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Abstract 

We investigate the limitation of using the asymmetry factor through the Henyey-Green- 
stein function in representing the scattering phase function for radiative transfer in ice 
clouds containing hexagonal ice crystals. Relative accuracy checks for solar fluxes are car- 
ried out using three cirrus cloud size distributions. The flux results computed from the 
Henyey-Greenstein phase function, based on the asymmetry factor, differ significantly 
from those computed from the phase function for hexagonal ice crystals. For optically thin 
ice clouds, the relative error can be as large as 70%. The maximum absolute error in solar 
reflected fluxes is 27 Wm -2. The present flux calculations demonstrate that the phase 
functions for ice crystals which contain strong forward scattering peak and specific halos 
and back scattering features cannot be adequately represented by a single parameterization 
in terms of the asymmetry factor. 

1. Introduction 

The scattering phase function of  cloud and aerosol particles is highly aniso- 
tropic and depends on the particle shape and size distribution. For radiative 
transfer calculations, it is often convenient  to approximate the actual scattering 
phase function with the Henyey-Greens te in  function which is based on a single 
parameter,  the asymmetry  factor (see, e.g., van de Hulst and Irvine, 1963; Ste- 
phens, 1984; Wiscombe et al., 1984; Ackerman et al., 1988; Liou et al., 1988; 
Tsay et al., 1989). For  water clouds and aerosol particles, as demonstra ted by 
Hansen (1969),  this approximation leads to errors of  less than 1% in the com- 
putations of  fluxes. This error is comparable to other approximations such as the 
neglect of  polarization (Hansen,  1971 ). In Hansen's  (1969) computations,  the 
actual phase functions of  c loud/aerosol  particles were obtained by using the Mie 
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scattering theory, which assumes that the particles are spherical. The simple rep- 
resentation of the scattering phase function using the asymmetry factor can greatly 
simplify the parameterization for single-scattering properties of cloud/aerosol 
particles. 

High-level cirrus clouds consist almost exclusively of nonspherical ice crystals 
of various shapes such as bullet rosettes, plates and columns. Because of the hex- 
agonal structure of ice crystals, the Mie scattering theory cannot simulate the ra- 
diative properties of cirrus clouds (Kinne and Liou, 1989; Takano and Liou, 
1989a). The question is then raised, is the asymmetry factor through Henyey- 
Greenstein function adequate to approximate the scattering phase function of ice 
clouds in the flux calculations? This note will address this question. In the next 
section, we present the single-scattering properties of hexagonal ice crystals and 
the Henyey-Greenstein function. The numerical procedure to compute the solar 
albedo is given in Section 3. Computational results and conclusions are given in 
Section 4. 

2. Single-scattering property calculations 

The single-scattering properties, including the extinction coefficient, single- 
scattering albedo and phase function, are computed from the geometric ray trac- 
ing program developed by Takano and Liou (1989a). The hexagonal ice crystals 
are assumed to be randomly oriented in space. In view of the observed ice crystal 
sizes in cirrus clouds ( ~ 20-2000 #m),  the ray tracing method should be valid 
for solar wavelengths (0.2-4/~m). Based on observations by Ono (1969 ) and 
Auer and Veal ( 1970 ), the aspect ratio, L (length)/D (diameter), of the ice crys- 
tals may be related to the crystal length L. Then the ice crystal size distribution 
can be denoted by n (L). In the present study, three ice crystal size distributions 
are employed. The first two are for the cirrostratus (Cs) and cirrus uncinus (Ci 
uncinus) presented by Heymsfield (1975), while the third one is Ci ( 1 Novem- 
ber), which was collected during the 1986 FIRE cirrus experiments (A. Heyms- 
field, pers. commun. ). These size distributions are displayed in Fig. 1. For scat- 
tering and absorption calculations, these size distributions have been discretized 
in five regions. The aspect ratios, L/D, used are 20/20, 50/40, 120/60, 300/100 
and 750/160 in units of/tm//zm, roughly corresponding to the observations re- 
ported by Ono ( 1969 ) and Auer and Veal (1970). The refractive indices for ice 
compiled by Warren (1984) are used in the scattering calculations. 

