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Abstract

The Equation of State of seawater (EOS) relatesitu density to temperature, salinity
and pressure. Most of the effort in the EOS-related literature is to ermsuaccurate fit of
density measurements under the conditions of different temperature, saidtpressure.
In situ density is not of interest by itself in oceanic models, but rather plays theofole
an intermediate variable linking temperature and salinity fields with the pregsad@nt
force in the momentum equations, as well as providing various stability fursctieaded
for parameterization of mixing processes. This shifts the role of EOS awayriepresen-

tation ofin situ density toward accurate translation of temperature and salinity gradients

into adiabatic derivatives of density.

In this study we propose and assess the accuracy of a simplified, compallgttiefficient
algorithm for EOS suitable for a free-surface, Boussinesg-appreéximanodel. This EOS
is optimized to address all the needs of the model: notably, computation otipreps-
dient — it is compatible with the monotonized interpolation of density needed fqrése
sure gradient scheme in sigma-coordinates of Shchepetkin & McWilliams3)2@hile
more accurately representing the pressure dependency of the thgpaation and saline
contraction coefficients as well as the stability of stratification; it facilitates migargum-
eterizations for both vertical and lateral (along neutral surfaces) mixing it leads to a
simpler, more robust, numerically stable barotropic-baroclinic mode splitting witihe
need of excessive temporal filtering of fast mode. In doing so we alslorexthe impli-
cations of EOS compressibility for mode splitting in non-Boussinesq frdfaegimodels
with with the intent to design a comparatively accurate algorithm applicable there
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1 Role of EOS in oceanic modeling

The Equation of State (EOS) relates thsitu density of seawater with its temperature (or potential
temperature), salinity, and pressuég (, P respectively),

pP= PEOS(@,S» P) : (11)

In a Boussinesg-approximation oceanic modeling codsitu density does not appear by itself (since
it is replaced by a constant reference density). Instead &@IFEOS-related quantities are needed for
the following computations:

e Pressure-gradient force (PGF);

e \ertically averaged density and the effective dynamic density for the barotropic mpdéverti-
cally integrated pressure normalized g? /2 whereg is acceleration of gravity and is the local
column thickness), both of which participate in barotrefpiaroclinic mode-splitting algorithm of
Shchepetkin & McWilliams (2005, hereafter cited as SM2005)

e Stability of stratification as well as external thermodymafarcing (surface buoyancy flux) needed
for mixing and planetary boundary layer parameterizations

e Slope of neutral surfaces needed for horizontal (alongyisoal) mixing (Griffieset al,, 1998).

The purpose of this study is to review the present oceanicetimag practices for using EOS in
these roles, focusing on the effects associated with seas@tnpressibility, and it assesses the conse-
guences of the Boussinesq approximation in the context adlestie EOS. The present study extends
the analysis of consequences of Boussinesq approximaton$hchepetkin & McWilliams (2008).

This paper is organized as follows. Sec. 2 makes a overvietieoBoussinesq approximation,
analyzes the errors associated with using realistic sea®&&S, and introduces stiffening of EOS as a
method to reduce these errors. Sec. 3 examines the consegudriinite compressibility of seawater
for the four algorithmic roles outlined above, to establstuirements for the most suitable functional
form of EOS. Special attention is given to barotropic-b&mc mode-splitting since this subject is
rarely discussed in the literature. Sec. 4 introduces atipehdorm of EOS and makes estimates
of its accuracy. Sec. 5 explores the consequences of elimjntne Boussinesq approximation with
the emphasis on accuracy of barotropic-baroclinic modigiieg algorithm in the context of finite
compressibility of seawater. Sec. 6 is the conclusion.

2 Boussinesq approximation and EOS stiffening

The Boussinesq approximatioa.., Spiegel & Veronis, 1960; Zeytounian, 2003, among others)
replacesn situ densityp with a constant reference valyg in all places where it plays the role of a
measure of inertia,e.,everywhere except where multiplied by the acceleratiomafity g. The veloc-
ity field becomes non-divergent (incompressible) becausedntinuity equation changes its meaning
from mass to volume conservation. This reverses the rol€&3 t£om computing specific volume in a
mass-conserving model to densityn a volume-conserving one. The conservation laws (monmentu
energy, tracer content, etc) are changed from mass- to slatagrated; the thermodynamics is re-
duced to Lagrangian conservation (advection and diffysad® and.S, while heating/cooling of fluid
by adiabatic compression/expansion is neglected (exoneptkidefinition of potential temperature it-
self) and mechanical energy dissipated by viscosity isidensd “lost” rather than converted into heat



(Mihaljan, 1962). If EOS is a linear function & and S, mass is conserved (along with volume) as
a consequence of, and to the same degree as, the consepfatioand S; external heating/cooling
produces a decrease/increase in mass, while keeping valanstant; and nonlinear EOS causes a
Boussinesq model to conserve only volume, but no longer neass, in the absence of external forc-
ing.

The Boussinesq approximation brings simplifications by mlating mass-weighting in a finite-
volume code and limiting the role of EOS to the four purpodesed in Sec. 1. Except in the part
of pressure-gradient term associated with perturbatidreefsurface in a free-surface modeliself
can be replaced with its perturbatigr,= p — po, because it appears only inside spatial derivatives
(ultimately linked to the gradients & andS) and only in the context of buoyancy commonly defined
as—gp'/po, i.e.,normalized bypy, whereas the equations can always rewritten in such a wayflita
self appears only in the context of this normalization andimere else. The Boussinesq approximation
facilitates the barotropic—baroclinic mode-splittingarpair of vertically-integrated free-surface and
momentum equations, effectively uncoupling EOS from thetrapic mode. The incompressibility
assumption eliminates acoustic waves regardless of whitthéydrostatic approximation is made.

However, physically important effects associated withwsdar — cabbeling and thermobaricity
— fundamentally require pressure-dependency in EOS audtiéetne common practice of using the
full non-approximated EOS, thus retaining its full comibgity even in an otherwise dynamically
incompressible Boussinesg model. This obscures the coatbpbyancy because it can no longer be
equated to the density (or potential density) anomaly, amdo longer be viewed as a Lagrangianly-
conserved properly of the fluid, even thoughtand S are. A related, frequently used approximation
is the replacement of the fuh situ pressureP in EOS (1.1) with its bulk hydrostatic reference value,
P — —pygz, when computing from the model prognostic variable®, and S, hence neglecting
pressure variation due to baroclinic effects and essgntiatoupling EOS pressure from the dynamic.

Under most offshore oceanic conditigngaries by~ +3% relative to its reference value; this leads
to errors associated with the Boussinesq approximationiwtaa be subdivided into two categories:

(i) errors relative to not using the Boussinesq approximatnmiuding not only quantitative, but
conceptual as weli,e., excluded physical processes and/or missing/altered paaigm laws;
and

(i) conflicts and internal inconsistencies caused the use edlsstic seawater EOS with full com-
pressibility effects within a Boussinesq oceanic model.

Errors of type () are widely discussed in the literature (McDougall & Garr&992; Dukowicz, 1997;
Lu, 2001; Greatbatclket al, 2001; Huang & Jin, 2002; McDougadlt al., 2002; Greatbatch & Mc-
Dougall, 2003; Losclet al,, 2004; Griffies, 2004; Young, 2010; Tailleux, 2009, 2010).

An example of an internal inconsistency of typig ¢an be illustrated by considering a barotropic
compressible fluid layer whose density is a functionfoélone (.e., because, S are spatially uni-
form) and in hydrostatic balance,

p= pEOS(P) and 8ZP = —gp. (21)

Integration of (2.1) yields mutually consistent verticabfiles for P andp,

P'(C—2) = gR(¢ - 2)

2.2
P0) = P @2

such that {

z=(

Y



whereP andR are universal functions of a single argumer,, their structure depends only one the
properties ofros(P) in (2.1) but not directly on the local dynamical conditioegch as perturbation
of the free-surfac€. P’ denotes derivative 0P with respect to its argument (note that the sign is
correct as stated above: bgitandp increase with increase g@f — z, meaning increase downward).
The conditiorP(0) = 0 is the free-surface pressure boundary condition (for sgitpthe atmospheric
pressure is presumed to be constant and subtracted out).

A gradient of¢ induces a pressure gradient,

and creates acceleration . PI(C )
— Z
p R(C—2) = e

independently of vertical coordinateregardless of the specific functional fopRos(P) in (2.1) and
of the magnitude of the density variation within the colufaquation (2.4) is derived without the use
of Boussinesq approximation. Its Boussinesq analog is

_iva — _gw
Po Po

The presence of the multipliét / py, which increases with depth, is clearly an artifact of the &u
nesq approximation. It results in an unphysical verticaashin the acceleration, hence a spurious
downward intensification of a geostrophically-balancetbblnic current generated by ¥,.(. Both
these spurious effects are caused by the standard algarithain in a Boussinesq model,

1
0.5 = p=pros(0.5.P = pg(( =2)) — — -V.P. (2:6)

To estimate the significance of this error, consider for $ieitp a linear analog of (2.1),
pros(P) = p1 + P/, (2.7)

wherep;, is the density ai® = 0 andc is speed of sound. Then the counterpart of (2.2) becomes

2

—z)/c g
P —2) = pic® [69(4 et _ 1} ~ pg(C—2)+ %(C —2)?+ ... 28)
2 .
R(C—2)=  pesc2/ %Pl"'pcli?g(g—z)—i_%(g_zy—i_m’
hence R B p
KAy O R L U A o (2.9)
Po Po po €

Heree = g(¢ — 2)/c? plays the role of a small parameter justifying the replaaeneé p with p,.
Assuminge ~ 1500 m/s and a total depth 6600 m, we estimate ~ 0.025, which is a typical level for
Boussinesg-approximation errors. This also indicatesangtdominance of the leading-order linear
term in Taylor-series expansions over the remaining teArmparison of (2.5) with (2.4) suggests

. : L 1 ¢
that the best choice of Boussinesq reference densjiy isp = B/ R(C—2)de, D =h+(to
—h
have the vertical integral of (2.5) match its non-Boussiresenterpart (2.4). In the case of EOS (2.7)



this leads to

2 1 gD

C
p:plglj<€gD/62—1>%p1<1—|—2C2—|—)7 (210)

which makes (2.9) intdR /po) = 1+ g (¢ — z — D/2) /2, effectively minimizing its deviation from
unity. However, this can not be done universally, sinahanges horizontally mainly due to topogra-
phy, nor does it eliminate the spurious vertical shear.

The presence of shear in (2.5) depends on whether or not tiBepEE3sure is computed @ssitu
pressure, which takes place in (2.2), or is approximatedsoigulk hydrostatic value proportional to
depth, and furthermore, whether the depth is calculated tiee dynamic or rest-state free surface,

Pk = pog(¢ — 2) Or —pogz,

pEOS = p1 + pog(C — 2) /¢ pEOS = P1 — Pogz/c
1 — VS. 1
——V,P =g (’“+9(C2 Z>>V$g ——V,P =g (pl_gg> V.C.
Po Po c Po pPo ¢
[vertical shear is present] [no shear]

(2.11)
This sensitivity was noted by Dewat al. (1998) (their Case A), who estimate that the magnitude
of the difference in near-bottom geostrophic currents ne&agh5 cm /s for Gulf Stream conditions,
resulting in an overall difference of about 3 out of 50 for vertically integrated transport. They rec-
ommend using full dynamim situ pressure in EOS, which requires simultaneous verticagjrateon
to computePzos and p. Paradoxically, they do so using Boussinesq approximaiiterpreting the
difference as the recovered physical effect, rather thgouaus one to be eliminated. Comparison
of (2.2)—(2.4) with (2.11) suggests that using the redegta= 0) bulk pressure in EOS is more suit-
able for a Boussinesg model, while a non-Boussinesq modettisrhusingin situ pressure. (One can
also verify that the opposite combination — bulk rest-sE@S pressure in a non-Boussinesq model
— yields a reversal of the spurious shear: it tends to makeretbe barotropic flows decrease with
depth.) Another aspect pointed out by Dewaal. (1998) is that in most oceanic situations the baro-
clinicity naturally tends to cancel the free-surface PGfuling in weak flows in the abyss. Therefore,
it is advantageous to retain baroclinic effects in EOS pressather than us&gos = pog(¢ — 2),
(e.g. left side of (2.11)) that does not provide such compensatisingp,g(¢ — z) is a common prac-
tice in terrain-following-coordinate free-surface magd?tOM and ROMS, motivated primarily by the
convenience: these models do not store the unperturbedtgial coordinate in a run-time array.

For the situation where the fluid is stratifieice(, (2.1) is no longer true) but the structure of tem-
perature and salinity fields are such that the resultantréases ofin situ density are parallel to the
free surface, one can verify that (2.4) still holds and theeberation generated by a perturbatiorfin
does not depend on the vertical coordinate as long as the Beagsapproximation is not used. Once
again, the Boussinesqg approximation destroys the truecaértthiformity. The baroclinic PGF <.,
associated with a physically correct vertical shear — afgpealy when density isosurfaces become
non-parallel to the free surface.

Dukowicz (2001) made a proposal to reduce Boussinesq eryaesalizing that the largegt vari-



ation is caused by the changesfirather than ir® andS. EOS (1.1) may be rewritten as
p:r(P)'p].E}OS(@aSaP)a (212)

where the multiplier-(P) is chosen as a universal function that does not depend ohdead S.
Phos(0©, S, P) is known as thermobaric or “stiffened” density. It only walepends orP, thus has
much smaller variation than the originalsitu density. Using (2.12) one can renormalize pressure,

dp*® 1 . '
dP — r(P)’ poo = 0 (2.13)
hence the hydrostatic balance and PGF become
P* 1 1
0 = —p'g and - —V,P=——V,P*. (2.14)
0z p p*

These retain the same functional form as in the original Boussinesq equations. Becau$®) is a
monotone function, (2.13) is invertibl® = P(P*), making it possible to rewrite EOS as

7" = peos (0. 5. P(P*)) [ r(P(P*)) = phos(©. 5, P*). (2.15)

The entire set of equations is then expressed in terms ddioériablesp® and P°.

A Boussinesqg-like approximation is subsequently appligdeéaenormalized system (2.13)—(2.15)
by replacingp® — p§ wherever the replacemept— p, occurs in the standard Boussinesq approxi-
mation €.9.,—(1/p°*)V.P* — —(1/p5)V,.P*). In addition, one can replace EOS presshiten (2.15)
with its bulk value,—pfgz. phog IS much less sensitive to this replacement thagk in (1.1), whether
the integration of EOS pressure starts from a perturbed pentnrbed free surfacef(, (2.11)) since
Ophos/OP® 0.5 < Jpros/0P|e.s andP* tends to be closer to a linear function of depth ti#arThe

multiplier r(P) does not appear in the momentum equations written in adheefdrm, but it does
appears in the non-Boussinesq continuity equation alortig¥itThis leads to the two options, either

(i) toreplace-(P) — 1 along withp® — pg resulting in a volume-conserving system of Boussinesg-
type. In this case EOS stiffening can be viewed just as a me&suemove internal contradiction
of using a compressible EOS in a model that already makestoenpressibility assumption; or

(i) keepr(P), while simplifying it by r(P) — r(P(P* = —p3gz)) = r(=), but still replacing
p* — pg In continuity and, in fact, everywhere as it would be in the Bginesq case.

The latter leads to a model intermediate in its physical @xprations between Boussinesq and non-
Boussinesq, while maintaining the simplicity of a Boussinesde. One should note that most oceanic
models are discretized using a finite-volume approach watretched vertical grid, so they already
have an array to compute and store control-volume heightsoBoussinesq model uses density
weighting over control volumes, resulting in an additiofe@dback loop arising from the dependency
of density on model dynamics by EOS pressure which adds ewrtrgplexity. On the other hand,
retainingr(P) approximated as(z) only slightly modifies the procedure of calculating contvol-
umes, while preserving the overall logical flow of a Boussinesde. This means that the model is

I We have changed the original notation of Dukowicz (2001) by replaciagh P* — p®, P* to avoid
notational conflict with vertically averaged densitigandp, that appear in (3.19). For the same reason we also
changed notation relatively to SM2005, gspappearing in this article has the same meaning*as SM2005.



still volume-conserving, but now control volumes are réstao includer(z)-weighting that can be
viewed just as ajeometrical property of the gridince it does not depend on model dynamics. In
effect, this option approximates situ density asf, - (z) instead of the constam, in the standard
Boussinesq approximation.

To illustrate the effect of modifying the Boussinesq appmaedion in this way, we reconsider (2.7)—
(2.11). In this case it is natural to choge= p; andr(P) = 1 + P/ (pic*). Then the stiffened EOS
(2.15) becomep® = phos (P°*) = p1, Which is just a constant valuee., py,og becomes infinitely
“stiff” and therefore insensitive to how EOS pressure is pated (the opposite of (2.11)). The renor-
malized pressure iB* = gp1({ — z), resulting in—(1/p3) V. P* = —g (p1/p]) V¢ = —g V¢, Which
coincides with the non-Boussinesq version (2.4) and doesamt&in any spurious vertical shear. Note

that P(P*) = p,c? (epV(plc?) - 1> andr(P*) = /(1<) this translates into(z) = €962/,

The preceding example is rather trivial becats& fields are uniform which makes it possible to
express the entire density variation in terms-@P), so the subsequent replacemght— o leads
to an equivalence of the modified Boussinesq and non-Boussmesels. In the general case S
are not uniform, and the approximation is not exact. Howel@12)—(2.15) is still a very effective
measure to reduce Boussinesg-approximation errors-(9%) because for realistic conditions the
variations of speed of soundare relatively smalli(e., c = 1480 ... 1540 m/s) and a large portion
of that variation is due to changes in pressure alone, whachbe excluded from contributing to the
errors. EOS in (2.1) is nonlinear with respectitphowever, (2.4) still holds and P) can absorb the
entire density variation in this case as well. The effectess of using (2.12) is facilitated by the fact
that variations 0o, S tend to decrease significantly with depth, where EOS noalihes due toP
are strongest.

Finally, we should note that McDougadt al. (2002) proposed an alternative version of Boussi-
nesq approximation, where they interpret Boussinesq wgloait in its original meaning, but as re-
normalized mass flux per unit are@,= pu/py. Their system does not produce non-physical shear
in geostrophically-balanced flow in the Boussinesq case,(Bdgcause now it is1, not u becomes
proportional to vertical density profile, which means tha tinscaled velocity in vertically uniform,
hence is correct. They concluded that the new Boussinesqaia®8 stiffening of Dukowicz (2001)
unnecessary, because it can be avoided by their approaébrtlurately their system has an unde-
sirable side effect of altering scaling relationship betweadvection and Coriolis term which makes
it impossible to derive a potential vorticity equation foskallow layer of barotropic compressible
fluid, see Appendix A. This puts their system into disadvgeateelatively to Boussinesq equations
with stiffened EOS, and negates their criticism of Dukow(2@01).

3 Pressure effects in EOS

In this section we examine the specific requirements on E@$hfo purposes listed in Sec. 1
to find a functional form compatible with the PGF calculatiarsigma-coordinates, Shchepetkin &
McWilliams (2003, hereafter SM2003); re-evaluate the aacy of the mode-splitting algorithm of
SM2005 focusing on compressibility effects; and inspeet BOS needs for subgrid-scale mixing
parameterizations.



3.1 Pressure-Gradient Force in sigma-coordinates

Following SM2003, the baroclinic PGF im coordinates can be expressed entirely in terms of
adiabatic derivatives ah situ density: a density-Jacobian scheme is written as

/ﬂf,s(p7 Z) = -« /x,s(gv Z) + B ' /x,s(sa Z>7 (31)

which is then integrated vertically to compute PGF, , denotes the Jacobian of its two arguments,

_Op| 0z 0Op Oz
/x,s(ﬂ,z)—%s'%—g‘%; (3.2)
0, : : : :
where s = s(x, 2) < 2= ; Os >0, sisageneralized sigma-coordinateand
N1, z——h 0z
o = Oé(@, S? P) - - 8p/8@’S,P=COnSt ) 6 = 6(@7 S? P) = Gp/as|®,P:const (33)

are thermal expansion and saline contraction coefficter@eopotential height in (3.1) is used as

a proxy for EOS pressure — replacing it withypyz, hence neglecting the non-uniformity of density
and the contribution due tQ # 0. This is a common approximation in Boussinesq codes. Eq) (3.1
has as its only EOS requirement on the computatiom ahd 5. Becauser and /s depend on pressure
(depth), the weighting ofZ, (0, z) and ¢, ,(S, z) in the r.h.s. changes with depth as well, so that
the same pair of gradients 6fand.S yields differing contributions in PGF with depth (a therraoic
effect).

