .
0 £ 3
T” A =254 ; .
Ag=0

REFLECTION

TRANSMISSION

h =100m™\
o (r=1.35)

60

90 0 30 60

90

ZENITH ANGLE @,

Flg 7. Reflection and transmission as functions of zenith angle for cirrus cloud layers illumi-
nated by two near-infrared wavelengths of 2.5 and 3 4.
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has large values of transmission. The large trans-
mission of thin cirrus can often be obgerved in
nature; since we can see when sunlight pene-
trates it. The values of transmission can be as
high as 909 for most zenith angles. Even for
thick cirrus having an optical thickness of ~4,
~609% transmission for most zenith angles is
seen in our results. 4

Figure 7 shows values of transmission and
reflection for the two near-infrared wavelengths.
At A = 3 p, owing to the large amount of
absorption, small values of reflection that tend
to saturate at an optical thickness of >2 are
obtained. On the other hand, despite the large
absorption involved; transmission can still be
quite large because the unscattered component
of radiation dominates: At A = 2.5 u, where
the absorption is small, values of reflection are
unchanged when the optical thickness reaches
~10 and little light is transmitted. Finally, the
values of abscrption may be obtained by sub-
tracting the total sum of transmission and re-
flection from the incident solar flux, which is
normalized to be 1. The amourits of absorption
are hence responsible for the heating effect in
the cirrus.
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