Table 1 shows the extinction coefficient, single-scattering albedo and asym- 
metry factor for the three ice cloud models in six solar spectral intervals. The 
optical depth for cirrus clouds is given by flz, where fl is the extinction coefficient 
and z is the cloud thickness. The asymmetry factor is defined as 

S_ P(cos 0)cos 0d(cos 0), ( ) g--½ 1 

where P(cos0) is the scattering phase function and 0 denotes the scattering angle. 
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Fig. 1. The observed  ice crystal  s ize  distr ibutions  for Cs ( - - ) ,  Ci uncinus ( -  - ) ,  and Ci ( 1 Nov)  
( . . . ) .  

Table 1 illustrates that the asymmetry factor, g, generally increases with increas- 
ing particle size. Using the asymmetry factor, g, the Henyey-Greenstein function 
is defined by 

1 _ g 2  
PH-C (COS 0) = ( 1 +g2- -  2g COS 0) 3/2 " (2) 

The analytic phase function has been used extensively in the literature and its 
merits have been discussed by van de Hulst and Grossman ( 1968 ). The Henyey- 
Greenstein phase function can be expanded in terms of Legendre polynomials, 
P~, in the form 

PH-c(COS 0) = ~ (2•+ 1 )glP/(cos 0). (3) 
/=0 
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Table 1 
Extinction coefficient fl(km -~), single-scattering albedo ~b and asymmetry factor, g, for the three 
cirrus models in six solar spectral intervals 

Spectral region Cloud type* fl o5 g 
(#m) (km ~) 

0.20-0.69 Cs 
Ci uncinus 
Ci ( I Nov) 

0.69-1.30 Cs 
Ci uncmus 
Ci (1 Nov) 

1.30-1.90 Cs 
Ci uncinus 
Ci (1 Nov) 

1.90-2.50 Cs 
Ci uncinus 
Ci (1 Nov) 

2.50-3.50 Cs 
Ci uncinus 
Ci (1 Nov) 

3.50-4.00 Cs 
Ci uncinus 
Ci (1 Nov) 

0.3865 1.0000 0.7824 
2.6058 1.0000 0.8404 
0.2021 1.0000 0.8154 
0.3865 0.9995 0.7905 
2.6058 0.9981 0.8448 
0.2021 0.9989 0.8195 
0.3865 0.9658 0.8100 
2.6058 0.9004 0.8778 
0.2021 0.9365 0.8473 
0.3865 0.9185 0.8436 
2.6058 0.7996 0.9116 
0.2021 0.8603 0.8821 
0.3865 0.5321 0.9653 
2.6058 0.5309 0.9728 
0.2021 0.5311 0.9626 
0.3865 0.7117 0.8593 
2.6058 0.5889 0.9356 
0.2021 0.6326 0.9137 

*The ice water contents for Cs, Ci uncinus and Ci (I Nov) are 4.765X 10 -3, 1.116X 10 -~ and 
4.968 X 10 -3 gm -3, respectively. The corresponding mean effective sizes are 41.5, 123.6 and 75.1 ltm. 
The mean effective size is defined by fD.DLn(L)/fDLn(L)dL, where D and L are the diameter and 
length of a hexagonal ice crystal, respectively, and n(L) denotes the ice crystal size distribution. 

The  phase  funct ions c o m p u t e d  f rom the geometr ic  ray tracing p rogram at the 
0 .55 / tm  wavelength for cirrostratus  and  cirrus uncinus are shown in Fig. 2a and 
b, respectively. The  22 ° and  46 ° halos p roduced  by two refracted rays are well 
i l lustrated in the d iagram,  as is the forward diffract ion peak. The  m a x i m u m  oc- 
curring between 150 ° and  160 ° is p roduced  by rays undergoing two internal re- 
flections. At 0 = 0 °, the phase-funct ion value is infinity ( ~ )  due to the 5-function 
t ransmiss ion  through parallel planes of  ice crystals (Takano  and Liou, 1989a).  
The  cont r ibut ion  f rom the ~-function t ransmiss ion  with respect to the entire scat- 
tered light, f6, is 0.126 and  0.155 for Cs and  Ci uncinus,  respectively. The  exact 
phase funct ions shown in Fig. 2 are a little different  f rom those shown in Fig. 3 
of  Takano  and Liou (1989a) .  The  lat ter  has not  incorpora ted  the cont r ibut ion  of  
the ~-function t ransmiss ion.  The  phase  funct ion with 5-forward peak, P ( cos  0), 
can be related to the phase  funct ion wi thout  ~-forward peak, P '  (cos 0), by, 