Eq. (3.1) involves two separate Jacobiansdaand,S. Computing them separately and combining
them at the last stage is undesirable because applyingtid monotonicity constraints & and .S
separately does not guarantee positive stratificationtefpolated density, even if the density values
corresponding discret® and .S are positively stratified. This can lead to large errors aossjble
numerical instability if the density field is not smooth o thrid scale. Instead, for reasons explained
below, the preferred form of EOS is

n

p=p" +01(0,9) + > (¢ + ¢, (0,9)) - (=)™, (3.4)

m=1

wherep; = p(10) + p1(©,5) is density with a given potential temperature and salinttyguwface

pressure; the compressibility coefficients = ¢/% + ¢/, (0, S) do not depend on; pﬁo), q%o),

2 Throughout this study we usdgo denote an arbitrary, non-separable, surface- and terrain-fotjosiordinate

z = z(z,y,s). In contrast,o is strictly reserved for the proportional (non-stretched) sigma-coateljip =
(z—C¢)/(h+¢). However, in any case the displacements of coordinate surfacesidausee-surface movement
are proportional to the distance from the bott@hx|s—const = 9:C - (2 + h)/(h + ().

% In a more standard definitiom and 3 are normalized by density, henae= —(1/p) 9p/3O|g p_ s, @Nd

B = (1/p) 0p/0S|g p—const» Wherep is eitherin situ (non-Boussinesq version), @r = p, is Boussinesq
reference density (ivaoussinesq approximation is used). Since foutipege of the present study it is important
to keep track of the — py replacement on every occasion, we chose to exdlude) from the definition ofo
andg.



¢%) are constant bulk values chosen in such a way;tﬁét>> o q§°) > q}; the absolute depth-z)
serves the role of EOS pressure (when it appears inside E@&éases downward, counting from
either the rest-state free surface= 0, or the actual free surface = (). Then ¢, ,(p, z) can be
computed as

Has(p:2) = Foa(pl,2) + D (=2)" Jas(t, 2) (3.5)
m=1

where(—z)™ are treated as coefficients not subject to differentiatian.this reason this can also be
viewed as a form of adiabatic differentiation. The conttid of terms withpgo), q§ ), qé ..., cancels
out identically herei.e., they are dynamically passive. To ensure that the strafificabrresponding
to the interpolated density field stays non-negative (neciHatory), the algorithm of SM2003 relies
on a measure of the smoothness of density field based on ihefrabnsecutive adiabatic differences.
The scheme is based on cubic polynomial fits and requiresavah of density derivatives at the same
discrete locations as density itsglf,; ., which in its turn needs some kind of averaging of elementary
differences over the two adjacent grid intervals. If the slementary differences are of the same sign,
but differ by more than a factor of three, a simple algebragraging overestimates the derivative at
the location ofp; ; , and causes spurious oscillation of the cubic polynomiarpdlant. If EOS has
no dependency of pressure, a conventional monotonizalgmmitam for the interpolation of density
would suffice, but for a realistic EOS the comparison of eletay differences is meaningful only if
they are defined in an adiabatic sense,

; (3.6)

n
/(ad) o / / / Zivigk T Zige ™
A1)k = Privigk — Plijk + > (Tnisrge = i) |~
m=1

The two adjacent adiabatic differences are averaged usingdnic mean, and (if needed) the com-
pressible part is computed and added separately,
7, lj

(3.7)
which is applicable if4p, j‘f}hk and Apz 1/2] , have the same sign; otherwise the first term in the
r.h.s. is replaced with zero. Because the harmonic averagwer exceeds twice the smaller of the two
operands, it acts as monotonization algorithm for inteapoh. The algorithm (3.6)—(3.7) requires that
o1, 41, ¢5-.. be available separate from the EOS calculation. Thisastggal only if (3.4) is restricted
to a very few coefficientg/,. In Sec. 4 we will present a sufficiently accurate approxiamato EOS
with the functional form of (3.4) that contains only two ceents,q; = ¢;(0,S) andg,, with the
latter being just a constant multiplied bY.

/(ad) /(ad)

@ 1 2APZ+1/2]I€ Apz 1/2,5,k
/(ad) /(ad)

¢ 1,5,k Af Apz—‘fl/2]k + 401 a1/2]k

0z
(G + 2050 54 - (—2igik) + ) [ o€

dijk =

From the above one might get an impression that the passis@f¢he bulk terms!”, ¢\*, ¢{...
in (3.4) is just a consequence of neglecting the contributiisturbance of in EOS pressure. This is
not correct. Including in EOS pressure/ould cause Boussinesq error of the type)(n (2.5)—(2.11).
Consider an EOS with the form,

p=p"+ Y g0 (C—2)"+ . (3.8)



where... denotes the primed terms in (3.4) that depen®and.S. The contribution of the bulk terms

= o1 0z 0
= ©) .- (¢ — z)m L.
Hus(p,2) mX::l G - (C—=2)" e o o (3.9)
leads to
or| _ (0) C i ¢ 0¢
oz | gp\ +g/ Hus(p,2)ds’ = gpi 2_: i Ll (3.10)

In a Boussinesq model the last term in the r.h.s. is divide@dyvhich leads to a spurious vertical
shear in a purely barotropic flowf(, (2.5) in Sec. 2). From this point of view, it is desirable tckexe
¢\”, V... from (3.4):

p=po+p  where p'=p(0,5)+ > q,(0,9) (—=2)", (3.11)
m=1

after which using —z) or ¢ — z no longer makes a noticeable difference SM2003. EOS siiffeof
Dukowicz (2001) can be implemented in this context by chagsi

r(z) =1+ (1/p") znj g9 (=)™ (3.12)

and applying it to (3.4). This leads to cancellation of tertr:msntalnlngq1 ,qé ), ..., etc, and, after

expansion in powers df-z), the resultanp® can be expressed in the same functional form as (3.11),
but with a modified set of coefficients: thg (0, S) are slightly reduced to account foyr(z) < 1.
Obviously,r(z) commutes with the Jacobian operator,

Foa(r(2) 0% 2) =7(2) - Fua(p®2), (3.13)

however, the corresponding discrete relationship holdswithin the order of accuracy, not exactly.

The above choice of(z) is on par with Suret al. (1999); Hallberg (2005), but differs from Dukow-
icz (2001), who derives it from globally-averaged S-profiles from observations to makeé - (z)
as close as possible o situ density: this is incompatible with the algorithm (3.6)-ABfor avoiding
spurious oscillations in stratification, which leads to #tternative fit in Sec. 4.

In summary we identify the following requirements on EOS docurate computation of PGF in
a sigma-model: accurate dependencyr@nds on ©, .S, and pressure (depth); non-appearance of
situdensity and suppression of the bulk terpﬁ%; q§°>, ...,etcin PGF; and an EOS form that facilitates
computation of adiabatic differences in all directions.

3.2 Barotropic-Baroclinic Mode-Splitting

The barotropic-baroclinic mode-splitting algorithm of 3005 makes the Boussinesq approxima-
tion without analyzing its consequences for mode-spiittihassumes that the fluid is incompressible
and that allp variations occur due to baroclinicity, which is not the retat case where most of the
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change is caused by rather than®, S) variation® . In this section we provide a detailed analysis of
how mode splitting is affected by the compressibility effec

The purpose of mode-splitting is to take advantage of therdifice of time scales between external
gravity-wave propagation and other, slower processekelselement is expressing the vertically-
integrated PGF,

1 /<
F = | VP& = F[VC ¢ Viplxi2), plx,2)] (3.14)
o0 J—
in two parts: one that can be efficiently computed from only barotropic variablese(g., () and
another that is independent (or as weakly dependent adpgsmn(. With .# the vertically integrated
momentum equation is rewritten as

O (DU)+..= OF  +[F-iF|. (3.15)
B(8F)/9C£0 m

The first r.h.s. termy7, is identified as the barotropic PGF. In split-explicit thskepping it is treated
as “fast” and recomputed at each barotropic time step. Cealgithe second is “slow” and accord-
ingly kept constant during the barotropic stepping and arggated during the baroclinic steg:
must be computed at every baroclinic step before the baniotstepping begins. When computisg
by (3.14), there is no other choice than to use the latestadlai, which at this moment is at the
previous time step. Consequently, the residual dependdné&y -6 4% on ( results in a r.h.s. term of
a hyperbolic nature treated by using an effectively forw@tder baroclinic time-stepping. This may
lead to a numerical instability, imposing an additional fphysical restriction on the baroclinic time-
step size or may require extra damping. The difficulty comemfthe fact that (3.14) is generally a
nonlinear functional, involving products of density and,principle, dependence @fon ¢ through
EOS compressibility. To address these issti#sis derived as a variational derivative .&f (SM2005,
also Shchepetkin & McWilliams, 2008)

0F 0F
0F = \Y
avig)° (VT e
where¢ andV, ¢ are viewed as independent state variabléghe use of (3.16) ensures that when two
different time-stepping algorithms are applied sepayatethe barotropic and baroclinic components,
the resultant sum of the updated barotropic PG, (computed from the new) and the original
3D—2D forcing term[ﬁZ — d?é*} is sufficiently close to the vertically-integrated PGF catgal from
the newc,

=2 s¢, (3.16)

0F
'+ |F —oF | =F +———V -

[ ] T O <

where# = Z [(, V.(, Vip, plandF = Z [(", V.(', V. p, p] correspond to the old and the

updated.’ each with same density field. TI@((C’ — §)2) estimate of the mismatch betweéfi and

=T o[-, @)

4 This situation is partially addressed by removing the dynamically passivecoatipressibility terms from
EOS in SM2003, but the main motivation was to reduce the PGF error, ratretdlimprove mode splitting.

5 A finite-difference version of (3.14) is a function of two adjacent gradAp values,(; ; and (;+1 ;. Their
average and difference are analogous &mdV, (.
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the I.h.s. comes from the fact that (3.17) is essentiallyydoFeseries expansion o’ in powers of

¢’ — ¢. Assuming thap does not depend apand remains frozen during barotropic time-stepping

(3.16) yields

IO*CQ
2

57 = -2 [hVL (p<¢) + VL (

) + (p« —p) CVlh] : (3.18)
where Po

p(x) = 11) /_Ch p(x,2)dz and  p.(x) = DQl/Q /_Ch {/: p(x,2") dz'} dz (3.19)

are two-dimensional horizontal (with= (z, y)) fields kept constant during barotropic time-stepping.
This implies that the splitting algorithm relies on the ipdadence of andp, from ¢, which in turn
relies on the assumption of independence of EOS ffom

A property of (3.18) is that if density is uniform, = p = pg, &% reverts back to-gDV, ( that
is used by most of the oceanic models as an approximatiorafottopic PGF (Berntseet al, 1981;
Blumberg & Mellor, 1987; Killworthet al, 1991). These are Boussinesg-approximation models that
assume the smallness pfix, z) — py, and their mode-splitting procedures rely on this sma#rees
well. Isopycnic models tend to be non-Boussinesq and usdaeht mode-split, essentially linking
0% to the bottom pressure of the resting stage=f 0) (Bleck & Smith, 1990). Since the bottom
pressure is computed by vertical hydrostatic integratiuis translates inté# = —gDV, (p(), where
p is the vertically-averaged density. (Note that thi8 is dimensionally different from the similar
term in (3.15) because non-Boussinesq models use densigyvivg) to computea.) This split is
also empirical and approximate. Higdon & de Szoeke (199@p@se a more accurate split for a
non-Boussinesq isopycnic model, which replapesith a different value computed from the local
vertical profile of density (somewhat similar tq, but expressed in terms of specific volume rather
than density). In all cases, with or without the Boussineggr@gamation, the fluid was considered as
incompressible for the purpose of mode-splitting

The goal of replacing-gDV, ¢ with (3.18)—(3.19) is to achieve mutual consistency betwie
3D and 2D parts of the model — mainly in the ability of the spli part to yield the same barotropic
gravity-wave phase speedas the full 3D model. This consistency may or may not providena
provement in the overall physical accuracy. The sourcesanfa¥splitting error from using-gDV,
as the barotropic PGF are the following:

(i) “Horizontal baroclinicity”: Suppose the fluid is incompressible and there is no verticatis
fication, but the density varies horizontally, henge= p = p(x). Because of the Boussinesq

approximation,# andc are seen by the 3D part of the model as proportiong)1g and./5/ po,
respectively. The spatial variation pfmakes it impossible to choogg in such a way that the
use of the—gDV, (-term for the barotropic mode accurately approximatesespecially in a
very large basin, thus contributing to mode-splitting eusing—g DV, (. The small parameter
associated with this type of error (i — po) /po-

6 More precisely, the density field is “frozen inspace” during barotropic time-stepping. This is because the
entire vertical coordinate system “breathes” wijenoves up and down, so each vertical grid box also changes
proportional to its height, while the grid-box averaged values of densitaireunchanged.

” In isopycnic coordinates this approximation is also needed to circumvenoeetioal difficulty with the as-
sumption that potential density is a Lagrangian conserved property, whjghes that it can be defined globally
relative to a given reference pressure. In fact, the seawater E€Srin have this property (Jackett & Mc-
Dougall, 1997), allowing only a local definition of potential density with respe a local reference pressure.
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(i) Vertical stratification:¢ is smaller in a stratified compressible fluid than in a stedifincom-
pressible fluid with the same depth,

& =gh—¢, (3.20)
where¢; is the gravity-wave phase speed of the first baroclinic méggéndices C and D). The
relevant small parameter for estimating this mode-spterror is the ratio of the squares of the
modal phase speed¥,/(gh).

(i) Seawater compressibilityn the case of constant bottom topographyg reduced relative to an
incompressible fluid with the same depth by

& =gh (1 _ L gh + ) (3.21)
2 2

(Appendices A and B for non-stratified and stratified caséls@ mechanism of this reduction
is non-Boussinesq and is associated with the fact that themedric divergence of horizontal
barotropic velocity causes a smaller responsé than in an incompressible fluid. The use of
(3.18)—(3.19) qualitatively captures the influence of cosspibility — by distinguishing. and
p with p, < p in this case — but the analyses below indicate an underdgtimaf the effect,
and therefore a contribution to mode-splitting error withesssociated small parametergaf/ .
Since both corrections to the barotropic phase spe€d.20) and (3.21), are small, they are
approximately additive (Appendix C).

(iv) Sea-level contribution to EOS pressube principle, PGF is sensitive to how EOS pressure de-
pends or( (cf., (2.11)), hence#, depends o through compressibility in EOS in addition to
the explicit dependence frol1, . In the case of constant topography the impact on barotropic
phase speed due to this effect is small relative to that dii { — O (g¢/c?) vs. O (gh/c?) —in
fact, it formally vanishes when linearizing with respecstoall( /i < 1 (Appendices A and B).
However, since used in EOS pressure is always taken from the previous haimtime step
and is kept constant during the barotropic time stepping,léads to the appearance of hyper-
bolic r.h.s. terms that receive effectively a forward-imé treatment. This potentially makes it
a source of mode-splitting error and even instability. ib@dld also be noted that the effect can
be amplified in the presence of steep topography where théelas in (3.18),(p. — p) (VL h,
dominates ovehV, (p.(C), even though the influence ¢finto p. andp via EOS partially cancels
due to subtracting one from the other.

The mode-splitting procedure of SM2005 is designed to addtemsi() and {i) within the Boussinesq
approximation, whilei{i) and i) are given much less consideration.

Notice that replacing-g DV, ¢ with (3.18)—(3.19) motivated by itenn)(is an artifact of the Boussi-
nesq approximation. From (2.4) the non-Boussinesq locattmpic phase speedg’ does not depend
on local vertically-averaged density (The inertial terms in the non-Boussinesqg momentum equatio
use local density rather thap, resulting in cancellation of density when computing aecaion and
phase speed; Appendix B.) Paradoxically, usingDV, ¢, rather than (3.18)—(3.19) may look more
suitable in this case because it yields the coréeConversely, the use of (3.18)—(3.19) can be viewed
as an introduction of aa priori physical distortion into the barotropic mode to match arstaxg
distortion in the 3D.% to minimize mode-splitting error, which is the higher prigrEOS stiffening
provides some relief in this conflict by merely transformiiag— po) /p0 — (P° — p3) /pg, Which is
expected to be somewhat smaller; however, practical expeziwith ROMS SM2005 indicates that
the largest deviations of local vertically-averaged dgrasie due to locab, S anomalies in shallow
marginal seas, often semi-enclosed by topography. Unadéraanditions the bulk compressibility ef-
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fect is not very strong, so stiffening does not make a lar§eréince. Closely related to iten) (s the
sensitivity of the numerical stability of the code to the ideoof py, and (3.18)—(3.19) eliminates this
problem.

The reduction oft due to stratification, itemii), occurs in both non-Boussinesq and Boussinesq
cases, and (3.18)—(3.19) provide an accurate accountin@gipendix D). To estimate its importance,
note that the ratio of phase speeds also sets the modengpidtio (.e.,the number of barotropic time
steps per baroclinic step, typically in the range 30—70 doskc to the upper limit for an open-ocean
configuration} . This implies an estimated erroneous reductionlmf ~ 102 of its value from (3.20).
Although this might seem to too small to be a concern, reball the phase error due to the slightly
different¢ values from using-¢g DV, ( is accumulated over many barotropic time steps performed at
each baroclinic step, which makes the numerical stabifiti@code sensitive to whether (3.18)—(3.19)
is used or not.

The physical explanation of iteni() is non-Boussinesq in nature: despite the coincidence 4f (2.
with the PGF due to the gradient ¢fin a barotropic incompressible flow, the valuecas smaller in
a compressible fluidct., (B.6) in Appendix B), where a convergence of horizontal vdjocauses a
change of botlg and density with relative proportions df- gh/c* andgh/c?, respectively.

Egs. (3.18)—(3.19) are derived using the Boussinesq appatiin, but nevertheless they also pre-
dict a smaller phase speed than withDV, (. When the density increases with depth< p, so the
PGF caused by a givew, ( is slightly smaller than in the case of vertically-uniforrargsity with the
same water-column mass.p.,this implies that the choice ¢f, = ). Substitution of (2.8) into (3.19)

yields
2
5 — . & (D) _ ~ 14D
p = p1 (e 1) P 1—|—2 Cz—f—...
1

2
— ) (eanrt Y 1\ & (1 1. 9D )

With a flat bottom this implieg = \/gh - p./po instead of just/gh. While this qualitatively captures
the effect of reducing relative to that of an incompressible fluid, even if we make ltlest possible
choice for reference density( = p), the correction is underestimated by a factor of 1.5 negt its
true, non-Boussinesg magnitude in (B.9) in Appendix B. Thism@igancy is not surprising since the
non-Boussinesq explanation for the reduced phase spedteigdi than in (3.18).

(3.22)

Equation (3.21) provides an estimate for the barotropiedpeduction due to effedii() of ~0.6%
of \/gh assumingh = 5500 m andc = 1500m/s. This is one-and-half orders of magnitude larger
than the effect of baroclinicityii(), and therefore it creates a stronger requirement for cegla-gV, ¢
with (3.18)—(3.19) even thought correcting for itetin)(was not the initial motivation. EOS stiffening
dramatically reduces the difference betwgeand p,. This eliminates the non-physical mechanism
of reduced barotropic phase speed due to compressibiéty3/22). It also brings the mode-splitting
procedure into the realm of assumptions for its originaivagion.

The effect of {v) is expected to be much smaller tham)( however, Robertsoat al. (2001) ob-
served a numerical instability in POM while simulating sdender near-resonant conditions. The
source of the instability was traced back to the influence oh EOS pressure through the use of
old-time-step{ due to the specifics of the mode-splitting algorithm. Altgbuhey did not classify it

8 In practice the splitting ratio is adjusted by the ratio of stability limits of the time-steppguagithms for the
2D and 3D parts. For ROMS the splitting ratio is typically 1.4 times larger than theafpibase speeds.
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as a mode-splitting instability, the mechanism of its appeee is essentially the same asiu).(They
proposed to eliminate the instability by dropping pressffects in EOS altogether: they split EOS
additively asp = pn (0, S)+ p,(P) (starting with their Eq. (16)), and showed the dynamic pessiss
of p,, which they subsequently excluded. This leads to comptete of the thermobaric effect, and
that may be not acceptable in many large-scale applicatie@$ stiffening of Dukowicz (2001) helps
to reduce (but not to eliminate entirely) the splitting emdnile keeping thermobaricity intact.