P ( c o s  0) = 2faS(cos 0 -  1 ) + ( 1 - f a ) P '  (cos 0), (4)  

where 5 is the ~-function. Also shown in Fig. 2 are the H e n y e y - G r e e n s t e i n  phase 
funct ions using the a s y m m e t r y  factor, g, o f  0.7824 for Cs and  0.8404 for Ci un- 
cinus at 0.55 pm.  For  the Ci ( 1 N o v ) ,  the phase  funct ion is be tween those for Cs 
and  Ci uncinus  and is not  presented here. In the next  sections, using b r o a d b a n d  
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Fig. 2. Phase functions for scattering by (a) Cs and (b) Ci uncinus at 0.55/tm. The exact phase 
functions are from the geometric ray-tracing program, and Henyey-Greenstein functions are obtained 
with g=0.7824 for Cs and g=0.8404 for Ci uncinus. 

1 80 

( a )  { b )  

Cs Cs 
6O 

0.8 z = 0.5 km z = 0.5 km 

z = l . 0 k m  z = l . 0 k m  

- - -  z = 2.0 km ~ 40 - z= 2.0 km 

0.6 .......... z = 4.0 km ~ ... z = 4.0 km 

W 

W <7 °4  ~ • ~ ..................... ~ 
\ \ .  .. ~ o ,,.¢4". .... \ \ ......... ~_ , , . .  .... 

\ " _  "-.. . . ,  
O.2 

\ " """ . . . .  20  

0 , I , I , i , I , - -  -40 J L i J 

0.2 0.4 0 .6  0.8 0.2 0.4 0.6 0.8 

C O S I N E  O F  S O L A R  Z E N I T H  A N G L E  C O S I N E  O F  S O L A R  Z E N I T H  A N G L E  

Fig. 3. (a)  Planetary albedo computed from the doubling method using the exact phase function for 
Cs as a function of  the cosine of  the solar zenith angle and cloud thickness and (b)  the corresponding 
percentage error due to the doubling method using analytic Henyey-Greenstein phase function. 



304 Q. Fu, Y. Takano / Atmospheric Research 34 (1994) 299-308 

planetary albedo we will demonstrate that a simple representation of the phase 
function using the asymmetry factor for the transfer of solar radiation in ice clouds 
is inadequate. 

3. Numerical procedure 

The planetary albedo, which is the ratio of the solar radiation reflected from a 
plane parallel atmosphere to the incident radiation, is expressed as 

2~z l 

ri(#o) =-~ 
0 0 

where # and 0 are the cosine of the zenith angle and the azimuthal angle, respec- 
tively, for an outgoing light beam;/to is the cosine of the solar zenith angle, 0o is 
the corresponding azimuthal angle; R, (#, #o, ~ -0o )  is the reflection function, 
which gives the angular distribution of the scattered light in the upper hemi- 
sphere; i is the index of the band in the solar spectrum. The broadband planetary 
albedo is then given by 

6 

r (#o)=  ~ ri(#o)a,. (6) 
i = |  

where aj is the fraction of solar energy contained in the individual bands. 
Ri(#, #o, ~-~0)  is computed from the doubling principle developed in Takano 

and Liou (1989b). We start the doubling process with an optical depth of 10-6. 
The Henyey-Greenstein functions are expanded in the Legendre polynomial se- 
ries with 150 terms, while the scattering phase functions computed from geomet- 
ric optics are expanded with 250 terms. The higher number of Legendre expan- 
sion is required for the latter to resolve salient features such as halos. To optimize 
the computational effort, the forward peak of the phase function P' (cos 0) which 
is computed from geometric optics is truncated as described in Takano and Liou 
(1989b). Then, the truncated fraction and the contribution of the 6-transmission 
part have been accounted for by using the similarity principle (Takano and Liou, 
1989b). The forward diffraction peak of the Henyey-Greenstein function is also 
truncated when the asymmetry factor exceeds 0.9. The relative error in the pres- 
ent doubling calculation is less than ~ 0.1%. 