3.3 \Vertical mixing parameterization

The vertical mixing parameterizations are based on theifgtedion stability, expressed as the
Brundt-\aisala FrequencyV (x, z, t), and the translation of surface heat and freshwater fluxtesain
buoyancy flux. Both steps use th€o, S, P) and3(0, S, P) coefficients from EOS,

N2=gla-0,0 —3-0S,] . (3.23)

Thus, the requirement for EOS is to accurately reproduead 3, but now with a shifted emphasis
on accurate computation of their ratio/3. The primary sensitivity here comes from detecting when
stratification and/or buoyancy forcing change sign, beeahs corresponds to a drastic transition
from one stable to convective mixing regime. The Boussinesgor-Boussinesq and EOS stiffening
issues are not a concern here because dahd are normalized by the same density — wheiher
situ or replaced by, or p,

1o’
Py 0O

1 9p°
Py 05

(3.24)

S,P ’ o,P e,P ’
hence their ratio is not affected. Because negative stiititis intolerable in a hydrostatic model and
parameterized vertical mixing is the only mechanism thav@nts it (by entrainment of water from
adjacent positively stratified layers above or below), itdésirable that the procedure for detecting
negative stratification in the mixing scheme be consistétht the monotonized adiabatic differencing
in the PGF algorithm (3.6)-(3.7). In particular, the sfiiafition may change abruptly near the interior
edge of the top and bottom boundary layers. Accurate detetion of the layer thickness requires
density interpolation where it is often non-smooth on theiwal grid-scale; this leads to similar re-

qguirements on EOS as for PGF.

3.4 Neutral surfaces

The definition of potential density depends a referencespres and for a realistic EOS it cannot
be defined globally in the sense of a scalar function of Iéxe, P with spatial derivatives equivalent
to adiabatic derivatives ah situ density (Jackett & McDougall, 1995). Instead, one shouttegi
construct a neutral density (Jackett & McDougall, 1997)icllis inherently nonlocal, or, alternatively,
one could use a local procedure relyingen, andg-weighting of temperature and salinity gradients
(see Egs. (31)—(32) in Sec. 5 in Griffies al. (1998)). EOS in the form (3.4) and the associated
adiabatic differencing (3.6) allow direct computation loé focal slopes of neutral surfaces.
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4 A practical “stiffened” EOS

The seawater EOS of Jackett & McDougall (1995) has the form,

pl(@a S)

PO 5:2) = TG T 2 Ry + Ka(®.5) 1 K(0.5) 21 Ka(0.5) 2]

(4.1)

whereO© is potential temperature§ salinity; p;(0, S) is the density at a surface pressurelafm,

fit by a 15-term polynomial containing various products ofvpos of©™, n = 1, ..., 5, andS™, m =

1, 3/2, 2 (not in all permutations). The divisdk = Ky + K(©,S5) + ... hasKy, = const, and the
remaining three coefficients,, K; K, depend or® and.S with similar polynomial fits with powers
of ©,...,0% ands, S%2 that add up to a 26-term polynomial féf. The UNESCO EOS has the same
functional form, but it is expressed in termsiofiitutemperature; hengg is identically the same, but
the coefficients for,, K, K, are different. In addition, EOS pressure in (4.1) is remdppt depth
zY. The complexity of the functional form of UNESCO EOS motisateeanic modelers to derive
simplified versions for more efficient calculation (Melld991; Wright, 1997; Brydoret al, 1999;
McDougallet al,, 2003 ; Jacketet al., 2006).

Dukowicz (2001) chooses the multiplie(P) to fit anin situ density profile computed from the
globally horizontally averaged temperature and salinitfifes based on Levitus WOA94 data [an up-
dated version of which is available today as Locareiral. (2006); Antonowet al. (2006)]. Although
this approach yields the minimum possible range of vameftio p°, and thus has the maximum effect
in reducing the Boussinesg—approximation errors, it ieted with the ability to monitor stratifica-
tion smoothness by (3.6)—(3.7) because the spatial dite®ofp® constructed this way unavoidably
contain a contribution associated with the selected measityeprofile as long as the direction of
differencing is not strictly horizontal (unlike the horizial differencing inz-coordinate models, for
which the method of Dukowicz (2001) was originally intenyiefls a result, a change in sign for the
differences no longer corresponds to the change from pegiinegative physical stratification. This
also alters the ratios of consecutive differences in (3tifpately negating its monotonization proper-
ties. Therefore we alternatively choose constant refereaties©™' andS™!, that are representative
of the abyssal part of the ocean, and then construct a meiftigk) as

1
1-0.1z/K(2)’

r(2) where  K™(2) = Koo + K + Ki%% + K33% (4.2)
with K§ef = Ko (07, §7), K1 = [ (00, 57, and K = K, (0%, $™). In the results pre-
sented here we choos#*® = 3.5°C and S = 34.5%y, which imply Kt = 2924.921, K} =
0.34846939, Ki¢f = 0.145612 x 107°, andp, (@ref,sref) = 1027.43879. The stiffened EOS (2.15)
with this Boussinesg-approximatioitz) becomes

1-0.12/K™(2)

p7(0,5.2) = [p§ + m(0,5)] - 7= 012/K(6.5.3) p5 - (4.3)

p* is the perturbation op*® relative to a constant reference valpfe which is naturally chosen as
Py = 1 (@ref, Sref). After cancellation of the large terms, the stiffened EOfvgritten as

9 Throughout this section we adopt the convention thaicreases downward, the same way as hydrostatic
pressure. We use notatiano distinguish it fromz (increasing upward) as it is used elsewhere in this article.
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LREACE) y
KOO + K(r]ef + K{efi + K56f22
Kyt — Ko(©,5) + (K1 — K1(0,9)) -2+ (K3 — Ky(0,9)) - 2
Koo + Ko(©,5) + (K1(6,5) —0.1) 2 + Ky(0, S)22
=n(0,9)+§(®,5,2) 2,

p"(0,5,2) = }(©, ) +0.12

(4.4)

so far without any approximation. This is already close ®dlsired functional form (3.4); however
q(0, S, z) still explicitly depends oz, although weakly as we show below. Eq. (4.4) implies that

p* (@fef, gref, 2) =0 and ¢ (@ref, gref. 2) =0 forall .
This ensures that the range of variation féris expected to be small in general, and even diminish

with depth since variations @& and S also diminish.
A Taylor series expansion of (4.4) in powerszofields
p*(©.8,2) = p1(©,5) + ¢,(,9) - 2, (4.5)
where
K5 — Ko(0,5)
(Koo + Ko(©,)) - (Koo + K5

This has exactly the functional form of (3.4). It is an appneation to (4.4) where alk’; and K, terms
(14 out of 26 coefficients ok’) are discarded. In practice we use a slightly modified form,

qi(@,S) =0.1- [pO +p/1(@75)] :

(4.6)

p*(0,5,2) = p1(6,5) + ¢1(0,5) - 2(1 —12) (4.7)

with v = 1.72x 107° m~! for the©*f andS™f values listed above. This captures some of the nonlinear
dependency of the thermobaric effect without significastease in complexity, and it also reduces
errors relative to (4.5). Consistently with (4.7), the alfon for computing elementary adiabatic dif-
ferences (3.6) becomes

(4.8)

o S, ) (d o Zittjk T Zigk |y Zitljk T Zigk
i+Lgk = Privigk = Prige T \Dit1gk — Qi 9 v 9

Isolines ofp* from (4.7) are plotted in the left column of Fig. 1 for five difent depths: 0, 200,
1000, 2500, and 5000 m. The shading in Figs. 1-2 indicategltiml distribution of hydrographic
data values (Levitus WOA data, Anton@t al, 2006; Locarniniet al, 2006). At each depth the
data samples are combined intt® x AS = 0.25°C' x 0.25°/4, bins to compute the probability
distribution. This is shown by the three hues of shading:lijtgest indicates that this pair @, .S
values is observed at least once in the dataset, the mediadinghcontains 99% of the observed
data at that depth, and the darkest contains 90%. There gn#dicant reduction of variation of the
observedd, S with depth as manifested by the shrinking of the shaded arbi&h was utilized by
McDougallet al. (2003 ) and SM2003 to simplify treatment compressibilitieefs in EOS (note that
only a very little seasonal variation 6f, S remains at the depths of= 200 m, which is illustrated by
a rather narrow strip shaded area, with the lightest shaclenbes indistinguishable). Furthermore, as
highlighted by McDougall & Jackett (2007), there is a stroegdency for the probability distribution
to align itself with the isolines density at each depth — whtwey call “thinness it — © — P space”.
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Fig. 1. “Stiffened” density perturbatios?’ defined by (4.7]left); the corresponding thermal expansian(mid-
dle), and saline contractiors, (right) , coefficients as functions of potential temperat@rand salinityS at five
different depthg = 0, 200, 1000, 2500 and5000m. The units arég/m?, (kg/m?)/°C, and(kg/m?)/ (%)
respectively (note that here = —8;)/(9@}5’1[,20011St andg = %—8;)/83\@’1[,200118t without the usual division by
p). Shading indicates the distribution of observéx S) values (see text). (The overall format is similar to Fig.
19 in SM2003.)
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Fig. 2. Errors in« (left), 8 (middle), and their ration/3 (right) due to the approximate EOS (4.7) compared
to the complete EOS (4.4) at four different depths: 200, 1000, 2500, and5000m. The shading is the same
as in Fig. 1, and the dashed box surrounds the domain of interest. (ifthatfis similar to Fig. 20 in SM2003.)

Isolines ofp* in the ©, S)-plane tend to rotate counterclockwise with increasingtidg¢thermo-
baric effect) and exhibit a gentle curvature (cabellingdwidver, as assured by the construction of
EOS, thep* does not have tendency to increase with depth. The densigerfor observedo, S)
is much reducede.g.,atz = 5000m, © ~ 3.5% S = 34.5/y, andp* stays close to zero, in con-
trast with p;,, siru ~ 1050 kg/m3 (see Fig. 19, left column, in SM2003; note that field plotteelre is
Pin situ — 1000)

The coefficientsy andj are plotted in the center and right columns of Figa Ehows a significant
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increase with depth, whilg decreases slightly. One notices some differences in valug patterns
compared to Fig. 19 in SM2003, especially farFor example, at = 5000m, © ~ 3.5° C andS =
35%/00 8 = 0.760 in that Fig. 19, while her@ = 0.745 in Fig. 1. The difference of 2% is explained

by r(z), which is responsible for the density difference betwegn;.., ~ 1050 vs. p§ ~ 1027.4 here,

so that5[Fig. 19/ pin situ =~ B[Fig. 1 /pf. Similar adjustment occurs faer, and, as the result, adiabatic
differences of stiffened density normalized jy (using Boussinesg-like rules) are now close to that
computed from a full EOS (4.1), but normalized py ;;,, (nON-Boussinesq rules).

As shown in Sec. 2, the most important requirement for EO8 acturately reproduce and( as
functions of depth within the subspace of naturally ocow® and.S values. Furthermore, because
hydrostatic models are especially sensitive to the ocoug®ef negative stratification, the accuracy of
representation of the ratio of/ 3 is even more valuable than the accuracyr@ind taken separately
(e.g.,this occurs in southern part of Atlantic Ocean charactdrizgthe fresh, but cold near-surface
layer on top of warmer, but more saline deeper water, regyiti a thermodynamically delicate situa-
tion with very week overall stratification, and the possibibf cabbeling and thermobaric instabilities,
Paluszkiewiczt al., 1994; McPhee, 2000). This is also true for modeling deepeots in the pres-
ence of© andS anomalies, which tends to cancel effects of each othgr,Mediterranean outflow.
Therefore, we evaluate the differences betweefi, anda/ 5 computed using (4.6)—(4.7) against its
prototype (4.4), which is the unapproximated stiffened HBi§. 2). On each panel we indicate the
domain of interest with a dashed-line box surrounding olesB©, S) values. The error in computing
a within the domain of interest can be estimatedt#s0001 atz = 1000 m; +0.0005 atz = 2500 m;
and=+0.002 atz = 5000 m. For § similar errors aret0.0004 atz = 1000 m; +0.001 atz = 2500 m;
and=+0.005 atz = 5000 m. These error estimates are conservative because the ebgeér\s) areas
(shaded) occupy only a fraction of the domains of intereshese defined. Normalized by the rele-
vant values ofv and 3, the relative errors for both quantities stay within.5%. This is substantially
more accurate than in Fig. 20 of SM2003, and what is esshntialv here is that zero-error line is
always placed close to the middle of the shaded area. Thewatign ofa/5 a better alignment of
the zero-error line with the shaded area. This is a somewletpected benefit of EOS stiffening: the
multipliersr(z) essentially plays the role of a preconditioner to EOS of ddek McDougall (1995)
by removing most of the nonlinear dependency from deptrs@une). The remaining® can be more
accurately fit by the simple function in (4.7). (Note that fbe small depthz = 200m, the error
pattern ofa/3-ratio has a saddle point in the vicinity of observed dataictvimakes a second-order
smallness of error &3, S depart from it.)

5 Does Boussinesq approximation still offer any simplificabn?

During the review process we were challenged why a Boussitedeg should still be used, given
the recent theoretical enthusiasm and advocacy for theBomssinesq alternative (McDougat al,
2002; Greatbatch & McDougall, 2003; Marshatlal,, 2004; Griffies, 2004). While we acknowledge
that some aspects of oceanic modeling become more natutta inon-Boussinesq framework, no-
tably the response to thermodynamic forcing (Mellor & EZE95; Huang & Jin, 2002), the value
of Boussinesq approximation is due to accuracy and dynampaaimony in retaining the important
behaviors in oceanic circulation while excluding extrameeffects €.g., acoustic waves) that can
be computationally difficult (Spiegel & Veronis, 1960; Mife, 1962; Zeytounian, 2003). The non-
Boussinesq generalization does not bring in any importaditiadal circulation behaviors (Great-
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batch, 1994; Dukowicz, 1997) aradposterioricomparison between Boussinesq and non-Boussinesq
results has shown that other aspects of the modeling coplesifiss of initialization, version of EOS,
etc) produce comparable or even greater sensitivitiescfLetsal., 2004).

If one seeks a non-hydrostatic generalization of an ocesimalation code for smaller, faster
dynamical phenomena, the Boussinesq approximation offergjar simplification by excluding dy-
namic pressure from EOS, which allows a decomposition ofque into hydrostatic free-surface,
hydrostatic baroclinic, and non-hydrostatic componetms then can be treated in quasi-independent
ways €.9.,Kanarskaet al, 2007). For hydrostatic codes, the simplifications due toBmesq ap-
proximation are somewhat less pronounced (besides thatitaiefficiency of not having to compute
p-weighted control volumes) which leads to the conclusiat Boussinesq approximation is not use-
ful at all, because one can solve an non-approximated syisteead €.9.,de Szoeke & Samelson,
2002; Marshalkt al,, 2004). Still, there are fewer feedback loops and interddpecies among the the
model equations in the Boussinesq case, and accordinglgr f@&cisions about numerical splittings
are to be made. In this and previous studies we have desgéestally successful treatment of com-
putationally delicate couplings between mode-splittitige-stepping, and realistic EOS algorithms
in a Boussinesq code with accurate, numerically stable dinilesit mode-splitting procedure without
the necessity of excessive time filtering, with tracer covesgon and constancy preservation and with
acceptable EOS-related errors in the PGF. In this sectioexaeine how these coupling issues are
manifested in a non-Boussinesq algorithm like the ones ptiyagsed €.g.,in MOM4; Griffies, 2004)
and suggest some directions for further non-Boussinesq Inrogeovements.

Realistic oceanic simulation brings two particular issines &re outside the standard consideration
of the Boussinesq approximation: the free surfa@nd the necessity to reintroduce compressibility
and pressure into EOS in order to obtain a correct desaniifahe thermobaric effect and other
EOS-related nonlinearities. These issues raise subtkgtiqns, most importantly whether to use the
full dynamic pressuré”® in EOS or approximate it withe.g.,the reference valué, = —pygz; the
classical Boussinesq does not offer any guideline. Deaval. (1998) found that there is a quanti-
tatively significant sensitivity to this choice and advazhthe use of full dynamic pressure in EOS
computed self-consistently betweeand P related by hydrostatic balance. Dukowicz (2001) pointed
out the error discovered by Dewer al. (1998) is self-canceling in a non-Boussinesq model, because
the pressure gradient and density are essentially meltifily a common multiplier, and the modifica-
tion proposed by Dewaet al. (1998) actuallybrings errorinto the Boussinesq code they uséfsee
also Sec. 2 following (2.11)]. Dukowicz (2001) proposed dorect the PGF error while keeping both
the Boussinesq approximation and the the use of referenssyseein EOS by stiffening the lattér.
However, his approach received limited support. At firsgduese of the alternative proposal to re-
interpret Boussinesq velocity as normalized mass flux peraneapu/p, as described by McDougall
et al. (2002)'? They advocate full? in EOS and demonstrated that no EOS stiffening is required

10 Although Dewaret al. (1998) did not explicitly identify in their formulas that they used a Boussimestg,

this choice is evident from their Footnote 2, which discusses non-exést#rspund waves and the absence of
a time derivative in the continuity equation, as well as from the generalxioritthe MOM2 code available at
that time, which they used.

' Note that while Dukowicz (2001) suggests usbwhreference pressum®, = —pggz in EOS and stiffening

of EOS at the same timejthermeasure taken alone is sufficient to solve the Case A dilemma of Detvedr
(1998) in a Boussinesg modei., (2.11). However both measures are needed in the more general baroclin
case.

12t is interesting to note that the idea of increasing/decreasing velocitiesidiegeon local density to elimi-
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to obtain correct geostrophically-balanced flow. A sideetffof their approach is that it disturbs the
relationship between Coriolis and advection terms, whitérfares with the derivation potential vor-
ticity conservation even in the simplest case of barotropitt slightly compressible fluid with free
surface (Appendix A). Secondly, by noting that in a hydrbstanodel it is actually not very difficult
to compute density via EOS usimgsitu pressure self-consistent with the density being complited
therefore negating one of the starting arguments of Duko(@001). The third reason for little interest
in Dukowicz (2001) comes from the realization that a fredaste, hydrostatic oceanic code can be rel-
atively easy converted from Boussinesqg to non-Boussinesgggaing the discretized vertical volume
factorpy Az to pAz (Greatbatclet al, 2001), or by noting that non-Boussinesq equations can hs-tra
formed into pressure coordinates where they resemble Basspwritten inz-coordinates (de Szoeke
& Samelson, 2002; Huang & Jin, 2002; Losehal., 2004; Marshalket al, 2004). Non-Boussinesq
model requires the use of full dynamitin the fully compressible, realistic EOS: otherwise it wabul
reintroduce the error pointed out by Deveral. (1998). This is natural and requires no extra effort in
pressure coordinates (in fact, it is impossible to sepdcat@rdinate” pressure, which is also dynamic
pressure from EOS pressure), but a special effort shouldkentif using approach of Greatbateh
al. (2001). The use of dynamif does not reintroduce acoustic waves because they are exdhyd
the hydrostatic approximation alone.

What remains somewhat unsettled in the literature is thathlogce of using referencepygz vs.
full pressureP in EOS is not arbitrary, but should be tied to whether the msdBoussinesq or not.
Thus, following the advice of Dewaat al. (1998), Loschet al. (2004, Sec. &. Initialization) advocate
the use ofP in EOS forboth Boussinesg and non-Boussinesq versions of MITgcm they hawe co
pared and criticize Huang & Jin (2002) for doing it otherwig&for non-Boussinesq andfor Boussi-
nesq) which is actually a better choice. Similaftdependent EOS appears in Boussinesq equations
of Marshallet al. (2004), even thought it clearly breaks the completenesonfBoussinesq?- —
Boussinesg-coordinate isomorphism, and changingtdependent EOS repairs this without causing
any downstream contradictiond.,EOS depends ocoordinatein both cases). The same applies to de
Szoeke & Samelson (2002) who in their remark in Sec. 3, p. 2&87column, indicated Dewaat al.
(1998) as the reason for this choice. Furthermore, theicl$oussinesq (with pressure-independent
EOS) equations have proper potential-to-kinetic energwersion resulting in total energy conser-
vation. This property is lost if a nonlinear pressure-dejger EOS is introduced into Boussinesq (or
anelastic) equationsf., Ingersoll (2005). Recently Young (2010) showed that to namnthe ener-
getic consistency in the case of non-linear EOS the dynaarioyh pressure in EOBust be excluded
providing yet another argument for usirgygz in EOS in Boussinesq models.

Once this correspondence is respected, the only survivgwgreents for EOS stiffening in Boussi-
nesq model are:

e conceptually it brings the model closer to the original Baussg physical framework where the
only density variations which matter are the ones which rouie to buoyancyvariations (Ober-
beck, 1879, 1888; Boussinesq, 1903, see p. VI, pp. 154-16d pa. 172-176 there; Mihaljan,
1962). Bulk compressibility does not translate into buoyeartd therefore must be excluded. Ther-

nate approximation errors can be traced back to Oberbeck (1888) Sm=ragraph (5)) who was interested in
explaining steady motions in the atmosphere.

13 This requires knowledge of the state of free-surface (or bottom yme$s a non-Boussinesq code) which
becomes available onlfter the advance of barotropic mode is complete. This obstacle is typically address
by one-time-step lag of the pressure field in E@S9,,Griffies & Adcroft (2008, see Sec. 11.4 there).
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mobaric EOS pressure dependency does, hence is to be keptpiiEe&sure is decoupled from the
dynamic, and becomes basically a function of location (endlassical Boussinesq EOS pressure is
constant or not needed at all).

While these guidelines help to simplify theoretical intetations, they actually have very lit-
tle practical consequences in the hydrostatic models, amstlynrelated to the treatment of free
surface. This is not surprising, given that in a Boussinesdehthe absolute density (as opposite
to density perturbation) appears only in the context of-Bedace part of pressure gradient term.
Our analysis reveals that while bulk compressibility is mhadynamically passive (Secs. 3.1, 3.3,
and 3.4), its re-introduction into a Boussinesq code brifgsiges which cannot be interpreted as
correct physical effectse(qg.,proper decrease of barotropic wave phase speed if comipitigss
taken into account; also the appearance artificial mugtiplp/p,), are dependent on subtle code
decisions €.9., pros(0, S, —z) VS. pros(0, S, — z)) and, not surprisingly again, are associated
with the barotropic mode (Sec. 3.2). In a nonhydrostaticechese guidelines bring a substantial
simplification by allowing decoupling of the non-hydrostgbressure from buoyant, and treating
the former one as Lagrange multiplier to enforce nondiverge

e as pointed out by Dukowicz (2001), because of nonlinearit{@S pressure-dependency (only
bulk »(P) nonlinearity is of concern for this purpose), remapping= P(P*) via (2.15) results in
a more accurate referencing of bulk pressure in comparisthnjust approximating it with-pgz.

In practice this translates into re-tuning of pressuratesl coefficients in-dependent EOS if they
are originally tuned for usingn situ pressure, but no extra computational cost;

e if, due to specific needs of a particular ocean model, theeepeeferred functional form of EOS
different from the available standard EOS. Separating thle fressure effect from EOS “precon-
ditions” it to the extent that it can be fitted more easily orrenaccurately with the desired form.
Similarly, after identifying that bulk compressibility @dynamically passive, excluding it before
computing pressure-gradient terms is preferable ovemglgn numerical cancellation within the
PGF scheme in a sigma-model; and

¢ all existing mode-splitting algorithms in split-expliertodels can be subdivided into two categories:

(i) a-priori “physicist’s” splitting by extracting a shallow-water &Kfast” term (for Boussinesq mod-
els this is typically,—g DV, ¢ or —(gD/po) V1 (psuctC), Wherepg,s is surface density at surface;
and for non-Boussinesq(g/po)ps V. p, Wherep, andp; are bottom pressure and its perturbation
relatively to static reference) from the vertically-intated PGF, while the remainder is treated
as slow-time “forcing” €.g.,Berntsenet al, 1981; Blumberg & Mellor, 1987; Bleck & Smith,

1990; Killworthet al, 1991, see also Sec. 7.7 in Griffies, 2009, for an overviawhiks approach

no effort is made to take into account the influence of stecatiion within the terms recomputed

during fast-time steppiny ; and

(i) “mathematical” splittings motivated by the operatorigiplg theory, where the fast-time pressure-

gradient terms are designed to capture as close as possibjedt to practicality of implementa-

tion and cost) the time tendencies of the non-split 3D systarpractice this translates in intro-
duction of a special density-weighting into “fast” terms€lresidual “forcing” terms have very

minor dependency on the state of free surface field. Higdoe &zbeke (1997); Hallberg (1997),

and SM2005 belong to this category.

Both techniques rely on essentially the same small parametetably separation of time scales be-
tween the baroclinic and barotropic processes which imalily linked to the smallness of density

14 This influence was noticed and suspected to be the cause of numerichilitysty Killworth et al. (1991,
see Eqg. (31) and the discussion in Sec. 8oupling between modésere).
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perturbations, however the second captures the leaditgy-corrections due to non-uniform den-
sity and treats them as “fast”, while the first one keeps thatminv/‘forcing”. Naturally, algorithms
from the second category produce more accurate splitteap(sl- vs. first-order errors with respect
to the associated small parameters) and require lessrfastfittering for the numerical stability.
However, they are also tend to be more code-specific, ands mmortantly, none of the available
to date is designed to be compatible with fully-compresslBOS'® . For Boussinesq model like
ROMS it is acceptable, if EOS is stiffened. Conversely, tesuction of bulk compressibility de-
pletes its order of accuracy from the second to the first, thegating the advantage in splitting
accuracy relatively to the first group.

For non-Boussinesq models with fully compressible EOS dtspialgorithm comparable in ac-
curacy with that of Higdon & de Szoeke (1997) or SM2005 is yebé designed: using dynamic
P is EOS also means thgtinfluences EOS via’, which means that dependency must be some-
how reflected within the “fast” terms. Parameter estimat&eac. 3.2 suggests that the influence of
compressibility on barotropic phase speed is at least ge s the influence of stratification, thus ne-
glecting the former would negate any accuracy advantagegufdt & de Szoeke (1997) or SM2005
in comparison with simple splitting, if fully compressildOS is used.

5.1 Comparison of discrete time stepping in Boussinesq aneBoussinesq models

The ROMS time-stepping algorithm guarantees that theviatig semi-discretized equations hold
exactly:

At = Azl — At - [VL(Azkuk) + Wht1/2 — wk—l/?} e (5.1)
Az = Az (42, () = A0 (14 ()" /1) 52)
(01 = (o - A v, (T) ©3)

3 ==\ t1/2 .\ n+1/2 N N nt1/2
S Az =h+( and <<U>> = <<U, v>> - {Z Az, Y Azkvk} (5.4)
k=1 = =

Azkﬂqkﬂ = Azk qy — At - [VJ_ (C]kAZkuk) + Qk+1/2Wk+1/2 — %-1/2“%-1/2} ) (5.5)

where for symbolic simplicity we omit horizontal indicesater diffusion terms, and heat and fresh-
water fluxes at the ocean surfacét is the "slow’-time step (for the 3D "baroclinic” mode); time
indicesn andn + 1 correspond to slow-time as weW,, is the two-dimensional, horizontal-coordinate
divergence operator)z, are the vertical grid-box heights which depend{cand are therefore time-
dependent and also depend on the horizontal coordinatesying and topography; angde {06, S, ...}

is material concentration (tracer). Eq. (5.2) states thgt are computed by perturbimjz,io) which
correspond ta, = 0. ROMS uses the specific way of perturbing them given by thietmgst part
of (5.2), but in principle it may be by any other choice thaisees the left condition (5.4)g.g.,the
rescaled-height version of the MITgcm (Adcroft & Campin, 2D0an implementation of the coastal
coordinate of Stacegt al. (1995); and models that allow only the uppermost grid-bozhange with

15 Here we emphasize that although Higdon & de Szoeke (1997) is formaliBoassinesq, one of their start-
ing assumptions is that barotropic changes in free surface (or bott@suped cause proportional changes in
thicknesses of each layer. This assumption breaks down if the fluid is esgilple.
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¢ while keeping all others fixed, as in MOM/POP (Griffies, 20843 TRIM (Casulli & Cheng, 1992;
Ruedaet al,, 2007)].

In ROMS the barotropic mode is integrated forward explycitl “fast’-time using much smaller
time steps than the rest of the system. A special fast-tweeaging procedure is employed to ensure
that the averaged() and <<U>> are exactly matched to satisfy the slow-time free-surfapeaton
(5.3). This can be, in principle, replaced with an implicgd-surface algorithm using special precau-
tions (Campinet al, 2004) to ensure that (5.3) is still respected. In eitheecance(™*! is known,
all grid-box heightsAz; ™! within each vertical columni(= 1, ..., N) are slaved to it. This leaves the
slow-time continuity equation (5.1) no other role than compg vertical velocityw, /., which in
this context has the meaning of finite-volume fluxes acrossriterfaces between vertically-adjacent
grid boxes moving with{. The compatibility conditions (5.4) ensure that the bottand top kine-
matic boundary conditions for vertical velocity computee satisfied. while there is some freedom in
choosing how to compute the flux-variables with time index 1/2 (n.b.,multiple variants of ROMS
code exist), two important properties of (5.1)—(5.5) musiags be respected: formally substituting
qr = 1into (5.5) turns it into (5.1), and vertical summation ofl(bresults in (5.3). These guarantee
that the tracer equations (5.5) have simultaneous cortgamand constancy-preservation properties.
Egs. (5.1)-(5.5) are solved explicitly and sequentiallgrititeratively) as described in SM2005: com-
pute r.h.s. terms for the 3D momentum equation; computenfgrcoupling) terms for the barotropic
mode; update barotropic variables and their fast-timeamex values¢, U, V) and <<U, V>>; update
3D momentum equations and enforce the compatibility camuht(5.4); advance tracer concentrations
with (5.5); then roll the procedure over to the next time siégtice that EOS does not participate any-
where in (5.1)-(5.5); it is needed only at the stage of comguhe PGF for the momentum equation.
We refer this type of algorithm as a logically-Boussinesglrbgtatic, free-surface code.

Next, consider the non-Boussinesq version of (5.1)-(5.5):

n+1/2
PZHAZ/?H = ppAzy — At - {VL (prAzpuy) + Pr+1/2Wk+1/2 — pk—l/2wk—1/2} ! (5.6)
Az = Az (Az,(co), C) (unchanged) (5.7)
s (h i Cn+1) =7"(h+ (") — At-V, <<pﬁ>>n+1/2 (5.8)
where
1 N N
p=—"" Z Azkpk and Z Az, = h+ C (59)
h+¢ 3 k=1
=\ n+1/2 —— _—\ntl/2 N N nt1/2
(PO)" T =(pU. AV) " = X Az Y predzo (5.10)
k=1 k=1

PR A G = pp Az — At -

Vi (qr - prlzpag) + Qriryz © Prs1/2Wiin)2
n+1/2 (511)
= qk—-1/2 * Pk—1/2Wk—-1/2

N
1
Pk = pros(Ok, Sk, P,)  where Po=g > ppAzy + igpkAZk ' (5.12)
k'=k+1
All vertical integrations are now done with density weigigti Nevertheless, similarly to (5.1)-(5.5),
substitution of;, = 1 into (5.11) turns it into (5.6), and the non-Boussinesq Bedace equation (5.8)
is derived by vertical summation of (5.1). Because of thig,ayistem conserves mass and the integral

25



content and constancy for each tracer. In comparison vatBaussinesq counterpart, the new system
exhibits a more sophisticated coupling among the equatibms major difficulty is associated with
the free-surface equation (5.8): one needs to kpew in advance in order to solve it. But knowing
"+, hencep; !, also require®; ! and Sy *! because] ™ is related to them through EOS (5.12).
Ultlmately this precludes a sequential algorlthm complrathat for (5.1)-(5.5).

There are two known approaches to address this dilemma. tefie is by Greatbatcét al.
(2001) who proposed to break the cyclic dependency by reglaé™! and p} with their forward-
extrapolated values,

@ —opn — =1 and, similarly p©) = 27t — pp-2, (5.13)
everywhere throughout (5.6)—(5.12) where they appeardrctimtrol volumes. Subsequently this ap-
proach was adopted in MOM4 (Griffies, 2004). A similar exbigpion was applied to convert a sigma-
coordinate model (Mellor & Ezer, 1995, with credit givenien unpublished work by Greatbatch and
Lu). Despite the fact tha} is available before the update of (5.6)- (5 12) begins, rihcd be used in
Az'p?, because doing so implies that during the next time stefi™" will be replaced withp;*

when it becomes available; becau,mé‘”é"+1 # p™1, this results in loss of mass conservation. With this
precaution taken, however, the discrete mass and traceeo@tion properties exist in form of

> AL AL (2p” i pfj_,z) = const > AL AL A (2p” i p?]_,f) = const,

1,7,k 1,5,k

(5.14)
where A ; is the horizontal area of grid elemeit;. This is not as accurate as mass, heat, and salt
content conservation expressed in terms of simultaneaisgles (.e.,computed a§ Ae ;A7 qi'; 107 1
with p;, andgqp,, = (0, 9)7;, related by EOS). However (5.14) still guarantees that teeaated
errors are bounded with no tendency of accumulation witle tidditionally, extrapolation with some
weights being negative, as in (5.13), is undesirable if nimmoity properties are require@.g.,near
sharp fronts or extreme salinity anomalies associated mu#r outflows); and, as we will show in
the next section, extrapolation (5.13) is a source of mquligting error and may cause numerical
instability.

The second, and actually more promising approach to adthessolvability of (5.6)—(5.12) in
the case of a hydrostatic model is to convert them into pressaordinates, (de Szoeke & Samelson,
2002; Marshallet al, 2004). The principal idea is to note thatAz, can be interpreted as vertical
pressure increment over grid bak:,, hence

prdz = (1/9)Apy  and pp Azt = (1/g)Api™, (5.15)

after which (5.6)—(5.11) can be rewritten as

n ~ - n+1/2
Aptt = Appt — At - [Vi (Apruy) + Drgrpo — Beorol (5.16)
Api = Api (Ap o) (5.17)
pytt = py = At Vi (pa) (5.18)
where
N
=" Ap, (5.19)
k=1
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N N n+1/2
«Pbﬁ»nH/Q = (p, pb@»ml/2 = {Z Apruy, Z Apkvk} (5.20)
k=1 k=1
n+1l _n+1 n_n ~ ~ n+1/2
Apk q, = Apqu — At- |V, (Qk:Apkuk) + Qr+1/2Wk+1/2 — Qk—1/2Wk—1/2 (5.21)

which are isomorphic to their Boussinesq counterparts {%.5) subject to the correspondence be-
tween the variables,

Apk — AZk
py = D=h+( (5.22)

@k+1/2 — Wi41/2
wherep, is identified as “bottom pressure” — the total weight of watgumn. Vertical velocityoy, 1 /2
computed from (5.16) has the meaning of mass flux per-ued-trough, generally speaking, moving
pressure surface. The kinematic boundary conditions dbottem and free surfaces(= 0 at both)
are respected automatically because vertical summati¢i8) yields (5.18). All other variablesy,,
q, ¢ = {6, Sk, ...}, remain the same in both systems. Neither densitynor grid-box heightsiz;
appear anywhere in (5.16)—(5.21), while substitutior 6f const into (5.21) converts it into (5.16)
which means that simultaneous constancy and conservdtibacers (now in mass-weighted sense)
can be achieved independently from EOS as long as the cdmipatconditions (5.18)—(5.20) are
respected. Another similarity between the non-Boussinessspre-coordinate system and its Boussi-
nesq counterpart is that EOS is involved only in computatibhorizontal pressure-gradient terms
(also stratification and isopycnic slopes for the purposmibfyrid-scale mixing parameterization), but
not for density weighting of grid-box heights like in (5.6%-12). However, the role of EOS is reversed:
now it is needed to compute grid-box heights, geopotendials », and, ultimately, free surface,

k P
Az, = 5 - agos(Ok, Sk, Br),  Pryrp =g ) Az —gh, and (= NTH/Q . (5.23)

k'=1

The pressure incrementyp,, and EOS pressurd3, above are known as long ggis known,

Apr, = pp - Az,io)/h where Az,(go) = A0 (z,y) = 2,5221/2(35, y) — z,i[i)l/z(x, v), (5.24)
after which N
P, Py
Pk == kt1/2 —; k=172 and Pk—1/2 == Z Apk’ . (525)
k'=k
Above z,(ﬁzl/Q = z,(;i)l/z(@y), k =0,1,...,N, such thatzf})2 = —h and 21(311/2 = 0 is ana priori

defined generalized terrain-following coordinate mapging:tion (f., Eq. (1.8) from SM2005. Note
that in the case of uniform density = p, hencep, = pog(h + (), the generalized pressure-sigma
coordinate reverts back to the originasigma, Eqgs. (1.9)—(1.10) from SM2005).

In summary, the principal distinction between the Bousgjresd non-Boussinesq cases is that
the Boussinesq free-surface equation (5.3) entirely bsldoghe barotropic mode (hence does not
require any mode-splitting decision about which terms ast &nd which are slow), while all EOS-
related computations occur entirely within the slow modeisTis no longer the case in (5.8) as it
appears in the approach of Greatbatttal. (2001). In the pressure-coordinate aproach of de Szoeke
& Samelson (2002) the equation for “bottom pressuyrg™Eq. (5.18) is entirely “fast”, however, de-
spite the terminology, the vertically-integrated pressgradient term cannot be computed from
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alone, but requires the knowledge of geopotential heightsfeee-surface, which in their turn re-
quire the use of EOS (5.23). Because EOS is pressure depeaddmiressure-coordinate levels are
scaled by, (which brings “fast” dependency in EOS), the barotropideysis closed via EOS, which
means that in order to develop an efficient and accurate rsoleee-splitting unavoidably involves
splitting of EOS as well. This is inherently related to theampleteness of isomorphism associated
with free surface: the complete similarity betweegoordinate Boussinesq and pressure-coordinate
non-Boussinesq system would be only if both are rigid-lid $&®eke & Samelson, 2002, see their
Sec. 4), which, in fact, decouples barotropic (i.e., rigit) pressure from EOS. In the remainder of
Sec. 5 we re-examine known mode-splitting techniques iardalexplore the implication for splitting
non-Boussinesg ocean models with fully-compressible EQ8ewavoiding introduction of additional
splitting errors.

5.2 Stability analysis of mode splitting algorithm in Greatch et al. (2001)

Using the identity,

—n+1 —-n
_n n —n ny — +
P+1<h+C+1)—P (h+<’):u

2

(¢ =) + (7 - 7) <h . §n+12+ C”) |

one can introduce fast-and-slow splitting into (5.8) a®fe$ (cf., Eq. (12.56) in Griffies, 2004 ):

—n+l  ——mn ——n+1 n
L@ 9 )
PO P 0 p

1 — N
p(e) %S + p(e)
2 ot At

) ot
S+ O+ [

5 -(h+g‘)u> =0, (5.26)
wherep(©) is vertically averaged density computed from (5.13). Ferghrpose of the subsequent anal-
ysis, we discretize the slow-time, but keep fast-time ¢ardus (.e.,assume that barotropic time steps
are sufficiently small that the associated discretizatioore are negligible in slow-time). Suppose
density is computed using the non-approximated EOS with/fuln this casep depends og through
hydrostatic pressure. This dependency is taken into ataeitimn the slow-mode when computing
terms containing(¢), but these terms are kept constant during the barotropés sitepping.

For further simplicity of analysis, we now restrict oursegwto the situation where density depends
on pressure alone (Appendix B). In this case EOg is p; + P/c?, wherep, = const is density
at the surface atmospheric pressure, amspeed of sound. This translates into the vertical profile
p= pleg(C—Z)/02 and

p=p [/ 1] [[g(h+ Q) /] m pr [L+g(h+Q)/ (2¢%) +..] - (5.27)

Substituting this into (5.26), assuming a flat bottomxat —h = const, linearizing about the rest
state, and using the extrapolation rule (5.13), we obtain

¢ 1 gh (@M@ 1 g 2¢m =3¢l 4 (2
o ThViu=—5- 5 At 2 2 At (5.28)

16 The original code of Greatbatet al. (2001) uses leap-frog stepping; later a more advanced, staggered time
placement of tracers and momenta was introduced in MOM4. In this appstephing of tracers and free
surface is fromn to (n + 1)th baroclinic step.
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This and the barotropic momentum equation (Appendix B),
oua+gV, (=0, (5.29)

comprise the barotropic mode. Unlike the more usual snaiiith splitting in a stratified Boussinesq
model, now it is the free-surface equation (5.28) that rex=er.h.s. the forcing term from the slow
mode, while there is no slow r.h.s. in the momentum equabemsityp is still allowed to change due

to compressibility, and (5.29) does not imply smallnessasfgity variation in vertical direction.