4. Computational results and conclusions 

Figs. 3a-5a show the broadband planetary solar albedo of Cs, Ci uncinus, and 
Ci ( 1 Nov ), respectively, by using the scattering phase function computed from 
geometric optics, as a function of the cosine of the solar zenith angle and cloud 
thickness. The results in Figs. 3a-5a provide a reference in a relative sense. Figs. 
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3b-5b show the corresponding percentage error of  the doubling method with the 
analytic Henyey-Greenstein phase function. The Henyey-Greenstein phase 
function, based on the asymmetry factor, yields planetary albedos very different 
from those obtained with the scattering phase function from the geometric ray 
tracing program. This is especially true for optically thin ice clouds where the 
single-scattering process is important. An error as large as 70% occurs for z=  0.5 
km and/to = 0.1 in the case of  Ci ( 1 Nov).  The percentage errors in planetary 
albedos for each cloud type reduce significantly as the cloud thickness increases. 
This is because the multiple scattering process, which is more important for thicker 
clouds due to the larger optical depths, at least partially averages out the details 
of the phase function. By comparing the results in Fig. 3b with those in Fig. 5b, 
we find that the percentage errors for Cs with z =  0.5, 1 and 2 km are almost the 
same as those for Ci ( 1 Nov)  with z =  1, 2 and 4 km, respectively. This is because 
the extinction coefficient of  Cs is about twice as large as that of Ci ( 1 Nov).  The 
difference in percentage errors between Ci uncinus and other two can also be 
interpreted in terms of the optical depth. It can be concluded that the relative 
error produced by the Henyey-Greenstein phase function is a function of optical 
depth and solar zenith angle. In the cases of  Cs and Ci ( 1 Nov),  the percentage 
errors are ~ 10% for a It0 of 0.5. From Figs. 3b-5b, it is noted that the errors 
change their sign from positive to negative for a #0 between 0.6 and 0.7. The 
dependence of errors on/to in Figs. 3b-5b is due to deficiencies in the Henyey-  
Greenstein function. The Henyey-Greenstein phase function cannot reproduce 
scattering features of  hexagonal ice crystals, such as the strong forward peak, 22 o 
and 46 ° halo maxima and back scattering maxima. As shown in Fig. 2, the Hen- 
yey-Greenstein function is smaller than the exact phase function when the scat- 
tering angle is larger than ~ 70 °. When the scattering angle is smaller than ~ 70 °, 
the Henyey-Greenstein is larger than the exact except for the forward and 22 ° 
halo peaks. This pattern explains why the error is negative for small solar zenith 
angles and positive for the large ones. The dependence of errors on the solar ze- 
nith angle is reduced with an increase in optical depth due to multiple-scattering 
effect, as discussed before. Figs. 3-5 demonstrate that the analytic phase function 
cannot, in general, accurately simulate the transfer of solar radiation in cirrus 
clouds. 

Fig. 6 shows errors in reflected solar fluxes produced by the doubling method 
using analytic Henyey-Greenstein phase function for Cs. The absolute error is 
obtained by multiplying the percentage error in Fig. 3b by r(/to)/to So. Here r(/to) 
is the planetary albedo from Fig. 3a and So is the solar constant, ~ 1360 Wm -2. 
The maximum error in solar reflected fluxes is ~ 27 Wm -2. Assuming a 20% 
cloud cover, the error in outgoing solar fluxes can be as large as 5 Wm -2. This 
error is significant in climate and remote sensing studies. 

The errors shown in Figs. 3b-5b can affect the simulated diurnal and annual 
distributions of  solar energy. For example, for a latitude of 45 °, the cosine of the 
solar zenith angle at solar noon is 0.37, 0.71 and 0.93 for winter solstice, vernal/ 
autumnal equinox and summer solstice, respectively. Therefore, the Henyey-  
Greenstein phase function cools the Earth-atmospheric system all day due to a 
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larger albedo in wintertime, while in summertime, it warms the system at noon 
but cools it in the morning and afternoon. Therefore, the use of the simple rep- 
resentation of the phase function in numerical models would significantly modify 
the pattern of  atmospheric motions. 

The significance of this note is emphasized for the parameterization of radia- 
tive properties of cirrus clouds (Fu and Liou, 1993 ). As demonstrated by Liou et 
al. (1988 ), the 6-four-stream approximation is well suited to radiative transfer 
parameterizations involving flux and heating-rate calculations in aerosol and 
cloudy atmospheres. The expansion coefficients, ~bt ( l=  1, 2, 3, 4) of  the scatter- 
ing phase function are required in this approximation. Based on numerical com- 
putations, we find that the 6-four-stream scheme using o3t from geometric optics 
can achieve an accuracy within ~ 5%, while the 6-four-stream scheme using 
~bt = (2•+ 1 )gt can produce errors as large as 50%. This again demonstrates that 
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a single parameter, asymmetry factor, is not sufficient to yield adequate results 
for radiative transfer involving cirrus clouds. 
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