The solution procedure for (5.28)-(5.29) uses valueg af the previous time steps (up ) to
compute the r.h.s. term. (In an oceanic code this happensghrEOS.) Using™ andz” at time
t = t,, as the initial conditions, advance them using fast-timpstey tot = ¢,, + At. The final values
are accepted a& ! andu"*!, and the r.h.s. is recomputed in proceeding to the next baiwstep.

We now demonstrate that this procedure is computationabyable unless some temporal filtering
is employed. Without loss of generality consider a one-dismenal analog of (5.28)-(5.29), which
makes it possible to obtain the solution as a sum of left- ayid-traveling Riemann invariants:

0 h 0 h 1 gh 2¢"—3¢" 1+C”’2
+Jah - = _— [— ‘Jah - — [ = =__.Z".
OR™ +\/gh- 0. R / (Ci u> +4/gh . ((i u) 5 2 ; .

(5.30)
This is just a linear combination of one-dimensional versiof (5.28)-(5.29)0%" and9~ can be
solved for separately 87 (¢, + At, x) = R (t,, v — At\/gh)+ QT (t,+ At, x) andR~ (¢, + At, z) =
R~ (tn, v+ At\/gh) + Q™ (t, + At, x), whereQ*(t, ) are responses to the r.h.s. forcing in (5.30) with

Q*(t,,z) = 0. Consider a Fourier compone té) = ()" i ¢'** where the step multipliek

is not yet known. Ideally, without the errors introduced butnerical discretization, its values should
be ), = eticAtV1-e s/ hence\| = 1, which corresponds to the finite-time-step phase incresnent
for non-damped left- and right-traveling waves. ((B.8) in Appendix B). The phase speed is slightly
smaller than that for incompressible fluid. The actual soituof (5.30) is

A h \ ik (x:F(t—tn)w /gh) 1gh » o o\ ik eTik(t=tn)\/gh _ 1
REL, )= A" [+ 4/ — — 220 (2™ — 3\ A" ikz
( 71;) (g \/;u) ‘ 2 02 ( )6 :FZk(t—tn)\/gh ’

which after reaching = t,,.; = t,, + At becomes

eFir — 1

A h . . 1 - .
+ —\n e ikx Fio _ ~ n _ n—1 n—2\ jikr
RE(t+ At,z) = A (Ci,/gu)e e 26C<2)\ AT A )e -

The quantitiesy = kAt\/gh ande = gh/c* have the same meaning as in Appendix B.

SinceR:(t + At, z) = A" (g‘ + Wu) e,
g

R . ) R Fia __ 1
A (C + \/ﬁﬁ> = (C + \/ﬁﬁ> et — 1EC (2 — 31+ )\_2> L - . (5.31)
g g 2 Fio

This pair of equations is homogeneous{ém}, which means that it admits non-trivial solutions only
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Fig. 3. Absolute value of characteristic roots of

(5.32) corresponding to the physical modes as a

function of o for ¢ = 0.025, corresponding to

h = 5500 m andc = 1500 ms~!. Because the mod-

e-splitting ratio At/ Aty is expected to be signif-

icantly larger than unityq is allowed to exceed,

1 1 1 hence entering the range, where barotropic motions

098\ i are aliased, if sampled with the baroclinic time steps,
tn, tne1.... ONly two periods are shown; the contin-

m 2n 3 o uation in« is nearly periodic with damping toward

|A| = 1; |\| > 1 means numerical instability.
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for the specific values of determined by the characteristic equation,

sin o

=0. (5.32)

1
A2 — 2 \cosa+ 1+ —¢ (2—3/\_1 +)\_2)
2 o

The limit of e — 0 recovers\ = e, and one can also verify that~ et (=<4 for a, e < 1,
which matches (B.9) in Appendix B. For largebut still smalle, the splitting procedure distorts the
amplitude, resulting in a possible numerical instability,> 1 (Fig. 3). This mechanism is generic to
mode-splitting instability, and it is associated with paelay of the slow-time r.h.s. terms — com-
puted only once at the beginning of the fast-time-steppimd) keept constant thereafter — relative to
the more rapidly changing phase of fast-time terms. Becaunses the meaning of phase increment for
the barotropic wave during one baroclinic st&p o may exceedtr by several multiples, depending
on the mode-splitting ratio. The instability occurs eveth# fast- and slow-time algorithms are both
stable if taken separately, and even if there is numericsigtion within the slow-mode algorithm.

The remedy for instability is a more accurate splitting;, eliminate or reduce theterms, or to
introduce artificial damping in the fast-time-steppingseagtially preventing it from entering into the
aliasing rangea| > 7 while still maintaining|A| near unity. In the MOM4 code this is achieved by
uniform averaging of botly andw over a2 At interval, or1 At in the case of staggered time-stepping
(Sec. 12.5 of Griffies, 2004). This introduces damping camaiple to that of a backward-Euler implicit
step and reduces the temporal accuracy to first-order. Aaggdast-time-averaging should take into
account this instability mechanism, which is comparablésrstrength with that associated with the
splitting of PGF terms (itemsii) and {v) in Sec. 3.2). Furthermore, because of its specific form of
fast-time averaging, MOM4 does not have exact discreteistamey between the averaged free surface
and averaged volume or mass fluxes (for the Boussinesq or nossB@sq variants) in the slow-time
step. Thus, the content conservation or constancy prassaryaoperties for tracer advection cannot
be maintained simultaneously, and one must chose between ffhe selected choice is constancy,
implemented by an auxiliary slow-time step f©1in Eq. (12.95) of Griffies (2004)). Thig is then
used to compute new-time-step control-volumes for theetrapdate but thereafter discarded. The
loss of content conservation comes from the fact thatthpdated this way is not equivalent to that
obtained from the barotropic mode, resulting in a diffeeenrccontrol volumes. (Another source of
non-conservation is the Robert-Asselin filter needed in #se of leap-frog time-stepping.) The choice
of vertical grid that allows a change of only the top-mostigyox height with( only (while all others
are fixed) results in a slight redistribution of discretewea of density within the vertical column in
the case of purely barotropic motions. The existing non-Bmesq splitting algorithms neglect this
effect, which leads to some non-conservation of mass.
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5.3 A method for stabilizing algorithm of Greatbatch et 20Q1) by splitting EOS

Dukowicz’ idea factoring of EOS provides a guideline to itoye stability and splitting accuracy
in (5.26) by moving most of dependency in EOS into the fast mode. Without any approxim&0S
can be rewrittem as

p=r-(p5+p"), (5.33)
wherer = r({ — z) chosen to absorb most of the EOS compressibility, but issifaple to compute;
p5 = const is chosen in such that’ < p§, andp* is only weakly dependent an With (5.33) only
the second parenthetical factor need be extrapolated & fitmen

Vdo

o¢ (o 0 0 9p*
815/ pd (915/ 8§ 1(p5—|—p")[7‘+(h+()a£]da—|—/l7"apt(
(5.34)

Choosingr = ¢9¢=2)/<* (which in o-coordinate becomes = ¢ 79(+0/<* — ¢=o¢ wherec is a
representative constant value for speed of sound) conyertsbove into

ag 0 apo/
i [po(l +€ +/ "(1-— 206)d7:| + (h+() - /_1 g (1—oc€)do (5.35)
“fast” “mostly slow”

where we have expanded= e 7 ~ 1 —oe+ ... fore < 1.

Even in the simplest case of barotropic compressible fluie; p; + P/c* (hencep) = p; and
p* = 0) the expression inside..] in the “fast” term is not equivalent to vertically averagezhdityp
— as follows from (5.27p = p1(1 + €/2) in this case instead ¢f; (1 + ¢). This non-equivalence leads
to the replacement of (5.28) with

(14 €) ¢+ (1+¢/2) hVu=0, (5.36)

which in combination with (5.29) yields the correct bargiphase speed in agreement with (B.9).
Unlike (5.28) the above does not have any r.h.s. at all, hpraduces no splitting error.

In the general case @t #£ 0, splitting (5.35) requires forward extrapolationgf as in (5.13) with
subsequent computation of the two-dimensional fields,

0 o 0
ol _ Y and o — _9 s , (537)
p p p p

-1 -1

with their discretized formulas ,

N L 1 N o A 2 N A
D=3 Az, p7=5> Aupls =552 (A% 7 + Z Az - (5:38)
k=1 k=1

k=1

With (5.35), the non-Boussinesq nonlinear free-surfacetojpi is

17 These sums do not rely on a particular structure of the vertical coordindtere self-normalizing in the sense
that substitutingy} = 1 yields p* = p” = 1. Even thoughAz;, depends or, the resultingo® andp°’ are
only weakly dependent through EOS pressure, butHependency throughiz;, cancels outdf., Eq. (3.23) in
SM2005). This makes it possible to use the most recently availAbleo computep®” andp®’.
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(5.39)

Y

where we back-substituted= g(h + ¢)/c? to expose all dependencies. The most accurate (but also
the most complicated) time-splitting procedure precorpthe r.h.s. time derivatives pf’ and p*
using slow-time variables, and keeps them constant duangttopic time-stepping, while ajtterms,
including the ones ig(h + ¢)/c? in both L.h.s. and r.h.s., are allowed to change at everytiupic
step. The splitting error of this algorithm can be estimae® (¢*) andO (¢ - A (¢?) /c?). It does not
rely on the smallness @' /pg. This algorithm replaces (5.14) with

n n . on—1 on—2\

> AL GAZ (Po 2075k — P ”k) = const

= . , (5.40)
n n n () o/nN— o/nN— .

> A j Az 1 kg (Po +20% 5k — P ”k) = const .

i7j7k

These are closer to the simultaneous-field conservatios saveer}; , is computed using the sanje
as used to computdz;, , and all¢-terms in (5.39) evolve in fast-time withevolving synchronously
with ¢ without any splitting.

A simplified, but slightly less accurate procedure for (5 & be devised by precomputifszjg(th
¢)/c*-terms at the beginning of barotropic stepping usjfiggnd combining them with$ + p*. This
admits additional (e - (/h- p*/p8) = O (gC/c* - p*/p3)-errors (definitely negligible in any practi-
cal case). Finally, precomputingg(h + ¢)/c* using¢™ bringsO (e - (/h) = O (g¢/c?) errors. This
is only marginally more computationally demanding thannbalinear analog of (5.28). Even in this
case the splitting is more accurate than (5.28), which adéite) error. However, these simplifica-
tions cause loss of synchronization betwegy). and Az7; ,, resulting in some compromising of the
conservation properties (5.40).

Splitting of PGF terms in the non-Boussinesq case follows $&cusing EOS (5.33). The multi-
plier » can be moved outside the pressure gradient operator (tifuethermore can be separated
from the influence of via (3.10). This means that andp are now expressed entirely in termsggf
andp*, so the difference from the Boussinesq model is in the appearafr-terms as a multiplier in
the PGF when the momentum equations are rewritten in coats@mform.

5.4 An overview of mode-splitting algorithms in non-Bomssq models

Regardless of the type of vertical coordinate, verticalgraéon of non-Boussinesq momentum
and mass-conservation equation yields,

2

0 «D _
o (PD) + g lVL (” . ) — DV, h

= advection, Coriolis, dissipation, forcing terms
(5.41)

= -7
0y (pD) + V| (pDu) = fresh-water flux
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1 ¢ 2 ¢ ¢ , 1 ¢
where D=h+(, p= B[hpdz, Py = ﬁlh/Z/ pdzdz, u= 5/,hPUdZ are the
total depth of water-column, vertically-averaged densigytically-averaged “dynamic” density [both
are the same as in (3.19)], and vertically-averaged densgtghted velocity, respectively. The deriva-
tion of pressure-gradient term in this form can be found io. &1 of SM2005, up to Eg. (3.15),
with the only difference is thgt — pg in terms containing time derivatives and in the definitioniof
if Boussinesq approximation is applied. Analogous deroregj but expressed in terms Montgomery
potential can be found in Higdon & de Szoeke (1997, see thegr 3.1, note the appearance of tri-
angular sum in the second unnumbered equation followiridl§2here), and also in Hallberg (1997).
The above can be rewritten in terms of bottom pressyre;, gpD,

ot 2
= -
Oy + V1 (ppua) = ...

9 (o) + g [VJ_ (’:‘ : W) —pbvlh] = ..

(5.42)

where the new prognostic varialyg is more natural for non-Boussinesq models because it appears
as a single prognostic variable under time derivative indbeond equation, however, the presence
of ¢ in PGF terms separately fromor p, cannot be eliminated completely. It should be noted that
despite the common meanigg’s have different dimensions in (3.14), (5.41) and (5.42¢katively

to (5.41),.% is divided byp, in (3.14) and is multiplied by an extrain (5.42). Nevertheless, for
notational simplicity we retain the same symb#l for all versions, and, consistently with SM2005
and with (3.15) in Sec. 3.2, we choose the sigvoés it appears in the r.h.s. of barotropic momentum
equations, hence negative sign in (5.41) and (5.42).

Mode-splitting requires decomposition of vertically igtated PGF into

F = —g|...] = “fast” + “slow” (5.43)

where “fast” term can be efficiently computed from eithgrpD, or ¢ field — whichever plays role
of prognostic variable in the barotropic continuity eqaatiwhile “slow” must be made as weakly
dependent as possible from this variable. The inherentndila in (5.41) and (5.42) is that whifeD

or p,/g may be considered as a single variable, in the general casengiressible fluid changes in
pp translate in changes inoth free surfacel (hence changind@) andp (via dependency from pres-
sure through EOS). In pressure-based coordinated, kngwimgans that the distribution of pressure
throughout the water column is known, so one can use EOS tputanspecific volumes at each grid
box, after which grid-box heights become known as well.i¢attsummation of heights yields, and
therefore free surface= D — h. However, this would work only if there is no mode splittitgcause
it involves using EOS to compute a 3D field, and EOS depends, owhich changes in fast time.
Therefore a computationally efficient time-split model sldoemploy some sort of approximation to
allow computation of, via p, in fast time solely from two-dimensional barotropic fieldfie second
aspectis that in the presence of stratification and noretmifopography# consists parts which tend
to cancel each other, so any splitting which disregardsahlisnce is doomed to be inaccurate.

SM2005 €f., Eqg. (3.15) there) addressed the latter issue by cancelaigthe terms by hand, first
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by rewriting the upper equation (5.41) as
e D _
0,(pD%W) + gD {p.V.C+ S Vip. + (po = p) Vi = .. (5.44)

and, subsequently, substitutidg = h + ¢ into gD {...} term and separating terms which depend
on ¢ from those which do not. The resultafidependent part is given by (3.18) [In SM2005 this is
7 = F 1 Z' decomposition via Egs. (3.31)—(3.32) there.] In the Bowessircase this is all what
is needed becausggis also prognostic variable of the barotropic continuitya@ipn because of the
p — po replacement in terms with time derivatives, hetgé D) — 0, (poD) = po0;C. In doing so

it is also assumed that bothandp, are independent af, which in its turn imposes two restrictions:
(i) either exclusion of from EOS pressure, or incompressibility of EOS; amyigpecific functional
dependency of how vertical coordinate system is adjustechiayges in free-surface — proportional
stretching.

The same two issues must be dealt with in the non-Boussineggusang bottom pressure instead
of free surface. A “physicist's” split extracts thegp,V, ¢ term!® from the PGF term in (5.42),

Vi (p* : pb(thC)) —prLh] = —gpyVi( —gVL Kp’" — 1) : m(thC)]
p 2 p 2 (5.45)

—;g{prL(h +¢) — (h+ C)Vwb} :

F =—gq

Then, utilizing the fact density variations are small neato its mean valuey, is dominated by bulk
part which does not change in time, so it is convenient td gplnto its reference value and anomaly,
which in the simplest casé are

=po+p ' <
p=potp P < po (5.46)
Py = pogh + py, P, < pogh
after which (5.45) can be rewritten as
. h2 / /
F— gpViC - gV, KP B 1) ‘ (pog L PhEpogC, pbpogé)ﬂ
D 2 2 2
1 5.47
~ 39 |(Ph = PogQ)Vih — AV (B, — pogC) + PiViC — (Vipy) (5.47)

=0, 1f  ¢=p,/(pog)

so far without any approximation. This still needs a relagioip to translate, into ¢ within the
barotropic mode (hence using barotropic variables alanejder to close the system. In the simplest
case it is approximated as

¢ =py/(pog) ; (5.48)

18 This particular form is motivated by the PGF term of a barotropic layer of cessible fluid, see Appendix
B, Eq. (B.2), note the mutual placementgfand(.

19 A more elaborate decomposition involves using reference profile foritgespecific volume) instead of
constant value can be found in Appendix B of de Szoeke & Samelso2)200

34



which turns (5.42) into

g ., _ N Db Px : P pogh®
atﬁ%u)+9(ﬂﬂh+ﬂ%)vlp%]—-—9V1[<p—1>-pﬁ4——gVL (p—l 5| T

“fast” “mixed” baroclinic, “slow”
Oy + Vi ((pogh + pp) @) = ..,

(5.49)
where dots (...) in the first equation indicate other slowntersuch as advection, Coriolis, forcing,
viscous dissipation terms, as well as minor 3D correctioms$ein pressure-gradient associated with
the fact that (5.48) is only approximately match the actue fsurface as it is computed by the 3D
mode using the actual EOS. Typically only the “fast” termdsomputed at every barotropic time step,
while all other terms are computed by the 3D mode and playdiesof 3D— 2D forcing. The particular
form of “fast” term as in (5.49) appears in Griffies & Adcro®q08, see Egs. (182)-(183)); also Griffies
(2009, see Sec. 7.7.4, Egs. (7.137)-(7.139) there). A ainaipproach of considering perturbation
p, relative to a statically-defined rest-state reference ,fieith subsequent approximate closure to
compute geopotential was taken by Marsleathl. (2004, see Eq. (27) and the two paragraphs after it,
Egs. (40)-(42), and, finallyp, = —b,r at the end of Sec. 3a) for an atmospheric model. The actual
codes do not compute “slow” and “mixed” terms literally as(%149), but instead compute the full
baroclinic 3D PGF term using an appropriate scheme andratied vertically. Since there is no use
for p and p. within the fast term, there is no need to compute them as Wwelljever we explicitly
include all the terms in r.h.s. of (5.49) to facilitate theoeranalysis.

Neglecting all terms except “fast” yieldggh for the phase speed of external waves. Unlike in the
Boussinesq case, it does not depend on the choipg afd it should not in non-Boussinesq models.
Although this is mainly correct, three effects are not cegdu the slowdown of barotropic speed
due to bulk compressibility (Appendix B), stratification (#gndices C,D), and topographic coupling
between free-surface and stratificatiofvif # 0 (cf., the second line in Eq. (3.32) in SM2005). As
all three effects are present in the 3D mode, and are alsondepethe fast variables, the differences
contribute to mode-splitting error. The “mixed” term is belinic because it vanishes if density is
uniform due to((p*/p) — 1) — 0, but it also containg; which evolves in fast time. This term is
mainly responsible for baroclinic slowdown (recall that< 7 for positively stratified fluids) and for
topographic coupling, ifi # const. It should also be noted that in the case of compressible thgd
ratio p./p also depends on ofiandp; due to pressure dependency in EOS, so the “slow” term also
contains some traces gf-dependency. The accuracy of this split relies on the fahgvemallnesses:

h
<1, % <1 (5.50)

p*—1|<<17

-Vih

P

|P—P0

and mode-splitting error has terms proportional of eachhefthree. One of the main difficulties
specific to the non-Boussinesq case is the definition of tlexeate state fqr,: while (5.46) by itself

is merely a variable change and does not constitute any sppeton, (5.46) in combination with
(5.48) is a rather strong assumption: free-surface etmvatcomputed by 3D mode via EOS does not
necessarily agree with (5.48),

/ /
(:D—h:pb—h:h('go—1>+pb vs. (=2 (5.51)
59 p Py pog
bias
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In the case of flat bottom the bias mostly differentiates ounfthe “fast” term—gp, V, ¢ leaving only

a minor error ofO ((p — po)V.¢), and mostly cancels out from all other terms in (5.47). Hosvein
the case of non-flat topography the bias does affects thie(splice the second parameter in (5.50))
and is not easy to remove by including the “mostly slow” irtie terms recomputed during fast-time
stepping: if computed as a part of 3D algorithm, it uses threecd values of free surface, but once
treated as fast, there is no other choice than to use an apya@( form (5.48). For the same reason
it is not easy to modify this algorithm to account for the effef slower barotropic phase speed due
to the influence of stratification within the “fast” tedh. The other aspect specific to non-Boussinesq
case is that for a fully compressible EOS it is no longer gesio interpreted the ratio of, /p as
purely due to stratification: it is affected by bulk compibsgy as well. In the next section we will
design a more accurate split which avoids the use of a dtgtaefined reference state altogether.

5.5 Mode splitting using incremental variables: The Bonssq case

Because the theoretical rationale for splitting the totatflmotion into barotropic and baroclinic
modes mainly comes from the orthogonality of wave motionthéncase of linearized equations over
flat bottom, and, accordingly, virtually all theoreticalidies about numerical stability of splitting al-
gorithms are done in the flat-bottom framework, the justifazaof splitting in the presence of bottom
topography is more obscure: while the separation of timkeseamains well-defined, the orthogonal-
ity principle is no longer valid. Nevertheless, the spiigiimust be dealt with in the general case of
non-flat bottom despite the fact that a complete analysisiofarical stability is no longer possible.
SM2005 (and even more so in Sec. 3.2 Shchepetkin & McWilli§a@8)) advance the following
principle: the modification of vertically-integrated psese gradient term by advancing the barotropic
mode from 3D time step to n + 1 should resemble as close as possible the difference betieen
original and the new vertically-integrated pressure gragas it would be computed by the 3D mode
using the new free-surface field, but the same baroclinisitiedistribution. The intuitive rationale for
this principle is the presumption that if the barotropic raattives the barotropic fields toward a new
equilibrium when advancing from to n + 1, that equilibrium should be disturbed as little as possible
during the next time step. The resultant form of the baratrppessure gradient term coincides with
that of Higdon & de Szoeke (1997) in the case of flat bottomjéilio non-Boussinesq to Boussinesq
translation), but it also leads to specific form of topographd-free-surface terms, and practical ex-
perience of gaining/loosing stability of the model whentshing between treating/not-treating these
as “fast” terms.

This leads to an equivalent, but alternative to SM2005 prtgation of the splitting procedure if
we rewrite (5.41) in terms ahcrementalariables — basically changes caused by the barotropic mode
starting from the initial state corresponding to 3D timepste Thus we introducé = ¢ — (¢)", and,
consequently, substitute

(—=(+X&={"+& hence D—- D+ =h+{()"+& (5.52)

20 This aspect is somewhat parallel to the initialization issues for pressordigate models, Griffies (2009, see
Secs. 7.2, 7.3 there, especially the difficulties with the sigma-pressure rBedel.3.3.7.)
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into (5.41) while algebraically separating all terms camtag &. The Boussinesq version of it becomes

0

57 (o(D+ X)) = 7 + 9 (D + &) Vo (0.) + 9p.&V.C
2

—gégmp* +glpe—P)&VLE = .. (5.53)
P
S+ VL ((D + 5C)u> _

where now only andu are changing during the barotropic time steppieg( is kept constant in
fast-time ingp.X(V, ( — the last term in the first line of the first equation).

The solution procedure is therefore as follows: befordisathe barotropic mode the full vertically-
pD?

integrated pressure-gradient tefh = —qg |V, — pDV, h| is precomputed vighe actual

pressure gradient scheme of 3D mode using the state ofdirésce at time step and the predicted or
extrapolated density field at+ 1/2. Note, this isnot equivalento computingp andp.. first and then
computing.# as suggested by this formula using an ad hoc spatial disatetih — when considering
continuous equations these two forms are equivalent to e, but discrete forms they are not.
In a sigma-model not exercising proper care here would r@sw@n unacceptable pressure gradient
error passed into the barotropic mode. Instead, the preg@mdp andp, are to be usednlyin terms
containingd. Once all preparations are complete, the barotropic viesadre advanced and fast-time
averaged,

& =0 (&)t (O = (O + (&)

— | D+t | = | D =R (5.54)
_ —\n =\ n+1/2 )\l = (D —HZ)ﬁ)nH
= (m) (D +&ymym+ W= D gy

where, obviously, the initial state fof = 0, and the right-most operations symbolize setting new state
of the “slow” variables, which are also used as the initiatestor the barotropic mode during the next
3D time step.

In comparison with (3.18) the incremental form (5.53) coatgly “hides” the baroclinic-topographic
hydrostatic balance into the 3D term. Assuming spatiallifoum free surface, hence settirg =
const # 0in (3.18) turns it into—g¢ [(h + (/2)Vip.« + (p« — p) VL A]. It must vanish in the case of
horizontally uniform (flat) stratification. However its viahing requires cancellation of the two terms
inside square braces [.] because in the presence of togogflap stratification results in non-uniform
p andp,. The incremental form (5.53) ensures this cancellatiomafor{ = const (not necessarily
¢ = 0) as long as the vertically integrated pressure gradient tamputed by 3D mode vanishes:
recall that 3D computing of pressure gradient term is inhidyanore accurate that via and p,. It
should also be noted that smallnessxofD is more justifiable than smallness ©fD (or, similarly
¢/h) because in deep areas where phase barotropic speed ibdéngire small, but comparable, since
¢ may change rapidly per time step, if barotropic is runninggisime step close to the maximum al-
lowed by stability. On the other hand, in shallow areas wiiere-surface changes may no longer be
very small in comparison with depth, the barotropic motioras resolved in 3D time step resulting is
smooth changes, hendégis expected to be smaller thanFor this reason, if linearization is required,
e.g.,in the case of implicit treatment of free surface using adtipiarty elliptic solver, the use & in
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(5.53) provides a more natural approach. It should be ndtadthe most commonly used approach
retains only the/ DV, (p.&) term, and usually with, replaced wittp,. Eq. (5.53) suggests two more
terms, and notably the very last of the first equation couglestification with topography and free
surface, but still the whole approach yields essentialystime 5-diagonal elliptic equation f@r

5.6 Mode splitting using incremental variables: non-Bonesq case with fully compressible EOS

Another consequence of incremental form (5.53) is thatrit loa generalized to the case of non-
Boussinesq model with compressible EOS. Similarly to (5v8jntroduce incremental variables

pD — pD + dm
— (+ hence D — D +
¢ C+& & (5.55)
p —ptdp
after which the barotropic continuity equation becomes
0 _ _
at(sm+m((pp —|—(5m)u) . (5.56)

which identifiesim as the natural fast-time prognostic variable.
The incremental form of the non-Boussinesq version of (5céh)be derived by noting that

Px ﬁDD

pD*\  _ _
VJ_ 5 _pDVJ_h = VJ_ % 5 —pDVJ_h —

o) )

(5.57)

where, we must provide some the means to compute respdraeds(p. /p) to changingim. Both re-
lationships involve EOS, however they are needed durirtgiii@e stepping, so they must be expressed
somehow in terms of 2D fields only.

The principal assumption that at the “slow” time steghe free-surface field and the three-
dimensional density are in hydrostatic equilibrium witltle@ther as governed by fully compressible
EOS, e.g.,given a distribution of masses throughout each verticalrool, hydrostatic pressure is
computed by integration from surface downward, after wisigécific volume and height of each grid
box is computed via EOS, and vertical summation of grid bagliits results irf. Once the barotropic
mode departs from the state corresponding to timessiépe change idm results in change of both
free surfaceX and vertically averaged densifiy in such a way that the hydrostatic equilibrium is
maintained. This means that an increasénrresults in proportional increases in bathanddp,

1

1——e¢

_ 1 dm B 9 om 1 om

5p—§€'7D7 (Z—Mpr\;(]_—QE)'p (5.58)
2 5D
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1 dm . . : .
where theEe =5 term in denominator quadratically small, and is merely tegke
p

pD +dm = (p+ 9p)(D + X) (5.59)

as an exact identity. Above< 1 is effective vertically integrated compressibility pareter computed
via EOS. In the simplest case (see Appendix B) gD/c?, wherec is speed of sound, resulting in an
estimater ~ 0.025 for deep ocean. In a more general case we assume EOS in form of

p=r(P)-(p§+p"(0,5, P)) (5.60)

wherep) = const, p* < pf, and <8p"/8P)‘ < dr/dP, so most of pressure effect is

© S const

fak.)sorbed into"(P). Sincep = D/ pdz D/ (po + p*) de = pp - D/ rdz + D/ rp®dz
it is natural to express

o o 1 ¢ — 1 g
p:f.p-:?(p5+p°’) where FZE/_thZ and /)"I@/_hrﬂ'/dz- (5.61)

Change in the total depth of water-column causes propottgtreiching ofp® profile (hence® is not
affected by the change), while in contrastP) profile moves up-and-down with free surface without
any stretching at all (since it is function of pressure ajone

om = Tbottp}.gott& ~ Tbottpf)(z (5.62)

wherer,... andp; ., are bottom values of andp®. On the other hand,

o = (1—;e>7’p‘-5§% (1—;e>rp5-<5( (5.63)

which leads to an estimate
€=2(1—=T/rpott) - (5.64)
In the simplest case of vertically uniform speed of souigla linear function of pressure= 1+¢/2,
cf., (3.22). A more general (5.64) accounts for the nonunifgrmoftc due to its pressure dependency,
leaving aside only the temperature effect in the upper acean

The ratio(p./p) is affected by both compressibility and baroclinicity, sobehavior is controlled
by on EOS. Similarly to (5.61),

. . . h 2 ¢ ¢ , d of 2 ¢ ¢ o 1./
p*:T*p*:T*<Po+P*)a where T*:ﬁ/—h/z rdedean p*:T*D2/_h/Z " dZdz’

(5.65)
wherer, can be estimated as = 1 + ¢/3 in the case of uniforma, cf., (3.22). Combining the above,
» . (3 o/ 1 el __ e
ot BT (13 (1) (5.66)
p T pytpt 6 o
which leads to an estimate of haw./5) responds to perturbation in free surfa¢eandomn,
» « PY M 1 1 M 1 1 om
ool B B e ce D) R B 1oz - ze (5.67)
D T p* p° 6 6 D p° 6 6 pD
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where we have neglected quadratically small teé(g*) and© <e . p_.p*>
Substitution of (5.58) and (5.67) into r.h.s. of (5.57) &iinto

1\ om
o 1 1 om 2 p _
v (p. <1 - 6e> - 66pD> - 5 (D +6m)Vih, (5.68)

which, after some algebraic transformation yields

;((PD + 5m)u> —F + gDV, [('Z’E — ;6> &n} +g (ZE — ;e> omV, ¢
+g p%—l—;e omVh
" P5 52 7 s (5.69)
+9V1 Kpt — 66) 2 66’021)] = ..
idm + V. ((pD + &n)u) = ..

where we have kept terms with all powersdof, but have dropped all terms with power ohigher
than the first, and terms which involve quadratically-smpatiduct ofe by (p2/p* — 1).

The entire splitting algorithm is therefore formulated akboivs: bottom pressurg, is considered
to be a prognostostic variable, and it evolves in slow timeatlgling incrementg - dm, which are
computed (fast-time averaged) by the barotropic mode. Befiarting fast-time stepping of barotropic
mode fromn to n+1 all necessary terms notably the state of free-surfaa@ full vertically integrated
PGF terms are precomputed using full 3D algorithms with casgible EOS. Also computed at this
stage and kept constant thereafter until the next barodime step are the stiffened density ratios
pt/p® needed by (5.69). After these preparations, the barotropite is advanced toward+ 1,

om =0 (dm)n+ (po)" " = (po)" + g(dm)"*!
- o . —\n+1/2 a n+l _ P u
W = (1) ((pD + dmym)"/ W ()" g

where the first column symbolizes setting of initial cormhts, the second in time stepping of barotropic
mode via (5.69) performing fast-time averaging on the way the third column is translation back
to slow-time variable$' .

21 To prevent the accumulation of roundoff errors it is useful to extracrestant-in-time bulk part from,,

¢=0
po=py +pp,  where p” =p\(z,y) = gpa/ hrdz,

and usep, as the prognostic variable in insteadgf meaning that the incrementén)"*! are added tg,

in (5.70), not top,. Then, whenever neede(,)" ! is computedafterward by adding back the bulk part,

(o)™t = péo) + (pp)™ 1, which can be used everywhere in the code except time differencingraadntegra-
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The overall structure of (5.69) is similar to its Boussinesqgrderpart (5.53) with an obvious one-
to-one correspondence between all the terms, with the &moepf dm*- andén’-terms in r.h.s. of
the first equation (5.69). As expected, (5.69) reverts badhallow-water equations {p$/p*) — 1
ande — 0. What is essentially new is that in the general casglgp® # 1 ande # 0 linearization
of (5.69) around the rest state = u = 0, captures the correct phase speed for the barotropic waves,
whereboth effects- slowdown due to stratificatioref;, (3.20), also Appendices C and D) and seawater
compressibility ¢f., (3.21), also Eq. (B.9) from Appendix B.1) — are now accuratefyresented within
the fast mode alone, and the phase speed does not dependobwitteof reference constants such as
pg — and it should not in non-Boussinesq models. The derivationgaiure for (5.69) also illustrates
that the contributions due to the two physical effects — tlarity and compressibility — cannot
be combined into a single effective fielth?/p*) ande appear in different combinations in r.h.s. of
(5.69), so the baroclinic rati@3/p*) must be computed from the “stiffened” density field sepdyate
from bulk compressibility effect accounted byThis confirms the assumption made in Sec. 3.2 that
the slowdown of barotropic wave speed due to vertical §ication (3.20) can be correctly estimated
by the barotropic mode in a Boussinesq model as longeaslp,, in (3.19) are “stiffened”. Conversely,
using non-stiffened version of them does not yield the airestimate of influence of compressibility
(3.21), not the combination of both effects, resulting ie@ll incorrect barotropic phase speed.

The case with = 0 while keepingp$/p* # 1 corresponds to “stiffened” non-Boussinesg model. In
this case the modification of pressure gradient terms velgitio uniform-density shallow-water equa-
tions is controlled entirely by the ratjg /p®. This is comparable to splitting algorithm of Higdon & de
Szoeke (1997); Hallberg (1997), which is also non-Boussjneswever assuming that all variations
of density are solely due to stratification. In terms of coemily and computational cost (while main-
taining the same level of mode-splitting errors) this isyv&milar to the Boussinesq version (5.53):
om and& can be easily related in fast time @s = p &, wherep does not change in fast time. This,
in principle, makes it possible to express everything diyeio the original rather than incremental
variables.

Clearly, most of the complexity of (5.69) relative to its Bomesq counterpart is associated with
the bulk compressibility-terms: because of EOS pressure dependency and, corrasgignithe feed-
back of the state of free-surfa¢ento density distribution can be accurately computed from bottom
pressurey, only by using full 3D algorithm. Sincé¢ is needed to compute barotropic-pressure gradient
term, a simplified algorithm is needed to express it using aBables only during the fast-time step-
ping. This necessitates approximations which may admiitisigl errors. Using incremental variables
offers relief: now( is computed using full 3D algorithm, but only once per barocltime step (at
the beginning of fast-time stepping), while it is incremé&nivhich is computed using a simplified 2D
algorithm [essentially via (5.58) leading to (5.63) andmédtely to (5.69)]. This avoids mode-splitting
errors, but brings extra cost associated with the additienas in (5.69) recomputed at each fast-time
step and, an extra 2D fielde— to be computed once and stored. It is essential that EOSressipil-
ity can be split into the bulk and the much smaller residuaigpaa property of seawater EOS pointed
out by Dukowicz (2001).

tion: these must still usg,. It can be easily estimated that for typical oceanic conditjﬂé??sis 3 ... 4 orders of

magnitude larger thafy,, while the contrast betweejéo) and incrementg(dm) is even greater — so the roundoff
errors cannot be ignored, even with double precision. Howevermphasize that; is merely for bookkeeping,
and from the mathematical point of view, the splitting algorithm does not rely ®snfaliness of, relatively

to pl()o) .
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5.7 Summary for Boussinesq and non-Boussinesq modergplitti

The preceding analysis shows that the existing non-Bousgimedels essentially rely on the same
assumptions as the Boussinesq models, with the relevanihessparameters estimated as

h A(c?
e= 2 <0025, <§)%0.04,
; c o c (5.71)
= ~2x1071 .02, — ~0.005 ... 0.01,
h Po

where the extreme parameter values typically do not ocownlsaneously which limits the algorithmic
error estimates that contain their products. We have assamange of values af = 1480 — 1540
since most of this variation is purely due to pressure effaatl therefore can be “absorbed” intdf

a nonlinear function of pressure/depth is used. The assuamgpk of depths varies from mid-ocean
to the inner continental shelf. The estimate 501/ p§ (cf., Fig. 1) is significantly smaller than typical
values ofp’/p, due to stiffening.

The mode-splitting error of the Boussinesq ROMS is estimae® ((p*/pg)?) with all other
parameters (5.71) being irrelevant (see Sec. 3.2). The iexcreases to the first-ordé? (p*/pf) if
p andp, in (3.18)-(3.19) are replaced withg; and an additionad (gh/c?) error is introduced if a
non-stiffened, realistic EOS is used in ath hocway.

Non-Boussinesq models must use full dynamic pressure in B@&wmplies that density (specific
volume) within each vertical grid box (or layer in layeredaeat) depends on the state of free surface.
At this time we are not aware of any reference where one takesccount the finite compressibility of
seawater into the context of mode-splitting — the densitgl feeusually computed using the sate of free
surface at the latest available baroclinic step and kepstaah during barotropic time stepping from
that baroclinic step to the next. This causes mode-sgittimors and, in principle, opens a possibility
for the numerical instability either via a mechanism simtia one described in Higdon & Bennett
(1996), or in our Sec. 5.2. With some effort, splitting in anFiBoussinesq model can also be made
predominantly second-order accurate in sense that theestimate depends on pair-wise products of
parameters (5.71). This can be done in both implementatibnen-Boussinesq model — the density
extrapolation method of Greatbatet al. (2001) (our Sec. 5.2, following Eq. (5.33)) and if using
pressure-based coordinates (Sec. 5.6). The splitting isressentially avoided by including tlje—
EOS pressure feedback into the fast-time stepping. Thacisithted by factoring EOS in a manner
used by Dukowicz (2001), even though it was not originaltgimded for non-Boussinesq modeling. A
complete accounting of afl dependencies within the barotropic mode results in a sotistancrease
in complexity, most likely beyond the point of diminishingturn, especially if keeping in mind that a
model with stiffened EOS already captures all importantsitef effects (thermobaricity, and also the
steric effect — the principal non-Boussinesq effect), smteduction of bulk compressibility brings
only minor quantitative changes.

Existing oceanic codes like MOM4p1 use simpler mode-spijtprocedures resulting in stronger
reliance on the smallness of parameters (5.€13).,smallness of relative to total depth and even to
the uppermost grid-box if there is strong stratificatiorhivitthe upper portion of the domain. The later
is due to vertical redistribution of density by barotropiotions in the case of vertically fixed grid. This
can be traced back to the long-standing vision of free-sarfaessure as “pressure on the rigid lid”,
where the Poisson equation was considered primarily as a efficient replacement for the original
stream-function method, and subsequently, the spliti@klee-surface was motivated more by the
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ease of implementation in the era of parallel computing 4ok lof efficient parallel elliptic solvers at
that time) rather than by the interest to the physical phem@associated with the free surface itself.
This view is inherited from the historical de-emphasis ohp®ral accuracy for barotropic motions
(first-order) and the practice of rather heavy-handed teatfittering of them. In this case conversion
to a non-Boussinesq model with new sources of mode-spligingy does not usually lead to an insta-
bility because sufficient numerical damping is already @nésSince fine-resolution regional modeling
gives more interest in barotropic processeg (tides and topographic amplification of tidally-induced
motions), the accuracy can be restored by using a more iale-selective fast-time averaging fil-
ter, but this also brings sensitivity to splitting errorsaéshould note that legacy MOM code does
not formally guarantee discrete finite-volume conservapooperty for tracers, even in their simpler
Boussinesq versions (Griffiedt al,, 2001; Griffies, 2004), and therefore have somewhat lesssi |
when converting to non-Boussinesq in a simple way (Gredtleital, 2001). This situation has been
improved with conversion to pressure-based coordinatéh (@lative ease for-coordinate model,
somewhat more difficult for sigma), but this also commitsrtiadel to use hydrostatic approximation
and there is no obvious way to overcome this limitation. Whamsalering barotropic mode splitting,
the vertical coordinate “integrates out” exposing essdlgtihe original dilemma — density (specific
volume) depends on the state of free surface via EOS pressulnech must be dealt with during fast-
time stepping or accept additional mode-splitting erréi@. hydrostatic models it is still simpler to
make a Boussinesq code more self-consistent in its disetefimoperties than a non-Boussinesq one.
Conversely, a more general, nonhydrostatic, non-Boussioedg for flows with low Mach number
(e.g.,Gatti-Bono & Colella, 2006) would be more computationally enpive, hence less competitive
for realistic, large-scale oceanic simulations.

Another class of hydrostatic oceanic models uses an isopyertical coordinate. As in the case
of pressure-based coordinates, these models also avaiétisgy extrapolation (5.13) by the specific
design of their coordinate due to Lagrangian or predomipdrsigrangian movement in the vertical
direction. The use of the Montgomery potential in the hantabpressure-gradient force makes it natu-
ral to have a non-Boussinesq formulation. Originally theselefs were derived using the assumption
of incompressible EOS and Lagrangianly conserved (p@@mkensity (Bleck & Boudra, 1981; Bleck
& Smith, 1990). When the thermobaric effect was includedrlateSunet al. (1999), it introduced
EOS stiffening for the first time. This also leads to the neitgof using “thermobaric references”
to avoid pressure gradient errors of an essentially sigipa-fdespite using isopycnic coordinates(!)),
resulting in a mechanism for numerical instability and aa#é treatment (Hallberg, 2005). [This
approach (along with this particular reason for stiffefingay become obsolete after a recent alterna-
tive proposed by Adcroft & Hallberg (2008).] In addition teetabove, the mode-slitting algorithm of
Higdon & de Szoeke (1997); Hallberg (1997), still used tqdess derived assuming incompressible
EOS. For these reasons, and because of their practicesntoekds can be classified as “stiffened”
non-Boussinesg models.

6 Summary

The desire for a physically correct representation of EQ&cef €.g.,thermobaricity) in oceanic
modeling requires the use of the nonlinear, realistic seawWeOS. It is often implanted in an “add-
on” fashion into a Boussinesqg-approximation code. Thisgwia set of internal inconsistencies with
spurious effectsg.g.,vertical dependency of acceleration created by a purelyttzaic pressure gra-
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dient) and interference with barotropic-baroclinic magditing, including potential numerical insta-
bility. This paper shows in Secs. 2-4 how a combined appraddbukowicz (2001) and SM2003
leads to an accurate Boussinesq model with a computatiepeditical form of stiffened EOS in the
specific context ob-coordinate modeling. In essence, it comes from the raaizdhat the bulk of
the seawater compressibility effect is dynamically passind can be separated in the EOS from the
dynamically relevant parts. Then the constant Boussindegerece densityy, is much closer to the
varying p® = p*(0, S, P) compared to simply replacing — p, in the standard Boussinesq approx-
imation. This significantly reduces the Boussinesq errorgewietaining all the necessary physical
effects outlined in Sec. 3. The output of the EOS routine istin@in situ density or its anomaly, but
Py = p1(0,8)andq; = ¢|(0,S). The former one essentially retains its original meanimiydd from
Jackett & McDougall (1995)), while the latter is now defingd(8.6). The functional form of EOS is
modified to include the 2% term in (4.7), which causes a corresponding change in thaitiign for
adiabatic differencing (4.8) and a minor revision of thesstee-gradient algorithm.

The limitations of the Boussinesq approximation are widégualssed in the literature, and some-
times its complete abandonment is advocated. In Sec. 5 we thla doing so leads to a more com-
plicated code: the mode-splitting procedure interfereth whe density computation via EOS since
EOS pressure depends on the state of free-surface field pasdquently EOS can be no longer con-
sidered as belonging entirely to the slow mode, resulting more complicated splitting algorithm
to avoid additional splitting errors and/or extra tempdiiééring for the barotropic mode to control
numerical instability. This computational aspect of EO&poessibility is usually overlooked in the-
oretical studies. Remarkably, though originally intendexdd Boussinesq code, the factoring of EOS
asp =r(P) - phos(0, S, P) by Dukowicz (2001) provides a useful framework for designaccurate
mode-splitting in a hydrostatic, non-Boussinesq, fred¢asier model that retains all the compressibil-
ity effects in EOS. Removing the bulk compressibility from EMut keeping thermobaric part of it
(i.e., stiffening) eliminates the need for splitting EOS presgate fast and slow components, thus
simplifying the algorithm, however departure from the yulkalistic EOS also means that the model
can no longer be considered as a fully non-Boussinesq. Notatnlong the existing non-Boussinesq
models, modern isopycnic-coordinate models always ufferstd EOS (Suret al, 1999; Hallberg,
2005). This allows retention of the principal non-Boussipeffects, notably steric sea-level changes.

Post factonve note a hierarchy of four approximations, all of which arpriactical use in hydrostatic
oceanic modeling today. They differ only by the treatmentahpressibility effects in EOS: full non-
Boussinesg— non-Boussinesq with stiffened EQS-~ Boussinesq with stiffened EOS— standard
Boussinesq, in combination with full EOS). We recommend that the lasthefge be discontinued,;
i.e., if the Boussinesq approximation is chosen, it should be a@pliniformly to the entire code,
including EOS. This means stiffening.

Acknowledgments:This research is supported by the Office of Naval Researchghrgrants NO0O014-
05-10293 and N00014-08-10597.

Appendix A: Alternative variants of Boussinesq approximation andPotential Vorticity (PV) equation in a
shallow barotropic layer of compressible fluid

McDougallet al. (2002, hereafter cited as MGL2002) proposed an alternative vassBoussinesq approx-
imation — their Egs (27)—(29) — which have exactly the same form as the drigpuasinesq equations, with the
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exception that velocity is not the usual velocity, but is the averaged normalized mass flux perraaijt a
u=pu’/po=pa/py,  Where u’ =pu/p, (A1)

see their Eq. (23), where overbar means Reynolds averaging argigniolicity, we have changed their nota-
tion u — u. Their motivation comes from subgrid-scale parameterization. They ndfiegdiefining mean
velocity as density-weighted averagé instead of a more conventional Eulerian averagéeads to a more
physically interpretable turbulent correlation terms. Following these guidetimey derived a set of averaged
non-Boussinesqg equations — their Egs. (24)—(26) — to which they afgptiadsinesq approximation to derive
their alternative Boussinesq. MGL2002 argue, and provide some gujppoheir claim, that their alternative
Boussinesq equations are more accurate than the standard — notalibtitimasy parts of continuity and tracer
equations are equivalent to their non-Boussinesq counterparts dseayhic-balance is their momentum equa-
tions is equivalent to non-Boussinesq (see their Sec. 5). They algbiss#aim to dismiss the EOS stiffening
approach of Dukowicz (2001) as unnecessary, because theiratiterBoussinesq equations already eliminate
the non-physical shear in a geostrophically-balanced flow without eeg for adjustment in EOS.

Unfortunately the alternative Boussinesq equations of MGL2002 also takerelationship between the
advection and Coriolis terms making it impossible to derive barotropic PV equattdch is possible to derive
from non-Boussinesq or stiffened Boussinesq sets.

Consider a layer of non-stratified, but slightly compressible fluid, hydtias non-Boussinesq,

du+u-Viu+wi,u+ fkxu=—(1/p)Vip

op+ Vi - (pu) + 9, (pw) =0
(A.2)
0.,p=—gp Subjectto p . =0

p = peos(p) EOS

along with proper kinematic boundary conditions at free surface¢ and bottomz = —h, whereh = h(z,y)

is bottom topography. Above, w = (u, v, w) is 3D velocity vectorV, is horizontal (two-dimensional) gradient
or divergence operator. As discussed in Sec. 2 from (2.1) to (©dgrihese circumstances EOS and hydrostatic
equations can be solved resulting in self-consistent profiles for demsitpressurep = (1/9)P’({ — z) and

p = P(¢ — z) (where”’ means derivative gP with respect to its argumegt— z), and, as follows from (2.4),
the acceleration due to pressure gradient is simpjy¥, ¢ and is independent af regardless of the functional
form of P = P(¢ — z). This means that(A.2) admits solutions where horizontal velocities are indepeofz,

du+u-Viu+ fkxu=—gV,(

(A.3)
Oy + Vi - (ppu) = 0
¢
wherep, = g/ pdz = P(¢ + h) is identified as bottom pressure. It is assumed to be invertible,( =
—h
[P]~(ps). The pressure gradient terfh ¢ can be eliminated by taking horizontal curlefequation (A.3),
WV xu]+u-V [V xu]+ fV, -u+ [V, xu]V, -u=0, (A.4)
or
oA+u-VLA+ AV, -u=0, (A.5)

whereA is absolute vorticity,A = f + V| x u. On the other hangy,-equation (A.3) can be dressed up as

Oy +u-Vipy+mVy -u=0. (A.6)
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Multiplying the A-equation byp, the latesp,-equation by4, and subtracting them to cancel thie - u-terms,
POt A+ ppu- Vi A— Adippy — Au-Vip, =0 (A7)
which ultimately leads to PV equation

f+VL><u_

O +u-V
(t J_) Py

0. (A.8)

So the principle dynamics of this compressible, but barotropic fluig) igeftical uniformity ofu (as a conse-
guence, vertical uniformity of relative vorticity), and)(Lagrangian conservation of barotropic PV as stated
above. The above derivation can be performed for uniform (ofi-plane) or non-uniform Coriolis parameter,
and in horizontal orthogonal curvilinear coordinates as well. The faxtfthid is compressible adds almost
nothing — one can easily repeat the above with constant-density layer (cat@dt does not matter whether it
is Boussinesq or non-Boussinesq) the only difference is replacementgpo(h + ).

In the case of conventional Boussinesq approximation with presspendent EOS the pressure-gradient
term in the first equation (A.2) becomes1/p0)V.ip = —gp/poV.(, thegp = P'(¢ — z), which is no longer
vertically uniform. This precludes the transition from (A.2) to (A.3) and thassgiuent derivation of PV equa-
tion similar to above. If one considers only the geostrophic balance in Bassgversion of (A.2), the resultant
velocity becomes proportional {@/pg)-profile as well, which is an artifact of Boussinesq approximation.

Excluding dynamic pressure from EOS equation of (A.2) by replacing it with po + pog(—pogz)
eliminates the vertical dependency,

1 po+p'|,_ g [¢
—Vip= —g—5V (- po/ V1 pros(—pogz) &'
z ~~

Po Po
5 2 (A.9)
¢
z=c.C> Vi¢~ —gVy < - gCQ> ,

while introducing an insignificant non-physical term due to the artificialiagtion thatp = py atz = 0 instead

of free surfacez = ¢ (abovec is speed of sound, so the associated smallness paragjgtér ~ 2 x 10~°
assuming: = 1500m/s and¢ = 1m). With this choice made it is possible to derive an analog of (A.8) while
using Boussinesq approximation. Note that the extra term in (A.9) doesr@diuge elimination of pressure
gradient term when taking curl of (A.3).

IPEos
~—gl|ll—-—g—7==

EQOS stiffening by Dukowicz (2001) (in this case trivially reverting EOS ir2)Xo constant density, = po,
making it insensitive to the choice of which pressure is used in EOS), also atasithe vertical dependency in
—(1/po)V.p, allowing derivation of barotropic PV equation (A.8).

If the alternative Boussinesq system is used — the hydrostatic versiogso{ & )—(29) from MGL2002 in
combination with EOS usin@ situ pressurep = pros(p) as in (A.2) — then it is not the ordinary velocity,
but the density-scaled velocity becomes proportional tp/po), which means that unscaled velocity is ver-
tically uniform as it should. However, despite the correct geostropHanbe, the modified Boussinesq set of
MGL2002 also does not produce a counterpart of (A.8). Inspecfitrealerivation above shows that there must
be proper scaling relationships among all three terms: Coriolis, pregsadéent, and advection. In the original
Boussinesq the scaling between Coriolis and advection is correct, msupeegradient receives non-physical
vertically-dependent multiplier. In the modified case, rescaling of velocity/lay corrects the relationship be-
tween Coriolis and pressure gradient, but at the expense of sacriff@nglationship between Coriolis and
advection — it is “unscaled”, rather than density-weighted (hence vigytidapendent) vorticity should be com-
bined with f in order to form absolute vorticity, and then PV. Conversely, the altemaibn-Boussinesq set
— Egs. (24)—(26) from MGL2002 — contains the reverse density multipigp in the nonlinear terms, which
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makes it possible to derive the PV equation above merely because thetadleesea can be transformed back
into the original non-Boussinesq written in terms of the non-scaled

In contrast, stiffening of EOS by Dukowicz (2001) repairs the relatigmbbetween pressure gradient and
Coriolis terms without disturbing the already correct mutual relationship lestv@®riolis and advection.

Appendix B: Surface gravity waves in a compressible barotropic shifow-water layer
B.1 Non-Boussinesq case

Egs. (2.1)—(2.4) from Sec. 2 show that the horizontal acceleratioergteul by a free-surface gradient does
not depend on the vertical coordinate when vertical variation of dengilyésonly to compressibility and there
is hydrostatic balance,

ou+..=—gV,(. (B.1)

This makes it possible to consider motions whetig vertically uniform. In this case (B.1) integrates vertically
in a trivial manner, and together with vertically integrated mass-consenegjaation it yields,

9y (pDu) + ... = —gpDV, ¢ and 0;(pD)+V, - (pDu) =0, (B.2)

where

I I 1 [ q (B.3)
ua=— pudz:/ udz =u, p:/ pdz, and D=h+(. B.3
pD /—h D Jy D J_p

Note that the difference between ignsityweighted andsolumeaverageda disappears because of vertical
uniformity of u. Solution of (B.2) implies that the prognostic varial® (to be interpreted here as a whole
symbol having the meaning of total weight of water column) needs to be ttadskto ¢ in order to close
the system. This is done through EOS. For simplicity we assume that EOS hasgrtheff(2.7),viz.,p =

p1 + P/c? with p; andc constant. Combined with hydrostatic balance, this leads to the vertical profile
prexp {g(¢ — z)/c*}, which results in

e9(C+h)/c? _ egD/e® _q H b edD/ _ 1
P=pl ————— =P ——— ence pD =p————.
PP e T T gD)e P
This depends on throughD.

Now we consider small motions in a compressible fluid layer over a flat bottobstiBiting expression for
pD from (B.4) into the second equation (B.2) with= const yields

(B.4)

gD/c® _q
PlegD/Cz'{3tC+ﬁ'VLC}+P16gTVLﬁ=0, (B.5)
or
dHC+u-Vi¢+(p/pp) DV -u=0, (B.6)

where we identifyp, = p1e9P/<* as the value of the density near the bottom. To derive (B.6) we have used the
EOS for the purpose of specific volumes., to expresg from mass conteniD. This situation is common for
non-Boussinesg models, and it reverses the role of EOS in a Boussippsagimation model. Linearization of
(B.1) and (B.6) yields the system,

oua=—gV,( and ¢ =—(p/pp) KV, -1, (B.7)
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which admits wave solutions with phase speed

5 Vah, h/c? < 1
E:Mghpﬁ:c-\/l—e—gh/@ JVghs ghfe (B.8)
b

\c, gh/c? > 1.

(Sinceghp = P, can be identified as bottom pressure, this result coincides with Eq. (29Q)kovidcz (2006)
for a non-stratified caség., by there settingV? = 0.) For typical oceanic conditions &f = 5500 m, speed of
soundc = 1500 m/s, and acceleration of gravity= 9.81 m/s’, we estimate = gh/c? = 0.025 < 1. This
means that the inclusion of the compressibility effect leads to a slightly smallers(s) phase speed than that
of a layer of the same thickness filled by an incompressible fluid,

’CV:\/g»h-\/l_ee_e:\/g»h(l—z—l—...), e<1. (B.9)

The physical explanation for the reduced phase speed comes froactrehéinge irsD caused by divergence
of vertically-integrated fluxes results in a lesser, by a factorol — ¢/2, change in{ than in the case of
incompressible fluid, while the remaininag2 fraction of 5D translates into change in densjtywhich does not

contribute to acceleration due to pressure gradient in (B.7).

Eqg. (B.8) indicates that the gravity-wave phase speed cannot be thagethe speed of sound. The opposite
asymptotic limit,gh/c? > 1, has meaning as welf, — c. This corresponds to a lowest-vertical-mode wave
of compression in an isotropic atmosphere, which does not have a weleddfee surface; rather its density
decreases with height, so that théolding scale:? /g plays the role of its effective thickness. The hydrostatic ap-
proximation alone excludes acoustic waves without making an assumptioroaifmessibility or small density
variation; in fact, acoustic and gravity waves become indistinguishable inythrestatic case.

B.2 Boussinesq case with= pros(P)

As follows from (2.5), the Boussinesq counterpart of (B.1) with pressiependent EOg = p; + P/c? is

dru+ ... = — (g/po) - p1e? =/ v C (B.10)
whereu can no longer be vertically uniform. However it is still possible to deriveraiay of (B.7) by substi-
tutingu = @ - e9¢=2)/<* hence

9=/ ga 4 a- (9/¢) - I ¢+ = —(g/po) - p1e9 €A v ¢, (B.11)
or
O+ (9/) ¢ + .. = —g (p1/po) - ViC, (B.12)

which admits solutions witlx independent of as long as the nonlinear terms (denoted as dots) are vanishingly
small. Equation for free surface becomes

I¢ = Vi - / * e — (aegw - 1) (8.13)
—h g/c?
Linearization of (B.12) and (B.13) assumihg= const, yields
ou=—g(p1/po)-Vi¢ and  K(+h[(e—1)/e] VL -1, (B.14)
where, once agair,= gh/c?. The resultant phase speed of barotropic waves is
&= \gh(pi/po) - (ec=1) /e (B.15)

where it is worth to notecf., (B.4), thatp; (e — 1) /e = p, hencec = \/gh - 5/po. The choice of Boussinesq
reference density, = p makest = \/gh, however it should be noted that in the case of non-uniform topography
this choice cannot be made universal becaiuidepends or. The effect of slowdown of barotropic waves by
compressibility is lost.
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B.3 Boussinesq with reference pressure in EOS

Everything is the same as in the previous case, except that EOS prisssomgputed assuming= 0, and
is not allowed to change withh Thenp = p; exp {—gz/c?}, so the counterpart of (B.1) becomes

q
]. ! !
dut..———v, /gplegz g =9y vie- L /vl (pleﬁqz /02) &' (B.16)
Po pPo 1z=¢ po J | ,
z 4
=0
orou+...= _IPL —gc/ Vi = —@vg which permits solutions with vertically uniform, and we note
P

PO 0
that—g¢/c? ~ 5 x 1075 assuming: = 1500m/s. The analog of the linearized system (B.7) becomes
oru= —g(p1/po)-ViC and O,(=-hV, -u. (B.17)

which yields phase speed
c=+/gh-p1/po. (B.18)

For the choice ofpg = p = p1(e° —1) /e =~ p1(1+¢/2), wheree = gh/c®* < 1, the above turns into
¢~ +/gh-(1—¢/4), which is similar to (B.9). This result is merely a coincidence: the Boussinesgra (B.17)
does not provide a proper physical mechanism for phase speediogddue to compressibility effects (note
that in comparison with (B.7) the density multiplier appears in front of presgtadient term, rather than in
free-surface equation). This result also suggests that using theuréace value of density to compute pressure
gradient term in barotropic mode is an optimal choice for a simple mode-splittingthlg (simple means that

it does not take into account the influence of stratification onto barotrdisgpspeed) in a Boussinesq model
with reference EOS pressucé, Griffies (2004, see Secs. 12.3-12.4 there); Griffies (2009, see7/Se8, Eq.
(7.129)).

Appendix C: Surface gravity waves in a stratified two-layer fluid
C.1 Incompressible case

The simplest system with both barotropic and baroclinic modes is a two-layezInibid also the simplest
way to illustrate the influence of stratification on the phase speed of sufaeity waves. For small oscillations
around the resting state, the two-layer model has a set linear equations:

o1 = —g - V(5 Ot(C - 77) +Hy-Vyur =0

P1

A (C.1)
Oug = —g— - Vo(—g (1 —— ) -Von; o+ Hy - Vyug = 0,
P2 P2

whereuy, pr, and Hy are velocities, densities, and unperturbed thicknesses of thé tepl) and the bottom

(k = 2) layers;( is free-surface elevatiom; is interface elevation (both are relative to their unperturbed states,
z = 0 andz = —H;). This system assumes hydrostatic balance for an incompressible fluiddbas not use

the Boussinesq approximation.

Fourier analysisLet (u1, ¢, ug,n) = (171,2, Uy, 1) - eF*~** then (C.1) becomes

—iw - Uy = —ik - g(; —iw~2+iw~ﬁ:—ik5-H1ﬂ1;

—iw-ﬂgz—ik-g'pl'g—ik‘-g<l—pl) -1 —iw - = —ik - Hyus .
P2 P2

(C.2)
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The right pair of equations can be used to exclugdandu, from the left pair:

(2 —ng)ZZ &n

_ _ (C.3)
(52 - 9H27'02 p1> n= 9H2&Ca
P2 P2

where we have introduced = w/k which is identified as phase speed for the vertical modes, external or
internal?? . This has non-trivial solutions if

(& —gH) - <52 - 9H2p2_pl> — Pgm, (C.4)
P2 P2
It can be rewritten as
d -tk aad=o, (C.5)
where oy
~2 A2 11412 P2 — pP1
co =g (H1 + Ho and ¢y = . . C.6
0=9( ) 1 ng T H, e (C.6)
Equation (C.5) has two solutions,
3 ca 2 2
ﬁ;:gi ?f—%%:é%bgdl—%%%zé%b§$%, aslongas éf <5,  (C.7)

wherec? = ¢ — ¢ is associated with the barotropic mode, afid= ¢ with the baroclinic. This indicates
that the presence of stratification reduces the square of phase dpbedoarotropic mode relative to that of
a constant-density layer of the same thicknd$s,+ H, by the square of the baroclinic phase speed. This
conclusion is true even beyond the assumption of a small density differenee p; < po: (C.5) has the
property that the sum of its two roots is always

Structure of the barotropic modé andn are moving in proportion,

H\Hy  p2—p1

. Hy — :

ﬂzl_ngz > Hi+Hy  p 2 1— Lh _P (C.8)

E 2 Hy + Hy — HiHy p2—p1 H, + Hy (Hy + H2)? ’ .
H, + Hy P2

which is slightly smaller than the fraction of the distance from the bottom to theacsteldetween the two layers
relative to the total depth. Correspondingly,

~ A2 H
?:—qxﬂ—l<bmy (C.9)
Uy gH> Hy + Hy P2

indicating that the bottom layer moves slower than the top.

Direct splitting Equations (C.8) and (C.9) indicate that neither the volume- nor densityategigertically
averaged velocity,

H H H H.
7= 1u1 + Houo ’ or = p1riiuy + patisug 7 (C.10)
H, + Hy p1H1 + p2Ho

22 Because later in this appendix we will consider the case of compressiblevithid finite speed of sound, to
avoid potential conflict in notation, we denote the phase speed of grawgsves: or ¢, usinge for both modes,

if they appear together, or for barotropic, if separately, whikused for baroclinic only if it appears separately.
Plainc¢ (without any symbol on top) is reserved for speed of sound.
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can be identified as a depth-independent barotropic flow. Howevegrdpertionality property of perturbations,
7 vs.¢ andus vs.uq, provides a path for splitting (C.1) into independent barotropic and baiosubsystems.
To do this multiply the upper-left equation (C.1) By, and the lower-left by3Hs and combine the layers;
similarly, multiply the lower-right by3 and combine it with the upper-right:

O (Hyuy + BHyug) = —V, [ (H1+ﬁH2>C+ﬂ 22—,
P1 (C.11)

o [C+ (B —=1)n] = =Vi (Hiuy + BHauz) ,

where is yet to be determined. Note that andu. already appear in identical combinations unédeand
V. in the first and the second equations, and the goal is to achieve the saaridm. This leads to the
proportionality condition,

9<H1+5H221> ﬂ HIO2 P1
2

P1
= C.12
- S (C.12)
H, p2 Hi
and the selection of as a root of the quadratic equatiof? — 1-—)38—-~=-—=0 or,
o1 Hy p1 Hs
1 H H 4H 2
92 1 1 1 P1
- 1——=+ |14+ —=— 1= = . C.13
ﬁ 2 P1 { HQ ( HZ) H2 ( pg)] } ( )
Assuming thatl — p; /p2 < 1, this leads to
H, P2 Hy Hy P2 ﬂ
1+ LI | and = |1- Z_1), C.14
b = H1+H2< ) b Hy [ H1+H2< (€19

which corresponds to the barotropic and baroclinic modes respectivete 5 is known, (C.11) can be turned
into two independent systems (choosing eithesr — sign index below),

G =C+(Bx—1)n
where Usr = Hyur + B+Hous (p1/p2) (C.15)
A = g[Hi+ BHa (p1/p2)] -

UL = —AVils
at(:i: = —g vaj:

It can be shown that the phase speédg$or each mode are the same as (C.7)dor 3 respectively. One can
also verify that (C.8) and (C.9) can be obtained from the conditions,

¢+ (ﬁ_ — 1)?7 =0 and Hyuy + G- - Houo (pl/pz) =0, (C.16)

that have the meaning of non-excitation of baroclinic degrees of freéyqmrely barotropic motions. Since

1< B4 < p2/p1, (C.17)

the weighting ofu; andus for the barotropic mode is within the bounds of set by (C.10). It leans thyafip,
when the top layer is shallow relative to the bottom layér,< H.

C.2 Compressible two-layer non-Boussinesq case

Consider a two-layer fluid with densities in the upper and lower layers diepeion pressure,

p=p—P/¢i and  p=py— P/, (C.18)
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with p; # po due to stratification and speeds of sound# co to simulate the dependencies on temperature,
salinity, and pressure.

Using the hydrostatic balance the above leads to self-consistent prdfdessity and pressure in the top,
—Hi+n<z<{ andbottom—-H; — Hy < z < —H; + 1, layers :

b= pleg(g_z)/ci p_ plc% [eg(cfz)/cf _ 1:| top

(C.19)
(p2 + Pr/c3) es=Hh=2)/cs Py + (P + pac3) [eg(anlfz)/c% — 1| bottom,

whereP; = pic} [eg(C—anHl)/Cf - 1] is pressure at the interface between the layers; —H; + 7. Equa-

tion (C.19) yields continuity of pressur across the interface. Similar to (2.4), the acceleration due to PGF
(—=1/p)V, P is independent of the vertical coordinate within each layer and equal to

p19 (Ve — Vyn) e9(C—ntHD)/c}
p2 + p1 (c}/c3) |:eg(<*7l+H1)/c% B

1 1
—;vmp =gV, and — SVeP =~ } —gVyn  (C.20)

for the top and bottom layer, respectively. This leads to the momentum eqyations

Orur = —gViC

P1 p1 gHy p1c3
0, = - 6 — l-—)-—=-=—=-|1- : z!] — Vz y
He §Val =g [( PQ> p2 C% < PZC%>] (V -V C)

(C.21)

where we have expanded (C.20) in a Taylor serieg/fér/c? < 1 and retained only the leading-order terms.
The equations are linearized assumjng < H1, H» and neglecting the advection terms. As expected, the sec-
ond equation (C.21) reverts to (C.1)if — oo, while the ratioc; /co remains finite. Furthermore, the additional
terms due to compressibility vanishgff; /c? remains finite, bup;c; = paco, indicating their baroclinic and
thermobaric nature.

The top-layer thickness equation is derived following the path of transitam {B.2) to (B.6) in Appendix
B. This leads to

1 gH
oW —m)=—H (1 - 29021) Vpur (C.22)
1

which is linearized, and only leading-order corrections due to finite cossjlniéity are retained. The bottom-
layer thickness equation stems from mass conservation,

O (pa(Ha + 1)) + Vi (po(Ha + n)uz) =0, (C.23)
or
(Or + w2 - Vi) (po(Ha +n)) + po(Ha + 1) Veuz = 0, (C.24)
where, as follows from (C.19), the vertically averaged density within thbolayer is
P\ evHatn)/c3 _ 1
P2 = (m + ;) — (C.25)
€3 9/¢

Since the interface pressufg depends on the thickness of the top laygrdepends on it as well. This leads
to the participation of in the bottom thickness equation. Substitution of the expressiof;fqust after (C.19)
into (C.25), with subsequent substitution into (C.24) leads to

H. 1 gH
atﬁ—ﬂL;'at(C_n)+H2 (1_922> Vous =0, (C.26)
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where we retain only leading-order compressibility corrections. Theeatswerts to the corresponding equation
in (C.1) in the incompressible limiy,Hy /co — 0.

Equations (C.21), (C.22), and (C.26) comprise a closed system thatbdsssmall oscillations in a com-
pressible two-layer fluid. Its Fourier analysis similar to the transition from)(t0.4C.2) yields

—iw Ty = —ik-gC; —iw - tiw N = —ik- HTy;
1 96 ) ¢ 71 11 C.27)
—iw-ﬂg:—ik‘g(l—él)-g—ikjgél-ﬁ; —iw (1 —€)-n—iwe-( = —ik - Hyus,
where we define
2 1gH
v-(1-2) - 2.2 (1 0g) = mn(1- 325
p2)  p2 c pacs 2 o (C.28)
_p1 gH> , 1 gHo
e="tL. 22 Hy = Ho(1- -2
P2 (& 2 C5

and expect that’, e are sufficiently small andi;, H), deviate only slightly fromH;, H». This leads to the
characteristic equation,

S —g[Hy+ H{(1-e)]E+g* H{H) =0, (C.29)

wherec = w/k. This essentially repeats (C.5)—(C.6), but with a modified set of coeffici®@he resulting phase

speeds for the barotropic and first baroclinic modes are

g HiH, o _ g0 HiH
H)+ H{(1—¢) T HY+H{(1-¢)’

& =g[H)+ H{(1-¢)] (C.30)

where, similar to (C.7), we keep only leading-order corrections arisimg Stratification and here compress-
ibility.
WhengH; /c? — 0 andgH,/c2 — 0, both phase speeds revert to their incompressible limits in (C.7). On

the other hand, for a compressible fluid without stratificatipn= p,, and the speed of sound is the same in
both layers ¢; = ¢2); hence, the barotropic phase speed franirom (C.30) becomes

1 H,+ H
& LU+ Hy) : (C.31)
2 c?
where the dots denote higher-order terms with respegtiy + H»)/c* < 1. This coincides with (B.9) where
h = Hy + H».

In the general case with both stratification and compressibility effects |las/éofrom (C.30), the stratifi-
cation still causes the reduction of phase speed of the barotropic motieeredathe non-stratified case in the
same manner as in (C.7).,the square of barotropic phase speed is reduced by the square ddttbaroclinic
mode speed. In addition, both are reduced by the compressibility (finitdspésound), due to the replacement
of layer thicknesse#&l,, H, with their primed counterpart&;, H}. The baroclinic mode speed is also affected
by the second term i&, which involves the ratio of c2 /p2c3. In principle, this admits the existence of internal
waves even iy = po, but the speed of sound in the upper layer is greater than in the lower toaypelditive
&’ > 0. For typical oceanographic conditions we expect the ratio of phaselsger the first baroclinic and the
barotropic modes to be within the range of 20 - 100, which leads to an estimétg@f ~ 10~3. This causes
a substantially smaller reduction of the barotropic wave speed than the wdloébulk compressibility (B.9)
and makes stratification less of a concern as the source of mode-splitong err
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C.3 Boussinesq case

The Boussinesq version of (C.1) is

Orur = —g(p1/po) Val; O(C—n)+Hy Vyug =0
R (¢ —n) 1 1 (C.32)
\UE Osn+ Hy - Vyus = 0.

Ouz = —g(p1/po) Vul — g

So the counterparts of (C.12) and the left side (C.14) become

2 P2 H1> Hy p2H> (Pz )
(2=t — = =0 =14+ ——=__[=—-1). C.33

’ <,01 Hy b Hy B p1H1 + paHy \ p1 ( )
This indicates, once again, that the velocity weighting paramgtecorresponding to the barotropic mode is
neither 1 (volume weighting) ngr/p; (density weighting).

Appendix D: Surface gravity waves in a stratified shallow-water laye

Consider a Boussinesq fluid layer, where, for simplicity, we restrict tiention to a two-dimensional case
in anx—z plane without Coriolis force:

ou+ ... = —(1/po)0 P

Op + u0yp + w0p = 0

ip + uOzp + w0 p (D.1)
9.P = —gp
Ogu~+ 0,w = 0.
We rewrite this with ar-coordinate that follows:
— 0, , — 0
o="2 </ S conversely, z=(+o(h+() /¢ 7 (D.2)
h+¢ \—1, z— —h \'—h, o— —1.

We assume bottom topography is flat= const, so that the only distinction betwe@g\z andagg{g is due to

¢ # 0. Thus,
oP

Dz

_ 9P
Z_aac

o
s Oz

oP 9P

oP 0P 8C‘8P
- 0z  Ox

—(1—1—0)% 5 (D.3)

(e

¢ 0
SinceP = g/ pdz = g(h+ C)/ pdo’, we can further transform this into

op % ©op|
&EZ—g{p(l—l—(f)jL/apdcr}-8:134-g(h+C)/Cr %Uda. (D.4)
The density equation ia-coordinates is
8t‘gp+u'ax‘ap+(7//(h+€))‘80/):Oa (D5)

Whereat\op is the time tendency relative to the movingsurface. The vertical velocity in-coordinates?””

oc +u- (%] which automatically satisfies the

is related to its Eulerian counterpart 4 = w — (1 + o) - [(% 3
X
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no-flux boundary condltloW/] _o = O atthe free surface as a consequence of the Eulerian kinematic surface
boundary conditionw = 9,¢ + u8 (. The non-divergent continuity equation is

¢+ | ((h+Qu) +0,% =0, (D.6)
which leads to equations far,
0
¢+ 0z ((h+Qu) =0, where w = / udo, (D.7)
-1
and for®”
O, ((h+ ) (u—1) + 0 W =0. (D.8)

The first equation in (D.1) with its PGF expressed by (D.4), along with (79, (D.8), comprise a closed
system which describes evolution of a layer of stratified fluid with a frelaser Since we are interested in small
oscillations around the mean resting states « = # = 0 andp = p(o), and we linearize the system using
the variables, B

= w="1u+u W =W p=plo)+p, (D.9)
where all excepp(o) are considered as small perturbations. Note that splitting of horizontaditseioto z and

0
v, suchthat/ « do =0, is a matter of convenience, rather than an assumption that the secondijteme

-1
is smaller than the first. The system becomes

0 g O .\ 9 gh PO L,

5 1) =2 {(1—|—J)p(0)—|—/0 e A (D.10)
o’ o oy W' dp(o) ou’ 1 a%’
847; th ox =0; 67['; h ?la =0; 83: oo =0, (0.11)

where the first equation can be split into separate ones, folotained by vertical integration of (D.10),
Pl &' d, (D.12)

8@_ g 8</ 0 0 , , gh 0 Oa/
o= e [ e [y S0 5

and for/, the residual of (D.10) after subtraction of (D.12). With

0
Do) = / (o), (D.13)

integration of the first term inside the left integral in the r.h.s. of (D.12) yields

/(1+a o)do = /1+a (—)da:—(l—i—a /gﬂ )do . (D.14)

Then the entire (D.12) an be rewritten as
du _ gp. 9¢  gh / /
ot py Ox
0 [0
Ds :2/ / plo)&'d, (D.16)
—-1Jo
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da (D.15)

where we have identified



which coincides with (3.19) from Sec. 3.2.

Let
(¢ a7, pl) = (& @, 7, ) - ko, (D7)

where the last threé;, WA, p are functions ob. Substitution into (D.10) leads to

w?  gh o N = w 0¥ k gh O _— dp(o') ,
cit {5 - 0o+ [ par|pe- g TR0 7 B e s

where we have eliminated all variables excfépndfﬂ\using a Fourier-transform of (D.1iz.,

, §=1
w

S)

Sy

> _
f PO)  and @=L (D.19)

_ v
ok do ikh  Oo

Eg. (D.18) comprises a Sturm-Liouville problem with unknownilaying the role of an elgenvalue;)(an
arbitrary non-trivial Fourier amplitude), and = 7/( ) (a vertical profile multiplied by an arbitrary non-zero

constant). The profile is subject to a pair of boundary conditi?z?(i\‘sgEO =0 and”fﬂcr:1 = 0. A property of
(D.18) is that forp(c) = const, the only possible non-trivial solution s+ 0, as allowed by? = k2 -gh-p/po,
and# = 0. This corresponds to familiar barotropic gravity waves. It also makes p the natural choice for
the Boussinesq reference density, resulting in a correct phase spked /gh. Conversely, assumin@z 0
butdp(c)/do < 0 results in a Sturm-Liouville problem for” alone, which leads to a set of baroclinic modes.

In the general case a dilemma is that the expression ifsidé} in |.h.s. of (D.18) depends on, while ¢
does not. To resolve this, as in the case of (D.15), vertical integratidd. ©8] yields

2 A h /\ d
—z'k:-{:z—ghz;} _ i 5[7)0// ” dg/dg (D.20)

where the expression inside.} no longer depends an Settingw/k = \/gh - p./po allows for a non-trivial
¢, provided that#” = 0, however, substitution of thie/k back into (D.18) results there in non-vanishing

expressior{.[...]} and ultimately leads to a nontrivial profile o = 77(0), which is proportional, and in fact,
is driven byc.

This dilemma has two consequences. First, it suggests an iterative metliodifog w /% for the barotropic
mode: uses? = k2 - gh - p./po as the initial guess and substitute it into

dp(o) ~ W k gh — dp(o)
5.9 P v, LG A\
ik o T ar Te e Y d (D.21)

which is the vertical derivative of (D.18). Then the l.h.s. of (D.21) cartrbated as known. This leads to a
problem for# alone. This problem is well posed, because this value/df is far away from the eigenvalues

of the operator in the r.h.s. of (D.21)€,, its eigenvalues are associated with internal modes and have much
lower frequencies). The solution results in a pro% 7/( ), proportional tog‘ Substitute it into the r.h.s.

of (D.20) and recompute /k, after which the iterative cycle is repeated. Convergence is guarabésadise
(D.21) can be rewritten as

R 2
iwe?s - ( = %W + 627/ (D.22)
2 2 1 d . : ,
wheree? = E N B gh-[——- p(o) is of the same order as the square of the ratio of the first-
w? w? 00 o

baroclinic and barotropic mode phase speeds, hehee 1. The scaling of# relative tof is estimated as
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W ~ z’weQZ, and the scaling of the mismatch between this I.h.s. and r.h.s. of (D.20) is estirmated a

2
zk{:Z— hp*} vs. iw-%-e4, (D.23)

which implies that the corrections are indeed sufficiently small.

The second consequence is that, even though the system is linear, ittdglihdnto two independent
subsystems: barotropic and baroclinic. This does not mean that the it splittdible in principle, but rather
that the actual structure of the barotropic mode cannot be represgnéedeltically uniform velocity: it has a
non-constant profile that depends on stratificapda). Similarly, the presence of a non- -trivid slaved tog‘
indicates than vertical density profile is not “frozen’zircoordinates in purely barotropic motions, but it changes
following ¢. This indicates that the ideal stretching of dheoordinate by should not just be proportional to
the distance from the bottom,

2 =20 4 ¢ (z(o) + h) /h, (D.24)

but should depend on the density profile as well to camcelssociated with barotropic motions, and thus cancel
changes of density. This determines the level of error in the mode-splittingitaly of SM2005 because the
mismatch in (D.20) indicates that the phase speed of the barotropic mode ismitietween the 2D and 3D
parts of the code. The 2D part sees itasgust = \/gh - p«/po, and the 3D part sees it as the complete solution
of (D.20)—(D.21). This is a mode-splitting error, because there areibotitms in the vertically-integrated r.h.s.

of the 3D momentum equations that depend(cand have a hyperbolic character, yet are frozen during the
barotropic time-stepping, hence are computed using effectively a fafimetime Euler algorithm.
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